

DELHI POLYTECHNIC 

LIBRARY 


CLASS NO. 621.3X9 
BOOK NO. L 74 E _ 
ACCESSION NO. ^^>708 





ELK(TRK'AL POWER TRANSMISSION 




ELECTRICAL POWER 
TR ANSM ISSION 

PRINCIPLES OF DESIGN AND PERFORMANCE 


E. A. I>OEW, E.E. 

Professor of Electrical Engineering, Umierisity 
of Washington, Seattle, Washington 


First Ldition 
Fourth Imprlssion 


McGRAW-HILL BOOK COMPANY, Inc, 


NEW YORK AND LONDON 

1928 



^^YRIGHT, 1928, BY THE 
MoGRAW-TttLL Book Company, Ino. 

’k 

PRINTED IN THB!*pNITEl) BTATE8 OF AMERICA 
4 


THE MAPLE PRESS COMPANY, YORK, PA, 



PREFACE 


The material of this volume represents the outgrowth of a 
course in Transmission Line Theory and Design given to senior 
and graduate students in electrical engineering at the University 
of Washington during the past ten years. Most of the material 
comprising the last half of the volume was developed and care- 
fully tested in the field of practical line design. Throughout the 
book the emphasis is put upon the development, so far as possible, 
of a complete rational theory. Details of a practical nature, 
which can be better had from handbooks, from the manufacturer 
of items of equipment, or may be had only by experience, are for 
the most part omitted. 

The first seven chapters are devoted largely to a discussion of 
the mathematical tools and the underlying circuit theory of the 
transmission line, including dielectric, magnetic, and electrical 
circuits. One brief chapter only is devoted to approximate cir- 
cuits and their calculation, since adequate discussions of these are 
usually available in books on alternating-current theory. 
Throughout the book the emphasis is put upon the exact rather 
than approximate methods. There are a number of good reasons 
for this. This method is the only correct one; it is not particu- 
larly complex; it is easily applied where calculating machines are 
available, as is now quite generally the case; it serves as a basis 
for further study of both communication and power-circuit 
problems; and, finally, it offers a splendid opportunity to apply a 
little advanced circuit theory, with respect to which no self- 
respecting advanced student in elji^ctrical engineering can afford 
to remain in ignorance. 

The last seven chapters are devoted to a discussion of the 
mechanical features of line design, a study of the economics of 
line design as influenced by both the mechanical and electrical 
features, and, finally, to the working out of an illustrative example 
in which the principles and theory previously developed are 
applied to the complete solution of a hypothetical design problem. 

The mechanical features of transmission lines are often touched 
upon very lightly or are entirely neglected in books on electric 
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power transmission Yet it is recognized that the design of the 
span and the proper selection of towers are important features of 
the problem of transmission line design. While very little detailed 
discussion is given pertaining to the types of supports available 
or their proper design from the standpoint of strength, yet three 
chapters are devoted to the discussion of the theory and applica- 
tion of span design and their bearing upon the selection of the most 
economical line. A method is outlined and illustrated by means 
of which the most economical type of structure may be chosen. 

The matter of economics as affecting engineering problems is a 
subject which is rarely mentioned to engineering students, and 
yet the practicing engineer fully realizes that in nearly every 
engineering problem it is a prime consideration. This phase of 
the problem of line design is strongly featured. Kelvin's law of 
maximum economy, modified to fit the conditions more com- 
pletely, is made the basis upon which the size of conductor and 
the line voltage are chosen. By the use of empirical equations 
developed from appropriate engineering data, a mathematical 
statement of Kelvin's modified law is evolved, from which reliable 
design results are obtained. The method has been tested in a 
number of practical line designs with entire success. 

The writer has drawn material and inspiration from many 
sources. Where the specific source is apparent it is usually 
acknowledged in a footnote. Much of our knowledge of a given 
subject, however, represents a gradual accumulation over a long 
period of time; its subject matter is the contribution of many 
workers in the field; its origin is obscure or unknown. Such 
material has been used without specific mention. 

Much of the work of the last seven chapters is based on articles 
which originally appeared either in the Journal or the Transac- 
tions of the A.I.E.E., in bulletins of the University of Washington 
Engineering Experiment Station, or in the Electrical World. 
These papers, written for the most part by the author and his 
associates. Professor F. K. Kirsten and Assistant Professor G. S. 
Smith, are acknowledged in footnotes appearing in the text. 

When this volume was originally conceived, it was planned to 
bring it out under the joint authorship of Professor Kirsten and 
the writer. This accounts in part for the fact that Chap. XII, 
particularly, follows Professor Kirsten's work very closely 
The writer regrets that the press of other work made it impossible 
for Professor Kirsten to participate as originally planned. 
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ELECTKTOAL POWER 
TRANSMISSION 

CHAPTER I 

COMPLEX QUANTITIES, CIRCULAR AND HYPERBOLIC 

FUNCTIONS 

The Mathematics of Transmission-line Design. — In the elec- 
trical calculation of long transmission-line circuits as well as in 
the preparation of temperature-tension stringing charts required 
for the proper stringing of the line conductors, a rigorous solution 
requires the use of certain mathematical relations which are not 
usually well understood by the average engineer. This lack of 
understanding arises, perhaps, partly because much of the engi- 
neer's everyday work do('s not usually require mathematics 
beyond a fair working knowledge of algebra and trigonometry, 
and partly from the fact that tluvse more powerful mathematical 
tools have come into more or less general use only during recent 
years, and are theroforeunfamiliartomany engineers who received 
their college training before that time. 

In special cases, as in the calculation of the performance curves 
for short lines or the stringing charts for short spans, approximate 
solutions involving better known and somewhat simpler mathe- 
matical relations may give results to a degree of accuracy well 
within the limits of practical requirements. For long lines and 
long spans, however, the approximate solutions will not give 
reliable rcisults, and more accurate methods are essential. After 
all, the only final test of the accuracy of any approximate method 
is a method which is rigorously correct. For the sake of com- 
pleteness it seems desirable to include in this chapter a brief 
discussion of complex numbers, even though these are usually 
better understood than some of the other mathematical relations 
included in transmission line problems. 

Complex Quantities. — Algebraic numbers such as 2, 4, x, — m 
are one-dimensional quantities and may be considered as locating 

1 
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a point in a line with reference to a fixed starting point or origin 
(Fig. 1). Thus +4, +7, +x locate points of corresponding 
numbers of units to the right of zero, while —ni indicates a 
point m units to the left of zero. Ordinary numbers of this type, 
however, will locate points on a line such as OX only. These 
numbers are called real numbers, and the X-axis is chosen as the 
axis of reals. 

In a similar manner points may be located in the direction 
taken at right angles to OX by the use of ordinary numbers 
measured in the Y-direction. Numbers measured in the Y- 

0 X 

<f4A 

m — ><-f7 ->1 

<- -Ao:*- 

Fig. 1. — Real numbers locate points on a line. 

direction are called quadrature nunibas or imaginaries, and are 
written with the operator j prefixed to the magnitude, as^t, —jb, 
+jy, etc. Quadrature numbers are also one-dimensional and 
serve to locate points above or below the X-axis. Thus the Y-axis 
becomes the quadrature or imaginary axis. 

By combining the real and the quadrature quantitk^s into a 
single quantity as a + jb, 4 + >5, x + jy, a complex quantity is 
obtained. A complex quantity is thus a two-dimensional quan- 
tity which serves to locate a point any where 
within a given plane. For example, tli(' 
quantity 

OP = ;3+i4 (1) 

locates the point P (Fig. 2) in the plane 
XY three units to tlu' right of the line OY 
and four units above the line OX, The 
point F is then completely local (^d in the 
plane XF by giving its two coordinates, 

Fig. 2.— Complex num- namely, (x = 3) and ( 2 / = 4). Likewise, 
points in a vector quantity OP is determined by 
giving its x and y components {ox = 3 and 
oy = 4, respectively), and Eq. (1) may be interpreted to mean 
that the vector quantity OP is made up of a +x component = 3, 
and a + 2 / component = 4. Thus the length of the vector, as 
well as its position in the plane, is fixed. 
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The Operator j. — The symbol j is a symbol of operation and, 
like other symbols of operation, denotes that a certain operation 
is to be performed on the quantity with which it is associated. 
Common symbols of operation are log, \/~^, /, as well as numbers 
written in the form 2 • 3 • 5 • 1. Each of these symbols commands 
us to do a certain thing to the quantity following the symbol. 
Thus \/2 is interpreted to mean an operation which, when 
performed twice, is equivalent to doubling, that is, an operation 
such that \/2 X \/2 == 2. The numbers 2 • 3 • 5 • 1 indicate that 

1 is to be taken five times, the resulting 5 is to be taken three 
times, making 15, and the resulting 15 taken twice, making 30. 
Thus each of the numbers becomes a symbol of operation. The 
numerical operators 2, 3, 5, etc., serve to stretch or increase the 
magnitude of quantities with which they are associated and are 
sometimes called Reasons*. The operator —1, on the other hand, 
does not affect the magnitude of its associated quantity but simply 
reverses the sense of the magnitude, and this operator is therefore 
a reversor. Consistent with this idea 1X4 means four units 
to the right of the origin along the axis of reals, and —1X4 
means four units to the left of the origin on the same axis. A 
reversal without change in magnitude may be conceived of as a 
rotation of a fixed magnitude through 180"", the counter-clockwise 
direction being taken as positive for convenience. Since such 
rotation is accomplished by th(' reversor —1, one may think 
of the operator -\/— 1 as an operator which, when applied twice, 
will produce a rotation of 180° since \/ —1 Xa/— 1 = — 1. 
Thus the expression aZ—I, for which the symbol j is used in 
engineering literature, may be defined as an operator which 
turns a fixed magnitude through 90° in a positive or counter- 
clockwise direction. This symbol is used to denote quadrature 
quantities, as already explained. 

Powers of j — Powers of j higher than the first, which arise 
from performing the ordinary algebraic operations on vector 
or complex quantities, may be easily eliminated. This is readily 
understood from a consideration of the significance attached to 
the operator. A single application of the operator produces a 
positive rotation of 90°; two applications produce a rotation of 

2 X 90°, or 180°, equivalent to a reversal; three applications 
produce a rotation of 270°, which is equivalent to a negative 
rotation of 90°; and four applications of the operator produce 
a complete revolution of the vector, equivalent to a rotation 
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of zero degrees. Repeated applications of —j produce corre- 
sponding rotations in the verse or negative direction. 
Accordingly, the higher powers of j carry the following meanings: 

+ j = + 90® rotation = + i 

= +180® rotation = —1 

+f = +270® rotation = —j 

+j^ — +360® rotation = + 1 

+j^ = +360® + 90® rotation = +jy etc. 

Also, 

+J X —j = = 0® rotation = +1. 

Rectangular and Polar Forms. — ('oinplex quantities are very 
conveniently used to represent vectors such as forct's, velocities, 
accelerations, voltages, currents, etc. Maximum and effective 
values of sinusoidal alternating currents and voltages of the same 
frequency are conveniently representc'd by such quantities, and 
their use in electrical calculations has become quite general. 
To illustrate, suppose the currents /i and 12 of a branched circuit 
combine to form th(‘ currcuit J^, and let 

/i = 20+i30 (2) 

/2 = 40 ~ jlO (3) 



Fig. .3. — Addition of complex or vector numbers. 

These currents are graphically represented in Fig. 3. 
The sum of the two currents is 

is — j I 

= (20 + 40) + j(30 - 10) 

= 60 + i20 


n . t20 

= tan-‘^ 
= /]^ 26 '. 


and 


( 4 ) 
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The vector current /a is thus completely defined by giving the 
magnitudes of its real and quadrature componen|;s and the angle 
of inclination of the resulting vector as related to a chosen refer- 
ence axis, usually the X-axis. The form of expression used in 
Eq. (4) is most commonly used to represent vector quantities 
in rectangular coordinates. Since the length of /a is 

/3=V'(6opqr(^)i 

= 63.2 amp. 

the complex quantity for /•} may also written 

/, = /, (cos 18^ 26' 4 j sin 18° 26') (5) 

= 63.2 2{i'. (6) 

(Equations (5) and (6) arc polar expressions for the complex 
quantity 7.^.) 

The notation used above is that ordinarily followed; that is, 
the vector quantity is written with a dotted capital as 

7,{ = 7i “h jl2 
or 

K = 1 + etc., 

while the magnitude^ or length of the vector is indicated by the 
capital letter without the dot, thus, 

J<J = \/ MjI + Ll, etc. 

This method of differentiating between a vector and its length is 
helpful for beginners, but is an unnecessary refinement for the 
more advanced reader, since the form of the equation or other 
information available in the context will clearly indicate whether 
the vector quantity or its length is meant. Therefore, in the 
later chapters of this book the dot will not be used. 

Equation (5) gives the current Is in terms of its polar compo- 
nents, and this form is regarded as the polar expression for the 

complex quantity. The symbol [ is used by some writers 

to indicate the quadrant in which the angle lies. Thus we have 
the following symbols: 

First quadrant /_ 

Second quadrant \ 

Third quadrant [ 

Fourth quadrant \ 
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Frequently, however, only the symbol for the first quadrant 
is used, with the angle inserted, as, for example, /26^ 40^ ^ 
^10" 30', etc. 

Addition and Subtraction. — The advantage of using complex 
quantities in rectangular coordinates in the solution of problems 
involving vectors is, perhaps, most evident when the addition or 
subtraction of two or more vectors is required. In the illustration 
(Fig. 3) the resultant current is found by adding separately 
the real and the quadrature components of 7i and J 2 . 

Or, in general, if 


Adding, 

or 

and 


/i = ai + jhi 
/2 = ^2 + 

7.3 = (tti + + j{hi + ^> 2 ) 


7,{ = {cii + ihzY + ipi + 62 )^ 


+ -1 

= Tfin 1 


Bx = tan 


Ui + U 2 


( 7 ) 


The eorr6\sponding polar form is 


h 






^>1 + t>2 

“1“ U 2 



Ki(,. 4. — Subtraction of complex or 
vector uunibers. 


Subtracting, 

= -C2 +j{di + di, 
Ei--i = v/r“ + (di + eZi) 
= tan-* 


Subtraction of vectors is ac- 
complished by reversing the sign 
of one of the vectors and add- 
ing as before. In Fig. 4 let 
the voltages, 77 1 and 7% be two 
of the tliree leg voltages of a 
three-phase circuit. Then 

El = 0 + Jd I 

E 2 = C2 - jd2. 

( 8 ) 
( 9 ) 


~C2 
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or 


i5l-2 = J®l-2 


tan~i vector volts. 

— cs 


( 10 ) 


JSi _2 is the potential difference between the lines 1 and 2. The 
length of this vector is Ei^i and its angle of inclination referred 
to the X-axis is 

Multiplication. — ^Let it be required to multiply the two vectors 
A and B of Fig. 5, where 

A = 8+j4 A = 8.94 Ba = 26°34' 

6 = 4+ j8 B = 5.0 Bb = 36° 52'. 


Multiplying, 

C = = (.32 -I- il6 + j24 /12) (11) 


and since 


and 


+f = -1 
C = 20 -I- i40 

c = VW~+W 

= y/2^ = 44.7 

6 = 44.7^tan-i|5 

= 44.7/63° 26'. 


( 12 ) 


The magnitude of the resultant vector (? 
thus obtained is the same as that obtained 
by taking the product of the magnitudes of 
A and B. 

For 

6’ = yl X B 
= 5 X 8.94 
= 4t.7. 

It will also be observed that 

Be — Ba 4r Bi 

= 26° 34' -f- 36° 52' 
= 63° 26'. 



Fia. 5. — Multipli- 
cation of complex or 
vector numbers. 


In the above is presented an illustration of the law of multiplica- 
tion of complex quantities. This law may be stated as follows: 
The product of two complex quantities is a complex quantity whose 
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length is equal to the 'product of the lengths of the original quantities^ 
and whose angle of inclination is the sum of the original angles. 

The proof of this law is readily established by the use of the 


polar notation. 


For, if 


A = A (cos 01 + j sin 0i) 

(13) 

and^ 


B = B(cos 02 + j sin 02) 

(14) 

then 



Cl = A6 = ^^(cos Bi cos 02 + 3 sin 6i cos 02 

+ j cos 01 sin 02 + sin 0i sin 02) 
= AB (cos 01 cos 02 ~ sin 0i sin 02) + i(sin 0i cos 02 

+ cos 01 sin 02) 


= AB [cos (01 + 62) + j sin (0i + 02)]. (15) 

Division. — If it be required to 
divide A by B the division (Fig. 
6) is stated thus, 



Fig. 6. — TMvision of complex or vector 
numbers. 


^8+j4 
4 +jB 

In order to carry out the opera- 


tion here indicated it is necessary 
to rationalize the denominator. This is done by multiplying 
both numerator and denominator of the fraction by the conju- 
gate ‘ of the denominator. 

Carrying out this operation, 


D = 


8 +.74 4 -i3 

4 -f ^ 4 - i3 
32 ■+ jie - i24 - jn2 
16 -I- il2 - il2 - 3 ^ 


(16) 


and since — = -t-1 


D = 


^ ^-J8 
25 


= 1.76 -iO.32 


(17) 


‘ Two complex quantities? are ssiid to be conjugate if they differ only in the 
sign of the quadratun^ term. For example, the complex numbers a + jb and 
a — jb arc conjugate. 
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D = Vl.76* + 0.32'' 

= 1.79X10" 18l (18) 

The length of the vector resulting from the division is length A 

-7- length B\ 

for 

A 8.94 
B 5 
= 1.79 


and its angle of inclination is 


Bd = Ba - Bb 

= (26° 34') - (36° 52') 

= \10° 18' or \ -(10° 18'). 

The law for the division of complex quantities here illustrated 
is; The division of two complex quantities yields a complex quan- 
tity whose magnitude is the quotient derived by dividing the magni- 
tudes of the original quantities, and whose angle of inclination is 
the angle of the dividend less the angle of the divisor. 

The proof of this law is similar to that for the law of multipli- 
cation. Writing the polar equations in the general form; 


A = A (cos Bi + j sin Bi) 
B = B (cos <?2 + j sin ^ 2 ) 


(19) 

( 20 ) 


D = 


cos + j sin e 
cos B 2 + j sin B 2 
cos Bi + j sin di 
cos O 2 + j sin B 2 ^ cos B 2 


1 

2 


X 


cos $2 


- j sin ^ 2 ] 

- j sin 02 J 


Ar (cos c os Bo + sin sin ^ 2 ) ~ i(cos sin B 2 — sin 61 cos 
bY cos^ $2 + sin^ 62 J 

= ^ [cos {Bi - B 2 ) - j sin(0i - ^ 2 )] 


( 21 ) 
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Powers. — The nth power of a complex quantity is found by 
taking the quantity n times as a factor. Raising a* given 
complex quantity to any power is in reality a special case of 
multiplication. 

Let it be required to find the nth power of the quantity 


Then 


A — A (cos di + j sin ^i) 
ii” = A" (cos $1 + j sin 


( 22 ) 

(23) 


and, by the law for the multiplication of complex numbers, 


= A'' [cos (Si + di + $1 + . . . ) 

+ j sin (^1 + + 

to n terms 
or 

An = (cos n$i + j sin ndi) 

= A^ Indi 

since 


On = nOi 


)] (24) 

(25) 

(26) 


from which it follows that 


(cos ^1 + j sin ^i)" = (cos nOi + j sin n^i). (27) 


This relation is known as De Moivre^s theorem. 

Thus, when raising a complex quantity to any power n, the result 
is a complex quantity whose magnitude is the 
nth power of the original quantity ^ and whose 
angle of inclination is n times the original angle. 
To illustrate, let it be required to find the 
third power of the complex number 5 + j2. 
In polar form (Fig. 7), 

J?’ = (5 + j2) = 5.38 (cos 21° 48' 

+ j sin 21° 48') 



Fio. 7. — Powere of 
complex or vector 
numbers. 


and 

= (5 + j2y 

= 5.38»[cos 3(21° 48') + j sin 3 (21° 
= 5.38» (cos 65° 24' + j sin 66° 24') 
= 155.7(0.416 + i0.909) 

= 64.8 +il41.5 
= 155.6/65° 24'. 


(28) 


48')] 


( 29 ) 
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Roots. — ^It may be shown that De Moivre’s theorem holds for 
both integral and fractional values of n. Using fractional values 
of n, this theorem furnishes a simple tool for findmg the roots of 
complex numbers. 

If 

A = A (cos 01 + j sin di) 


then the nth root of this expression is 

n/- i i 

V .i = A”(cos 01 + j sin 0i)” 



cos 


Bi 

n 


+ j sin 


-)• 

71 / 


(30) 

(31) 


Thus, the nth root of a complex quantity 
is a complex quantity whose magnitude 
is the nth root of the original quantity^ 

and whose angle of inclination is -th of 


the original angle. 

For example, let it be required to 
evaluate the expression + j3. 

Let 


(J = 4 + i3 



Fig. 8. — Roots of complex o, 
vector numbers. 


= 5/tan“’ f 
L 4 

= 5/36° 520 

Then 


v:^ = V^/^(36°520 

= 2.2 3/18^ 26^ 

= 2.12+^0.705 (Fig. 8). 


Circular Functions. — In rectangular coordinates, the equation 
of an ellipse whose center is at the origin of the coordinate axes is 

x^ 


5“ 


y* _ 


= 1 


(32) 


where a and 6 represent the major and minor half axes. If, in 
this equation, a is made equal to 6, there results the special case of 
the ellipse in which the two axes are equal, that is, the circle. 
Writing a = 6 = r, the equation of the circle is 

a?® + = r* 


(33) 
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length of arc 


The radius r is of constant length, 
and, as it sweeps around from the 
position OM (Fig. 9), the point 
N traces out arc S of the circle, 
while the radius itself sweeps out 
the area A of a sector. The 
length ds of the arc S is propor- 
tional to the area of the sector dA , 
and the angle dS through which 
the radius moves may therefore 
be measured either in terms of 
the length of arc or in terms of 
the area of the sector, i,e., 

ds = rdd 


or 


and 



(34) 


If the radius be chosen as the unit of measure, the arc and the 
angle become numerically equal, or 


and 


dS == ds 


6 



ds 


= S. 


Also, the area of the sector is 


and 


or, for r = 1, 


dA = 


rds 

rHB 

2 


de = 


2dA 


dSi = 2dA 
S, = 2 J* dA 
= 2A. 


(35) 


( 36 ) 



COMPLEX QUANTITIES 


13 


Thus a circular angle 6 is measured either by its arc or by twice 
the area of the corresponding sector. 

The relation 


length of arc 
length of radius 
S 
r 


(37) 


is called the circular measure of an angle and, for this reason, 
trigonometric functions of an angle are often called circular 
functions. The ratio may be looked upon as a percentage. 
The angle then becomes the percentage of the length of the arc in 
terms of the constant-length radius taken as unity. The princi- 
pal circular functions are 


U , kJ . _ 

= sin ~ = sin d 

r r 

X S 

“ = cos ” = cos 6 

r r 

y i ^ 

- = tan— = tan $ 

X r 


(38) 


Hyperbolic Functions. — In rectangular coordinates the equa- 
tion of an hyperbola whose center is at the origin of the coordi- 
nate axes is 




(39) 


where a and h are equal to OA and OB of Fig. 10, respectively. 
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The lines MM' and NN' are asymptotes to the two branches of 
the hyperbola. If, in Eq. (39), a be put equal to 6, there results 
the rectangular h 3 rperbola whose equation is 



- 2/' = a^. (40) 

One branch of this hyperbola is pic- 
tured in Fig. 1 1 . 

If ds represents a small length of 
arc such that when x changes by an 
amount dXy y changes a correspond- 
ing amount dy and s by an equiva- 
lent amount ds, 
then 


or 


{dsY = (dxY + {dyY 

* - y + ‘ 


If p is the radius vector ON, then writing 


and 



(41) 

(42) 


If a be taken as the unit of measure, Eq. (42) becomes 



(43) 


The function u is the integrated ratio of the length of an infini- 
tesimal arc to the length of the radius vector p at any point P. 
Therefore, since 


u = 


/ 


length of ar c 
length of radius 


by analogy to the circular angle 6, the function u is called an 
hyperbolic angle. It is to be noted that, while in the circle r is 
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constant, here the radius vector p is a variable. AlsQ,'aiudogous 
to the circle, it may be shown that the function u is measured by 
twice the area of the sector. 


p = V** + y* 

and from Eq. (40), 

y® = — o*. 

Differentiating Eq. (44), 

2x - dx = 2ydy 
or 

^ _ X 

dx y 


Substituting these values in Eq. (42), 


or • 
Solving, 

and 

Since 


Ja Va;® - a* 

= logi[x + o®] - loge o 

X + -v/a:® — a® 


= logt 


a 


ae" = a: + \/x® — o®. 

_ a(e» + e-“) 

* = s 


X ^ 

a 2 

2/* == “ a* 


(44) 


(45) 


(46) 


(47) 


(48) 


by substituting the value of x from Eq. (48), it follows that 


and 


y® = ^(e®“ + 2«“e-“ + e-®“ — 4) 
= ^(«“ - e—)® 

y 

a 2 


( 49 ) 
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By dividing Eq. (49) by Eq. (48), there results 

U. = 

X €“ + 6 -“' 


( 50 ) 


In the case of the circle, the ratios ^ and ^ are called the 

a a X 

cosine, sine, and tangent of 6j respectively. For the rectangular 
hyperbola these ratios are called respectively the cosine, sine, 
and tangent of the hyperbolic angle u. In abbreviated form they 
are written. 


sinh 7/ = ^ = 
a 


— 

(51) 


“2“ 

X 

cosh 11= = 

a 


1 1 

(52) 

tanh w = = 

X 


f If 

1 1+ 

(53) 


Sine, Cosine and Exponential Series. — By Maclaurin's theorem 
a function of a single variable may be expanded into a series of 
ascending powers of the variable. If i/ is a function of x, only, 
then, by Maclaurin^s theorem, 

y = f{^) = A + Bx + Cx^ + Dx^ + Ex^ + . . (54) 

where A, B, C, D, etc., are constants whose values are independ- 
ent of X but dependent upon the constants contained in the 
original expression of f{x). In order to make the expression on 
the right-hand side of Eq. (54) definite, the value's of tlu' constants 
must be determined. This is done by successive differentiation. 

By successive differentiation of Eq. (54) the following equations 
are obtained: 

^ = . f{x) = 0 + ^ + 2Cx + + 47i'a-» + . . . (55) 

ax ax 

^ =0 + 0+1 -20 + 2-3I>a- + +. . (56) 

^ ^ •/"(a:)=()+0+0+l-2-3-i>+2-3-4-^/x+ . . . (57) 

ax^ ax 

^ = A ./"'(a;) = 0 + 0 + 0 + 0 + l-2-3-4^;+ . . . (58) 

(ix* ax 

Since these equations hold for all values of x, they hold for a; = 0, 
whence, substituting a: = 0 in each equation and solving, 
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y = /(O) = A 

l-m-is 

^y _ futttw _ 1 


A = y 

B-P ' 

ax 


1 


g.r'(o)-i-2.3.D D-rrii-S 


Applying this theorem to the expansion of cos x, 
y = cos X = A + + Cx^ + Dx^ + Ex^ + 

and 

A — y ^ cos 0 = 1 

/}=^=: — sin 0 = 0 
ax 

C — ^ 

(lx^~ (2 [2 

T) _ ^ H;^sin 0 _ 

cW /3 

,, dHf + cos 0 1, 

E = = .r- ~ /7^ 

/4 /4 

Substituting these values in Eq. (59), 

^ ^4 ^.6 2 j 8 

-^2 + /4-Z?+Z1~ ■ ■ 

By similar methods, it is found that 
x‘ , x® , X® 

. . . 


/jf*2 /^3 /|.4 -,*5 <y.6 

+ _. + .g + _+^^+^^+ . . . («2) 

From Eq. (02), upon substituting — x for +x there results 
Eq. (63). If jx be substituted for x in Eq. (62), Eq. (64) is the 
result, while the substitution of —jx for x gives rise to Eq. (65). 
Accordingly, 

X 2 /i »3 /y »4 /**5 /if »6 

•V I vA./ *4/ a *4/ y \ 

+ . . . (63) 
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1+J* ^ ^ + 14+/5 16 Z7 + • • • 




JX^ 


X* jx^ 


1 — -V — _ 4-«^ 4- JI Itz _4-*Zl>-L 

* to ^ /o ^ lA /R /A ' /'T “ • • 




/2-/3-/4 /5 /6-/7 

Mtiltiplying Eq. (61) by j and adding to Eq. (60), 
ooss+jsinx »* 1 +jx - ^ '^3'''^ ~ 

' + 


( 65 ) 


( 66 ) 


The right*hand member of £q. (66) is seen to be identical with 
Ihe right-hand member of Eq. (64), from which follo4?s the 
familiar relation 

= cos z + j sin z (67) 

Similarly, multiplying Eq. (61) by j and subtracting from Eq. 
(60) 3 deld results identical with the right hand member of Eq. 
(66), whence 

«->» = cos z — j sin z. (68) 


The series for the hyperbolic sines and cosines of a variable 
may also be readily derived from Eqs. (62) and (63); for, 

since 

C08hx_‘‘ + ‘~' 

z 

and 

sinh X = ^ ^ 


the series for cosh x is obtained by adding Eqs (62) and (63) 
and dividing the result by 2, while the series for sinh x results 
from taking one-half the difference of Eqs. (62) and (63). 


Thus 

and 


+ *- + 

^/8 ^ 

(69) 

+ 79 + 

L 

(70) 


These series are rapidly convergent and are useful for computing 
tables of hyperbolic sines and cosines of real angles. Abbreviated 

X X 

tables of sinh - and cosh - are found in Appendix B. 
c c 
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Bsponantials and Operators, — It has already been 

shown by Eqs. (67) and (68) that 

£/* » cos X + ^ sin a? 

and 


€"^** « cos X ^ j sin X. 


Herefrom it is apparent that exponentials with imaginary 
exponents represent unit lepgth vectors whose phase positions 
shift with the variable circular angle x. The truth of this state- 
ment is clearly evident from the ppji^ expiessions for the vectors* 

Thus, 

= \/ cos^ X 4“ sin* x^ 

= l/x. 

Similiarly, 

= l/^x. 


These unit vectors are shown in Fig. 

12 . 

The length of the vector is constant 
regardless of the value of the angle, 
but, with increasing values of x, its 
slope increases in a counter-clockwise 
direction for the exponential and in 
a clockwise direction for If the 
angle x be made a function of time, 
such that X == cotj where co is the angu- 
lar velocity in radians per second, and 
t is the elapsed time in seconds, the 
unit vector will rotate at the constant angular velocity 

Considered as operators, then, the exponentials and 
do not alter the size of the operand but simply change its slope. 
For the former, the shift is positive and, for the latter, negative 
through an angle of x circular radians. 

Exponentials 6* and 6“* as Operators. — ^The curves 



Fig. 12. — The unit vectors e'* 
and 


and 

y' = 


are called exponential curves. When put in the form 
X = log.J/ = 
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and 


log.?/' 


/ _ C^y' 

"J y' 


they are called logarithmic curves, although the distinction is of 
little value. It should be noted, however, that these equations 
are similar in form to those given on page 15, that a? is a real 



->1 

02 . 1 

< - X '€ ---> 




^ 

> 1 lJ 


Fig 13 — The exponenti ils e* and c"”* 


hyperbolic angle, and that the functions are unity for x = 0. 
The functions ?y and i/ are vectors whose phase angles are always 
zero, but whose lengths vary with the hyperbolic angle x. Since 



Fig 14 — The graph of 2 / — e*. 


the angle has no imaginary component, the vector does not shift 
its phase position as the angle increases, but can only stretch 
or shrink; that is, the end of the radius vector travels at all times 
in a straight-line path in the direction of its length, as in Fig. 13. 
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For positive values of the angle beginning with zero angle, the 
function c* increases from unity towards infinity at an accelerat- 
ing rate or in geometric progression, as the angle increases. On 
the other hand, the function starts at unity and, as the angle 
increases, diminishes or shrinks towards zero at a negatively 
accelerated rate. The graphs of these functions arc shown in 
Fig. 14. 

Considered as operators, the effect of the exponential is to 
stretch or increase the operand through the hyperbolic angle a* 
without shifting its phase position, while that of the operator e' ^ 
is to cause a shrinking of the operand, but also without shifting 
its phase position. 

Exponential, Trigonometric and H3rperbolic Functions Related. 

That exponential, circular and hyperbolic functions are inti- 
mately related is evident from the foregoing Any function of a 
variable expressed in terms of one of these may be converted 
into an equivalent expression in which only one or both of the 
other two appear. Some of the simpler of these relations are 
obtained as follows: 

By the addition of Eqs. (67) and (68), 

2 cos X = 


or 


£ JX 

cos X — — 2 “ ' 


(71) 


By subtraction of Eq. (68) from Eq. (67), 
2 j sin X = 


By division of Eq. (72) by Eq. (71), 

fjx J* 

tan X = (73) 

Likewise, by substituting x = jy in Eqs (67) and (68), there 
results: 

= cos jy + j sin jy (74) 

€*' = cos jy - j sin jy. (75) 

By adding Eqs. (74) and (75), it follows that 
2 cos jy = c*' + €”*' 
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or 


€*' + €“*' 
COS = s 


Similarly, by subtracting Eqs. (74) and (75), 

. . .(€*' - e-*') 

Sin jy = 3^ ^ ^ 


( 76 ) 


(77) 


and, by dividing Eq. (77) by Eq. (76), 

t&njy (78) 

From the above, it is seen that exponential functions with 
imaginary angles may be expressed as trigonometric functions 
with real angles, or as hyperbolic functions with imaginary angles, 
while exponential functions with real angles will yield trigono- 
metric functions with imaginary angles or hyperbolic functions 
with real angles. For convenient reference the relations here 
developed are assembled in Table 1 . 


Table 1 


Exponentials with imaginary angles 

Exponentials with real angles 

€'* = cos X j sin X 

e*' = cos jy — j sin jy 

= cos X — j ^\Xi X 

f-y = cos jy J sin jy 

_ ^-1X . . , . 

sin X — - = —3 sinh jx 

. . .(«* - «"*) . . 
sm jy = 3 2 ^ I y 

4. ^-ix 

COS a; = = cosh jx 

A 

e*' + e-y . 

COS 3 y = — 2 ~ y 


ian jy = = J tanh y 


These relations among circular and hyperbolic functions make 
it possible to develop the formulas of hyperbolic trigonometry 
from those of circular trigonometry by simple substitution. 
For each one of the former there is one of the latter. For example, 
in circular trigonometry, 

sin^ X + cos^ X = 1. 

Then, if ^ ~ jx, substituting j sinh 2 / = sin x and cosh y = cos x 
there follows: 


/ sinh^ y + cosh^ y — I 
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or 


cosh^ y — sinh^ y = 1 


( 79 ) 


which is the corresponding identity in hyperbolic trigonometry. 
Again, from the trigonometry of circular functions, 


cos (a ± /S) = cos a cos iS + sin a sin 


By substituting 

-j sinh 7 = sin a 
cosh y ~ cos a 
-j sinh d = sin P 
cosh 8 = cos P 


there follows the equivalent hyperbolic form, namely, 

, cosh (7 ± 5) = cosh 7 cosh 5 T f sinh 7 sinh 8 

= cosh 7 cosh 8 ± sinh 7 sinh 5. (80) 

In a similar manner, 


sinh (7 ± 5) = sinh 7 cosh 8 ± cosh 7 sinh 8. (81) 

By the same general method of substitution, any relation of 
circular trigonometry will yield the corresponding relation of 
hyperbolic trigonometry. In Appendix A some of the more 
commonly used hyperbolic equations are given. 

Complex Angles. — C/onsistent with the definition of a circular 
angle as given in Eq. (37), the general or complex angle is defined 
as the length of arc per unit of radius, t.e., 

s = — 

r 

or 

then, considering the angular 
change produced when the 
radius vector traces along any 
curve such as MN (Fig. 15), 
thereby sweeping out a cir- 
cular sector corresponding to 
a circular angle d62 circular 
radians, it may be noted that: (a) The radius vector changed its 
position with respect to the X-axis from 62 to 62 + and had 
it remained fixed in length during this change, it would have 
traced the arc rdB2 == dr 2] (b) The radius vector changed in length 
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or stretched from r to r + dri, and, in so doing, had the angle $2 
not changed in value, the former would have traced along the 
line dri. 

The total change ds, in arc from M to Ny may therefore be 
considered as having been accomplished by two steps in quadra- 
ture with each other. Considering the direction of the radius 
vector as the axis of reference, t.e., the axis of reals, and taking 
the original length as the unit of measure, the vector change of 
arc may be denoted by the equation 

ds = dr I + jdr 2 (82) 

or, dividing both sides of Eq. (82) by r, 



or 

6 = $1 + jo 2 (83) 

= (hyperbolic angle) + j (circular angle), 

in coiiforinity with the definitions already given for these angles.^ 

The angle 0 is a gcmc'ral or complex angle. Its real component 
is an hyperbolic angle 0i, and its quadrature component the 
circular angle 62 . The hyperbolic component measures the 
integrated percentage of the stretch of the radius vi^ctor whiles 
elongating or contracting, while the circular component measures 
the percentage of the arc or swing of the radius vector of fixed 
length. 

Functions of Complex Angles. — Hyperbolic functions of com- 
plex angles may be taken from charts^ or they may be computed 
from appropriate trigonometric relations. It will be sufficient 
for the object in view to show how to derive the values of hyper- 
bolic sines and cosines of complex angles, since the other functions 
may readily be obtained if these are known. 

1 For a more complete discussion of complex angles see: Boyajian, 
Aram, “Complex Angles,’' Jour.y A. I. E. E., February, 1923; Kennely, 
A. E., “Hyperbolic Functions Applied to Electrical Engineering.” 

* Kennelly, a. E.. “Chart Atlas of Complex Hyperbolic and Circular 
Functions,” Cambridge University Press, 1914. 
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By Eq. (80), the cosh of a complex angle is the complex quantity 


A = cosh {x + jy) 

A 


or 

and 

Oa 


cosh X cosh jy ± sinh x sinh jy 
cosh X cos y + j sinh x sin y 
\/ cosh*^ X cos^ y + sinh^ x sin*-* y 
■\/Snh2 X + cos‘^ y 

y/ cosh^ X — sin^ y 

^ . / sinh X sin y\ 

tan"^ I — , 1 

ycosh X cos y j 

tan"^ (tanh x tan y). 


(84) 

(85) 


( 86 ) 


(87) 


Likewise, by Eq. (81), the sinh of a complex angle is the complex 
quantity 


or 

and 


i = sinh {x ± jy) = sinh x cosh jy + cosh x sinh jy (88) 


= sinh X cos y ± j cosh x sin y 

(89) 

B — y/ sinh^ x cos^ y + cosh^ x sin^ y 


= \/ sinh^ x + sin^ y 

(90) 

= y/ cosh^ X — cos^ y 

(91) 

- . , / cosh X sin y \ 

Ob = tan-’ ( --ir * “1 

ysinh X cos yj 


= tan-^ (coth x tan ?y). 

(92) 


Dividing Eq. (89) by Eq. (85) and simplifying yields 


C = tanh {x ± jy) 


sinh 2x + j sin 2y 
cosh 2x + cos 2y 


(93) 


With the help of Eqs. (86), (87), (91) and (92), together with 
tables of hyperbolic and circular functions of real angles, the 
hyperbolic functions of complex angles may be readily calcu- 
lated.^ Circular functions of complex angles may be calculated 
by the same general methods. 


' Tho modern computing machine makes it very easy to perform lengthy 
calculations such as are required here, at the same time giving results to 
almost any desired accuracy. Such machines are now usually available in 
engineering offices. When they are available, tables of natural hyperbolic^ 
and circular functions are conveniently used. When not available, tables 
containing the logs of these functions will be found far more convenient. 
Very satisfactory tables, containing both the natural functions and their 
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Thus, if 

/* = sin (a: + jy) «= sin a: cos jy + cos a? sin jy (94) 
by substituting 

cos jy = cosh y 
sinjV = i sinhy 
in Eq. (94), it follows that 


/* = sin X cosh y + j cos x sinh y (95) 

and 

P = V sinh^ y + sin^ x /tan~^ cot x tanh y (96) 

or 

= V cosh^y — cos^x /tan-^ cot x tan h y. (97) 

Likewise, let 

0 = cos (x + jy) = cos X cos jy T sin x sin jy. (98) 
Then, by transformation, as above, 

Q = cos X cosh y T j sin X sinh y (99) 

Q — Vsinh^ y + cos^ x /tan~^(tan x tanh y) (100) 

= V cosh^ y — sin^ x /tan~Htan x tan h y). (101) 


logs, are the Smithsonian Mathematical Tables published in 1909 by the 
Smithsonian Institute of Washington, D. C. A very excellent table of the 
logs of hyperbolic functions is contained in the appendix to Pernot’s 
Electrical Phenomena in Parallel Conductors/^ voL 1, John Wiley & Sons, 
Inc. 
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PROPERTIES OF TRANSMISSION-LINE CONDUCTORS 

The important characteristics of transmission-line conductors 
are high electrical conductivity, high tensile strength, low density 
and low cost. The three metals that possess these characteristics 
to such a degree as to make their use economical in transmission- 
line construction are copper, aluminum and iron (steel). They 
are used alone or in various combinations. Of these, copper has 
the highest conductivity, is second in tensile strength and has the 
greatest density. Aluminum is second in conductivity, has 
the lowest tensile strength and the lowest density. Steel has the 
greatest strength, the lowest conductivity and is second in 
density. It has the additional disadvantage of a high internal 
reactance, is subject to hysteresis and eddy-current loss, and 
corrodes more readily than either of the other two. 

Steel is used to particularly good advantage in combination 
with aluminum. Cables are built up with a steel core of either 
solid wire or stranded cable, depending upon the size of conductor. 
Thus the advantages of the high strength of steel and the Ught 
weight and high conductivity of aluminum are combined in a 
single cable. The use of steel reinforced cable makes it possible 
to use much longer and more economical spans than would be 
permissible with all-aluminum conductors. 

Steel is also used in combination with copper in the so-called 
copper-clad steel conductors. These conductors are made from 
mild steel billets around which copper has been cast. In the 
casting process the steel billet is heated to a yellow heat so that 
the molten copper is welded firmly to it when poured around it in 
the mold. In the subsequent rolling and drawing processes the 
original relative thickness of the two metals is approximately 
maintained. The finished conductors are made in two commer- 
cial grades as 30 and 40 per cent of the volume conductivity of 
copper. Unless the steel core becomes exposed the conductor 

27 
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does not corrode. Its strength depends upon the quality of 

12 

steel used, and runs from g to g greater than for copper. 

Steel cable has been used in transmission-line work chiefly as 
guard cables and for guying and anchoring in wood-pole construc- 
tion. To a very limited extent it has also been used for short, 
relatively unimportant, lightly loaded transmission circuits, and, 
in at 'least one case, as a long span link in an important line. 
The Narrows Crossing on the city of Tacoma^s Cushman line is 
a span of 6,244.5 ft., at present the longest transmission span in 
the world. The six cables of this span are made of in. double- 
galvanized plow steel, having a tensile strength of about four 
times that of mild steel. 

Steel cables and wires, however used in transmission-line work, 
whether alone or as cores in bi-metallic conductors, are heavily 
galvanized to prevent corrosion. Galvanizing softens the 
conductor somewhat and thereby reduces its tensile strength. 

Density. — The density of a material is its weight per unit of 
volume. The densities of copper and aluminum vary only very 
slightly from the values given below. The density of iron in its 
various forms changes somewhat more depending upon its degree 
of chemical purity and its physical state. 

Aluminum 2 70 g. per cubic centimeter = 168 5 lb. per cubic foot 

Chopper . . 8 89 g. per cubic centimeter = 565 lb. per cubic foot 

Steel and iron. 7 86 g. per cubic centimeter = 490 lb per cubic foot 

Conductivity and Resistivity. — The standard (100 per cent 
conductivity), to which electrical conductivities are compared, 
is known as the International Annealed Copper Standard. This 
standard copper has a density of 8.89 g. per cubic centimeter and a 
resistivity of 10.371 ohms per mil foot at 20° C. The conductivity of 
commercial grades of copper vary with the degree of hardness to 
which the conductors are drawn, and therefore with the size of 
the wire. In the sizes and in the degree of hardness used in 
medium hard-drawn, stranded cables, the conductivity of copper 
at 20° C. is about 97 per cent. The,conductivity of hard-drawn 
aluminum is about 61 per cent, whence its resistivity is 17.01 
ohms per mil foot at 20° C. The resistivity of steel wire varies 
considerably with its degree of hardness. Roughly, for hard, 
high-strength steel wires, it is ten times that of copper, while for 
iron wire it is from 6.5 to 8.5 times as great. 
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The resistances of stranded conductors are 2 per cent greater 
than the resistances of the equivalent solid conductors. This 
allowance is made to correct for the added length due to the 
'4ay’’ of the cables, as recommended by the A.I.E.E. 

Temperature Coefficient of Resistance. — This coefficient 
represents the change in resistance of a conductor in ohms per 
degree Centigrade per ohm of resistance. For 100 per cent 
conductivity copper, this constant is 0.00393 ohm per degree 
Centigrade at 20° C., while, for 97 per cent conductivity and the 
same temperature, it is 0.00381. The constant changes with 
both the temperature of reference and with the percentage of 
conductivity, it being proportional to the latter. For aluminum 
the average value of the coefficient is given by the Bureau of 
Standards as 0.00390 per degree Centigrade at 20°. This is 
also the value quoted by the Aluminum Company of America. 

For 40 per cent copper-clad steel wire the coefficient varies from 
0.004 to 0.006. 

For iron and steel wires the coefficient varies considerably 
depending upon the grade of iron or steel and upon its hardness. 
An idea of the values to be expected in stranded steel cable may 
be had from the following figures published by the Indiana Steel 
and Wire Company. 


Table 2 


Design; i1 ion 

Temperature coeffi- 
cient per degree Centi- 
grade at 20° 

' ^ Iligh-strength st rand ” 

..00338 

2 ~in. Siemens-Martin strand 

0.00338 

g-in. Siemens-Martin strand 

0.00348 

|-in. Siemens-Martin strand 

0.00309 

3 

g-in. Standard strand 

0.00570 

No. 8 B.W.G. '‘3-ply twisted guy wire*^ 

No. 6 B.W.G. “B.B. Telephone and Telegraph 

0.00446 

wire” 

0.00496 


The resistivity of metallic conductors at any temperature other 
than the base temperature is given by the equation 
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Pt *= p (1 + at) (102) 

where 

Pi = resistivity at temperature f C. 
p *= resistivity at base temperature 
a = temperature coefficient of resistance in degrees C. 
t = the rise in temperature above the base in degrees C. 
(sign of a is + for rise and — for fall). 

Coefficient of Linear Expansion. — This coefficient is a measure 
of the change in length which accompanies a change of 1° in 
temperature, expressed as a decimal fraction. The following 
are average values, per degree Fahrenheit. 


Table 3 


Conductor material 

Temperature coeffi- 
cient of expansion, 
degrees Fahrenheit 

Aluminum 

12.8 X 10-« 

10 to 11 X 10“« 
(depending upon the 
ratio of steel to 
aluminum) 

9.22 X 10-® 

12.9 X 10“® 

6.4 X 10-® 

Aluminum-steel cable ^ 

Copper 1 

40 per cent coppcr-clad steel 

Steel 



The corresponding values of the coefficients per degree Centigrade 
are obtained by multiplying the values in the table by the ratio 
9 5. 

Tensile Strength. — The tensile strengths of aluminum, copper 
and steel depend considerably upon the degree of hardness to 
which they are drawn and upon the heat treatment received. 
Strength increases with the hardness, and, accordingly, is greater 
for the smaller sizes of wire than for the larger ones owing to the 
greater number of passes required in drawing. 

The strength of concentric-strand cables is not equal to the sum 
of the strengths of its component strands, but is usually estimated 
to be 90 per cent of this value for copper and from 86 to 90 per 
cent of it for aluminum. 

Tensile strengths of commercial grades of wire are approxi- 
mately as given in Table 4. 
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Tabus 4 


Conductor material and grade 

Ultimate tensile strength (pounds 
per square inch) 

Aluminum wire, hard drawn : 


a. Sizes used as solid line conductors 

22,000 to 24,000 

h. Sizes used in stranded cables . 
Copper wire: 
a. Annealed 

24,000 to 27,000 

Large sizes 

32,000 to 34,000 

Small sizes 

b. Medium hard drawn : 

Up to 40,000 

Large sizes 

40,000 to 50,000 

Small sizes 

c. Hard drawn: 

Up to 60,000 

Large sizes 

60,000 

Small sizes 

65,000 

Steel wire 

Varies greatly depending upon 
chemical constituency and hard- 
ness. The range covered by the 
different available grades is from 
50,000 to about 400,000 


Elastic Limit. — A body is said to be elastic when, if subjected 
to a strain^ internal stresses are set up which will bring the body 
back to its original form when the strain is removed. A cable 
under a moderate tension will stretch slightly, but, upon removing 
the tension, the original length of the cable will be resumed. 
If the tension on the cable is gradually increased, some value of 
tension will finally be reached beyond which the cable will not 
resume its original length when the strain is removed; instead, 
the cable will be permanently deformed. The lowest tension 
at which such deformation occurs is called the “elastic limit 
of the cable. 

The elastic limit is not a very definite point in certain soft 
forms of conductor materials such as annealed copper and alumi- 
num, since these materials begin to stretch at relatively low 
tensions. The term “elastic limit,'' as applied to these materials, 
has a somewhat special meaning not strictly in acqprd with the 
above definition. 

The elastic limit of hard-drawn aluminum wire runs from 60 to 
60 per cent of its ultimate tensile strength or from about 12,000 
to 16,000 lb. per square inch. The value quoted by the Aluminum 
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Company of America is 14,000 lb. Steel-reinforced aluminum 
cables have an elastic limit equal to about 65 per cent of the 
ultimate strength of the cable. 

Hard-drawn copper has an elastic limit of from 50 to 65 per 
cent of its ultimate strength, depending upon the degree of 
hardness; 50 per cent is a conservative figure that is much used. 

The elastic limit of commercial steel wire is about 50 per cent 
of its ultimate strength, while for special high-strength steels it 
is much higher. For the steels used in reinforced-aluminum 
cables, the Aluminum Company of America gives the ultimate 
strength as 160,000 and the elastic limit as 130,000 lb. per square 
inch, respectively. 

In the design of transmission line spans the question arises 
as to what maximum allowable tension is permissible for a given 
conductor. Here engineering practice has usually been to 
assume this to be from 75 to 100 per cent of the elastic limit of 
the cable. Any load slightly in excess of the elastic limit will 
cause the cable to stretch slightly, thus relieving the tension and 
increasing the sag. The length and sag at any given temperature 
will be permanently increased, but the strength of the cable will 
be unimpaired. 

Modulus of Elasticity. — So long as the elastic limit of a material 
is not exceeded, the strain or deformation produced is proportional 
to the stress applied. This is known as Hookers law. Under 
these conditions, the ratio of stress per unit area to the deforma- 
tion per unit of length is a constant amount E for a given piece 
of material. This ratio is called Young’s modulus of elasticity. 

Thus, consider a wire or cable having A sq. in. of cross-sectional 
area and a length of Lo in. when subjected to an initial tension of 
To lb. If the wire is subsequently stressed to a slightly greater 
tension T lb., thereby producing an additional elongation of dl 
in. by Hooke’s law (assuming the change in area due to the elonga- 
tion to be a negligible amount), 

„ _ T — To . dl __ (T — Tq)Lo 
The elongation is 

_ (T ~ To)Lo 


and the final length of the cable is 
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L ^ Lq dl 

' (“><) 

It is difficult to determine experimentally the exact values of 
the modulus of elasticity for materials like copper and aluminum 
because they have no clearly defined elastic limits. These 
materials do not obey Hooke’s law closely within the elastic limit, 
as a perfectly elastic material does. Furthermore, since stress- 
ing such materials tends to increase their tensile strengths, the 
modulus is usually higher after stressing than before. The 
modulus is less for stranded cables than for solid wires, and less 
for annealed than for hard-drawn wires. The values given below 
are average values of E in pounds per square inch for the 
various materials and grades: 


Table 5 


Material 

Young\s modulus, 
pounds per square 
inch 

Aluminum wires and cables 

9 X 10' 

Aluminum (steel reinforced) 

11.4 X lOHo 13 X 10« 

Copper wire (annealed) 

12 X 10» 

Coppcjr wire (hard-drawn) 

16 X 10« 

Copper concentric-strand cable 

About 75 per cent of the 


corresponding solid 


wire 

Copper-clad steel cable 

16 X 10« to 20 X 10« 

Iron wire 

24 X 10« 

Steel wire 

27 X 10« * 

Steel concentric lay cable 

22 X 10« 




CHAPTER III 


THE MAGNETIC CIRCXHT AND INDUCTANCE 

Any space in which a magnet pole experiences magnetic forces 
is a magnetic field. When dealing with these fields and the 
magnetic forces associated with them, our thinking is greatly 
facilitated by the use of Faraday^s concept of magnetic lines of 
force. These lines are so drawn that their directions at all 
points represent the directions of the resultant magnetic forces, 
and their number per unit area normal to their direction — that is, 
their density, in a field of unit permeability — ^represents the 
intensity of the forces acting. 

Since the basic theory of the transmission-line circuit is inti- 
mately concerned with the magnetic circuit calculations, it will 
be advantageous, at this point, to discuss briefly the fundamental 
relations and the units involved. 

Concepts, Definitions and Units. — Unless otherwise stated, the 
units used in the following definitions are the absolute electro- 
magnetic units. 

Measurements of magnetic field intensity are based upon the 
concept of an ideal unit point magnetic pole. Such a unit pole is 
a pole which in a medium of air, when separated from an equal 
pole of like sign by a distance of one centimeter, is repelled with 
a force of one dyne. 

The magnetic potential of a point is the number of ergs of work 
done in bringing a unit point pole from the edge of the field to 
the point in question. 

The intensity of a magnetic field is the force in dynes which 
unit point north pole experiences in the field, and is designated 
by the symbol H. Since the direction of a magnetic line of force 
is also the direction of the magnetic field intensity, if distances 
along a path be Z, then the magnetic potential difference between 
any two points in a field of force is the line integral of the magnetic 
field intensity; that is. 


dF ^ H dl* cos B 
34 
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and 

F — fff>dl-coB$ (106) 

J(L) 

where 

ff = the magnetic potential gradient in the direction of the field 
dl ^ an elementary length of path 

and 

$ = the angle between the direction of the intensity H and dL 

The c.g.s. unit of field intensity is the gilbert per centimeter. The 
ampere-turn per inch is the common practical unit. The two 
units are related by the equation 

Nliper inch) = 2.022H (per centimeter) (106) 

where I is the current measured in amperes. 

The drop of magnetic potential between any two points on a 
line of force in a magnetic circuit is the magnetomotive force F, 
absorbed in that portion of the circuit, as given by Eq. (107) 
below. Here again the current is given in amperes. 

F = HI = 0.4irNI (107) 

The c.g.s. unit of m.m.f. is the gilbert and the practical unit 
is the ampere-turn. 

The unit of magnetic flux is a line of force called the ‘‘maxwell.^' 
The total number of maxwells in a given sectional area is repre- 
sented by the symbol <#>, while the flux density is B y where A 

is the sectional area of the path in square centimeters, normal 
to the direction of the flux. The unit of flux density, the gauss^ 
represents 1 line per square centimeter. 

In a medium of air a field intensity of 1 gilbert per centimeter 
will establish a flux density of 1 gauss, since the magnetic con- 
ductivity of air per cubic centimeter is unity. Magnetic materials 
have very much higher magnetic conductivities. In them the 
same field intensity will establish a flux having a density of 
many gausses. The ratio of flux density to field intensity in a 

material, n = -fr> is called the “permeability” of the material. 
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The law of the magnetic circuit, analogous to Ohm’s law, and 
expressing the relation of cause and effect for the magnetic cir- 
cuit, is 



AirNI 

L. 


(108) 


The quantity designated by 7? is called the reluctance of the 
magnetic circuit. 

When a magnetic field is produced by a current, variations in 
the current are accompanied by variations in the magnetic flux. 
The varying flux induces in the conductor a voltage which tends 
to prevent the change in current that causes it. These relations 
are expressed symbolically in c.g.s. units by the equation 

» - -4r 


where L is the proportionality factor between the time rate of 
change of current and the induced potential difference. From 
Eq. (109) it follows that 


L = AT- 


di 


or, if the permeability of the magnetic circuit is constant, 

. N<t> 

L= 


( 110 ) 


The product N4> represents the total number of magnetic 
linkages which the current I produces in the circuit. Thus, the 
c.g.s. unit of Ly called the coefficient of self-inductance of a circuit, 
is the number of magnetic linkages per absampere of current. 
This unit is the abhenry. The practical unit, called the henry, 
is 10® times as large as the abhenry. 

By multiplying Eq. (109) through by idt and integrating, the 
energy stored in the magnetic field when the current in the circuit 
is / units is found to be 

E = joules 

when L is given in henries, and 7 in amperes. 


(Ill) 
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The Magnetic Field about a Long, Straight Cylinder.--^Con*- 

sider an elementary length dl of a long, straight, ^ound conductor 
(Fig. 16). Let the conductor be of infinitesimal cross-section, 
and let the current in it be I absamperes. A unit north magnet 

pole at P will set up a flux density at 0 of B “ gausses. The 

tC 

component of this flux density nor- 
mal to the direction of the current 
is B cos 6j and is the component 
which reacts with the current in 
dl to produce a force. Due to it, 
the length dl of the conductor is 
pushed upwards with a force of 
BI cos 6 * dl dynes. The unit pole 
at P is pushed downward with 
an equal force, due to the field at 
P caused by the current in dl. If 
the field intensity at P, due to dl, 
is dH, the force on the pole is dll. 

Expressing the equality of the forces on dl and on the pole at 

P, and substituting for i? the value there results the equation, 
dH = gilberts per centimeter. (112) 



Fig. 16. — Tho miignetic field inten- 
sity near a long straight wire. 


From the figure, x = r sec d and i = r tan 6, whence dl = 
r sec^ Odd, By substituting the values of dl and in Eq. (112), 
this equation is transformed to 


dH 


I cos B • dB 
r 




For a very long, straight wire, since B approaches the value 

the field intensity due to the entire length of conductor, and at a 
distance of r cm. from it, is 


H 


*■ 

-X/' 


cos 0 • dd 


21 

= — gilberts per centimeter. (114) 
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Thus, the field intensity at any point without a line conductor 
is inversely proportional to the distance from the center of the 
conductor. The same law holds for circular conductors, and 
practically also for conductors of other shapes when the distance 
of the point from the conductor is large as compared with the 
dimensions of the conductor area. 

Magnetic Lines of Force about a Straight^ Round Conductor. — 
It is to be remembered that field intensity is a vector quantity. 
Its magnitude is given by Eq. (114), while its direction and sense 
are found by the familiar right-hand rule. Lines of constant field 
intensities drawn about a straight, round conductor, in planes 
perpendicular to its length, are the familiar lines of force. By 
Eq. (114) these are concentric circles. 

The circular lines of force about a single isolated conductor 
(in a medium of constant permeability) are illustrated in Fig. 17. 

The lines are drawn close together near 



Fig. 17. — The magnetic field 
about an isolated current. 


the conductor, but, as distances from 
the conductor increase, they are sepa- 
rated by increasing spaces to represent 
the diminishing field intensities. The 
total drop of magnetic potential along a 
line of force is the same for all lines, and 
is equal to the magnetomotive force of 
the current in the conductor; that is, for 
any line of force the line integral of the 
field intensity • dl • cos ^), taken 


completely around the circuit, is equal to 


4irL For the line of force distant r cm. from a straight wire. 


4x/ = /r// • dl 


(115) 


This is essentially a statement of Kirchoff’s law as applied to the 
magnetic circuit about the conductor. 

It should be noted that in Fig. 17 the full lines are the circular 
lines of force. The resultant field intensity is tangent to these 
circles at every point. The broken lines are lines of constant 
magnetic potentials. (Dielectric lines of force as will be shown 
later.) 

Magnetic Field Intensity within a Round, Straight Conductor. 

The field intensity at any point within a straight, round con- 
ductor having a uniform current density, is proportional to the 
distance from the center of the conductor. The proof of this 
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statement is apparent from the following: In Fig. 18, consider 
the field intensity at a point P distant x cm. tvoxp. the center of a 
circular conductor of radius r cm. Let 
the current I in the conductor be uni- 
formly distributed over its entire area. 

The field intensity at P is uninfluenced 
by the current in that part of the con- 
ductor l 3 dng without the circle of radius 
X. The current /» lying within the inner 
circle is 

T - 

^2 Fig 18 — The magnetic 

field intensity within a 

and its magnetizing effect at P is the 

same as though it were all flowing along the axis of the conductor. 
The field intensity at P may then be found from Eq. (114). It is 

H, . (116) 



In Fig. 19 the field intensities both inside and outside the 
conductor are shown as functions of distance from the axis of 
the conductor. 



Fig 19 — Curve of magnetic field intensity due to the current in a wire. 



Fig 20 — The curve of magnetic field intensity due to the current in a parallel 

sided, return loop 


Figure 20 shows the separate field intensity curves due to each 
of two parallel, round conductors, carrying equal currents of 
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opposite sign, together with the resultant curve for the two 
conductors. The permeabilities of the conductors and the 
medium in which they are suspended are assumed to be unity. 

Calculation of Magnetic Flux about a Straight, Round Conduc- 
tor. — In transmission-line calculations, problems frequently 
arise in which it is necessary to compute the amount of magnetic 
flux passing between the two parallel sides of a loop, the sides 
of which are parallel to the conductors of the transmission line. 
The method employed in making these calculations may be 
illustrated by the following problem: 

In Fig. 21, let a straight, round conductor at A be suspended in 
a medium of constant permeability /a. Assume the current of 

+/ amp. flowing in the con- 
ductor to be the only mag- 
netizing force present. Let 
the current be uniformly 
distributed over the cross- 
section of the conductor. 
At all points without the con- 
ductor the magnetic effect is 
then the same as that pro- 
duced by a current filament 
of +I amp. coincident with 
the axis of the conductor. The problem is to find the number of 
magnetic lines of force per unit length of conductor, passing 
through any parallel-sided loop such as PQ, the sides of which are 
also parallel to the conductor A, 

It has already been shown that the magnetic lines of force due 
to the current are concentric circles in this case. Accordingly, 
between two unit length cylinders having radii ri and Vo, whose 
axes are coincident with the axis of the conductor, there will be 
included the lines of force whose total number we desire to know. 



Fig. 21. — Calculation of the magnetic flux 
through a loop. 


Equation (114) shows that at any point on any one of the circular 
lines of force, such as the one of radius x cm., for example, if the 
current is measured in amperes, the field intensity has the con- 
stant value, 

21 

11 = gilberts per centimeter 


and the flux density is B = iJL 

Since radial lines such as AB are lines of constant magnetic 
potential, the ^ flux crosses them at right angles. The flux per 
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unit length of conductor, passing between the two concentric 
cylinders of radii x and x + dx, is, therefore, 

2Ittdx , 


d4> = Bdx = 


lOx 


lines 


(117) 


and that passing between 
and r 2 is 

<t>pQ 


the concentric cylinders of radii ri 

— C 

” 10 I X 


10 Ti 


(118) 


The Magnetic Lines of Force about Two Parallel, Round Wires 
are Circles. — The magnetic lines of force due to the combined, 
equal magnetomotive forces of a parallel-sided return loop in a 



Fig 22. — The magnetu lines of force about the two round, parallel wires of a 
return loop circuit are circles 


medium of constant permeability are circles. This fact may be 
proved as follows: In Fig. 22, let A and B be the two sides of such 
a loop carrying the equal currents +/ and —/amp. as indicated. 
Let the point P move in the direction of the resultant magnetic 
field, that is, in a manner so that at every position of the point 
the drop of magnetic potential along a line at right angles to the 
direction of its motion is zero, and let some fixed point F on the line 
be on the locus of P. Since the locus of P is along the direc- 
tion of the resultant field at every point, the resultant flux 
through the loop PF must be zero. 

By the same line of reasoning as that used in deriving Eq. (118), 
the fluxes through this loop, due to the magnetomotive forces of 
the currents in A and B, are 




/1 
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The resultant flux is 


“ 0a + 0k 

10 [ m n J 

whence 

n ^ ^ 
m n 

and 

Ti m , , 

— = ■—== a constant. 
r 2 n 


( 121 ) 


Thus, since the point P moves so that the ratio Vi -5- r 2 of its 
distances from the two fixed points A and is a constant, the 
locus of P is a circle by the theorem of the inverse points of a 
circle. 

The Theorem of the Inverse Points of a Circle. — This theorem 
will now be demonstrated. In Fig. 23 let P be the point whose 



Fig. 23. — The inverse points with respect to a circle 


distances ri and 7*2 from the fixed points A and 5, respectively, 

in 

are in the constant ratio — . Bisect the angles APB and 

BPQ by the lines PM and PN. Since the bisector of any angle 

of a triangle divides the base into segments proportional to the 

,. ^ ., AM m NA _ vl* r r» 

adjacent sides, ^ ” NB' position of P 

the angle MPN is a right angle, since the external and 
internal bisectors of any angle of a triangle are perpendicular to 
each other. It follows that the locus of P is a circle, since the 
right triangle MPN has the fixed hypothenuse MN. The points 
A and B are called the inverse points with respect to the circle. 
.It ^mng relations may also be noted: It is easily proven 

' thaj'an^e*5Pr = angle PAB. The triangles CAP and CPB are 
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therefore similar, since the angles BPC and PAB are equal, and 
the angle PCB is common to both triangles,. Hence their 
corresponding sides are proportional and 

AC n a m , , finn\ 

— = — = s= — = a constant. (122) 

a r* BC n 

Also 

BC = (123) 

Dipolar Circles. — In Fig. 24, the circles drawn in full lines are 
the magnetic lines of force, due to two parallel current filaments. 



Fio. 24. — The magnetic and dielectric fields about the two round wires of a 
parallel-sided return loop. 


These circles belong to two families, one described about A and 
the other about B, known as dipolar circles. The dotted circles 
are the corresponding lines of constant magnetic potentials. The 
latter are discussed in a later article. 

Certain relations which are useful in drawing the circles are 
given below. These may readily be proved from Fig. 23. Let the 

771 ^ 

constant ratio ^ and let the spacing be Z> = 2s. Then, 


in Fig. 23, 

OM 

MB 

NB 


s(l - e) 

1 + e 
2se 

r+1 

2se 
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Equation of the Circles. — Using rectangular coordinates with 
the origin at 0, the equation of these circles is derived as follows: 
From Fig. 22, taking the distance between current filaments 
equal to 2s, and letting x and y be the coordinates of P, 

rj = (s + xY + 2 /^ = + 2sa: + 

r\ = {s — xY + 2 /^ = — 2sx + + 2 /® 


and, since 



— 2sx + x^ + lY) = n“(s^ + 2sa: + -{• i/) 

y^{m^ — n^) + x^{m^ — n^) — 2sx{m^ + n^) = — n^) 


whence 


r y _ 7nhi^ . . 

y 2 {m - n)J {m - nY' 


Equation (124) is the equation of a circle whose center is at 

^ 

^ 2(m — n)^ 


and whose radius is 


2 / = 0 


P = 


mn 

m — n 


Lines of Equal, Magnetic Potentials of a Parallel-sided, Return 
Loop are Circles. — To prove this, let A and B of Fig. 25 be the 

two sides of a parallel-sided loop carry- 
ing the current filaments of strength 
+/ and Let Q be a point which 
moves along a line of constant mag- 
netic potential P, and let the fixed 
point P, lying on the bisector of AB^ 
be a point on the locus of Q, 

Due to the currents at A and B each 
acting alone, the corresponding field 
intensities at Q, due to A and 5, are 



Fia 25 — The lines of equal 
magnetic potentials of a parallel 
sided return loop 


Ua = + 


ri 


m = 


21 


n 


The corresponding differences of magnetic potential between Q 
and F are 
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Pa ^ HfiTida ~ 2/^0 
Pb — H^2^b ~ — 2l6b» 

Since Q and F are on an equipotential line, 

P« + ft = 0 = 2I(ea - Sb) 
or 

da = ^ 6 . ( 125 ) 


If a circle be passed through the three points, A, F and Bj the 
point Q will lie on this circle, for, since da = db and both are 
angles inscribed in a given circle, they must intercept equal 
arcs. The circles of constant magnetic potentials and the 
circles representing magnetic lines of force are mutually 
perpendicular. 

In the following chapter it will be shown that the circular 
magnetic lines of force are also the equipotential circles of the 
dielectric field, while the circles of equirnagnetic potentials are 
the circular dielectric lines of force. 

The Magnetic Flux-linkages of a Parallel-sided Return Loop. 
Coefficient of Self-inductance. — In Fig. 26, A and B represent 
the two sides of a parallel-sided 
return loop, carrying the currents 
of strength +/ and absam- 
pcres, respectively. The medium 
is assumed to be air, having con- 
stant permeability equal to unity. 

Since the permeability is constant, Fig. 26 . — Calculation of the maK- 
the principle of superposition may re'tum “ parallel-sided 

be applied; that is, the flux 

through the loop AB may be found by adding the separate fluxes 
in the loop due to A and each calculated separately as though 
the other were not present. 

The flux through the loop is evidently that which crosses the 
line AB. At a point on A B distant x cm. from A, the field inten- 
sities due to A and B have the values 



- ¥ 


m = 


21 


D — X 


(126) 


Both of these intensities act downward through the loop at right 
angles to AB, and may therefore be added algebraically to find 
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the resultant intensity at the point considered. Also, since 
' n ™ 1, H = B, and 

the flux between conductors crossing AB per centimeter length of 
line is 

d<l> — Bdx 

The corresponding flux through the loop between conductors is 

= 4/Zn ^ lines, (127) 

where r is the radius of the conductor in the units used to measure 
D. By definition, the coefficient of self-inductance is 

L--r 

and, since iV" = 1, the inductance per centimeter of loop (not 
including the linkages within the conductors), is, from Eq. (127), 

jy — r 

Li = 4in — abhenries per centimeter of loop. (128) 

Since only half of the flux of Eq. (127) links each conductor, the 
value of Li per centimeter length of conductor is 

jy — T 

Li = 2ln abhenries per centimeter of conductor. (129) 

r 

For all practical transmission lines no appreciable error is made 
by substituting Z) for D — r. Making this substitution, using 
the mile as the unit of length, logio and the practical unit of 
inductance, the value of Li, per mile of one conductor, is 

Li = 741.13 X 10“®logio— henries per mile. • (130) 

r 

On the assumption of uniform distribution of current over the 
cross-section of the conductor, the coefficient of self-inductanceLj, 
due to the flux-linkages within the conductor, is found as follows: 
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By Eq. (116) (Fig. 18), the held inteocdty at a point within 
the oonduotor and distant x cm. from the center, is 



Accordingly, if the permeability of the conductor material is fi, 
the flux density corresponding to Hg is 



and the hux, per unit of length of conductor in a circular strip of 
width dx, becomes 


d<l> = BxdA 


2I/jixdx 

r* 


This flux links the current lying within the circle of radius z; 
that is, each flux line represents the fraction ^ of a complete 
linkage with all the current. Thus, 

21 fix x® 


diN<t>) 


dx 


whence 


N4> 


2In 


= y linkage 


and 


L 2 = ^ = ^abhenries per centimeter of conductor. (131) 


Converted to practical units per mile of one conductor, 

L 2 = 80.47 X lO-®^ henries per mile (132) 

The final expression for the total inductance, per mile of a single 
conductor, is the sum of Eq. (130) and (132), or 

L « (741.13 logio ~ + 80.47 /a) 10”® henries per mile of one 

T 

conductor. (133) 
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Inductance of Split-conductor, Single-phase Circuits. — Con- 
sider a single-phase circuit as illustrated in Fig. 27, in which the 

outgoing current is divided be- 


e 


Fiq. 27.- 


b' 

-The split-conductor, single- 
phase circuit 


tween the equal paralleled con- 
ductors a and h. The same 
current returns through the 
corresponding equal paralleled 
conductors a' and 6'. The 
radius of each conductor is r, and the spacings arc D and kD, as 
shown, where A; is a constant. The radii and spacings are meas- 
ured in the same units. 

If the total complex current in the circuit is /o, and since from 
symmetry a' and V are the return conductors for a and 6, respec- 
tively, then 


U = Ia + h^ -(/„' + 7,0 

and 

la = -/a' 

/b = - 

Furthermore, since the outgoing conductors and the return 
conductors each constitute a pair of paralleled conductors, and 
since their cross-sections are equal and uniform, 

Znia = ZjJb 


and 


Za'la' = Zb'Jb' 


where Zn, Zb, Zd and Zb are the complex impedances per 
centimeter of the conductors indicated by the subscripts That 
is, in general, 

Z7 = (/? + icoL)/ 

where R and wL are respectively the resistance and the inductive 
reactance per unit length of conductor, carrying the complex 
current 7. 

The problem is to find the impedance drop in each of the pairs 
of conductors. 

Referring to the figure, if S represents a very large but finite 
distance, the vector flux linking conductor a, due to all the 
currents, is 
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<t>a = 2^JJn^-+ + k) + *)) 

= Ia(2ln-^-^ ^ l) + 2IM1 + k) 


+ 14 

(134) 


Similarly 

<#)6 = 2^7„Znj^ + Idn- - ^ 

= + i) + + *=) ( 135 ) 


However, 
and hence 
and, similarly, 

Zhih = Rlh + 

Accordingly, since a and h are in parallel. 


</>o LiaJa 

Zola = RIa + 


RI 


a +iw^27flZn ^ 2Ihln{l + fr) H — = 


{2 


kD 


+ jwi 2Idn + 2Un(.l + k) + 

\ y* 


i) 


Rh 

(136) 


Substituting h = lo — ia and solving for la, 

2+k 

I 

la = -7 


k 


2R 


VJO, +'* + 21nr,^l + fc)* 


kDK2 + A) " 2 * ^“P- 


and 


In 


2+k 


h = 7o 


2R 




^js^^+jlvectormp. (138) 


The impedance drop in each of the conductors may be found 
by substituting these values of current in the above equation 
for Zla or ZIb, since the drop is the same in each of the two 
conductors 
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That is, 


Zla 


X 


4- j 


Ih 


2 ±Jc 
k 


2B , , fcD*(2 + k) 

> + “ + “”7i(I +1?. 


^Iti(2i H“ k) 


1 

2^ 2R 


In 


2 + k 


kD\2 + k) 


(139) 




This equation can be somewhat simplified. It will, however, 
serve the purpose about as well to leave the expression as it 
stands. Assuming Iq to be known, the complex currents may be 
evaluated from Eq. (137) and (138), after which these values 
may readily be substituted in Eq. (139) to find the drop. 

Inductance of Three-phase Lines. General Equations. — To 
illustrate the general method of calculating the drop in each 

conductor of a three-phase line, 
regardless of whether or not the 
currents are balanced, assume an 
untransposed three-phase line made 
up of three equal conductors, each 
of radius r, and having any spac- 
ings whatever, as in Fig. 28. Let S 
be a very large finite distance, and 

Fiq. 28. — Triangular spacing for a l^t the spacingS, Z)i, D 2 and Dzj aS 
three-phase line. j g^jj measured in 

the same units of length. 

Then, in complex notation, the flux lines per centimeter, linking 
each of the three conductors, are the following: 



<t>a = ^lalny + + IM 

“I” /ftZw — -|- Icln- 
r 




<t>c 


- i’K, 

= 2^Ialn^ 


+ Ihbi 


I) 


+ 74 


+ 74. 


(140) 

(141) 
a42) 
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The three complex currents are h, h and le, and their sum is 
zero. Thus, 

la + Ih le = 0 . 

If in Eq. (140), — (/« + h) be substituted for there results 
the relation 

4>a = 2^7.Zn^* + Un^ + 7,| (143) 

since, as S approaches infinity, all the values of S cancel out. 

The above equation may be written 

<i>a = 2^/oZn^ + Ihln^^ — (/a + 

or, since 

-(/a + Jb) = Ic 

4>a = 2^7Jn-^ + + 7„|- (144) 

Similarly, 

<^ = 2^ + ml + + h^- (145) 

4>c = 2^ + ^4’ 

The above are the complex linkages per centimeter of wire in 
absolute units of current. To change these to practical units 
per mile of wire and logio, the quantities in the brackets must be 
multiplied by the conversion 370.56 X 10“®, while the last term 
of each equation is multiplied by the factor 160.94 X 10””®. 
Thus, in henries per mile and amperes, 

<l>a = 741.13 X 10-'^7„ logjo l + h logio ^+^clogio^^ + 80.47 

X 10-« /i7a (147) 

<l>b = 741.13 X 10“'*^7o logic ^ "b ^ + 7c logic + 

80.47 X10-V76 (148) 

4>c = 741.13 X 10-«^7„ logic ;^ + 76 logic + 7c logic + 

80.47 X lO-W.. (149) 

Given the three complex potential differences at the supply 
end of the above three-phase line, together with the three expres- 
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sions for the complex currents, /«, h and the drop in each wire 
can be calculated, and, by subtracting these from the supply 
voltages, the receiver voltages may be found. 

Let the three potential differences to neutral at the supply end 
be 


Sa = Ed +j0) 

E, = +iV3) 

=|(-H-i\/3) 


and assume the three complex currents in the wires to be 
la = la, (cos 6 — 3 sin d) 


h = h, 

f., 


5 (e + y) “ i + 3^') 


(151) 


where /oi, hi and /r„ are the amplitudes of the corresponding com- 
plex currents /«, h and Ic. The impedance drop in conductor a is 


Zala = (jR + jo)La)Ia 

~/?/o+JCO0a. (152) 


By substituting in Eq. (152) the value of /„ from Eq. (151), 
and the value of <i>a from Eq. (147), the drop may be calculated, 
since the currents /«, /& and Ic are all assumed to be known and 
defined by Eq. (151). The impedance drops in the remaining 
two conductors may be found in a similar manner. 

Conductor Arrangements and Transpositions. — The conductors 
of three-phase transmission lines are supported on poles or towers 
in various arrangements, depending upon the type of supports 
used, the voltage of the line, the number of circuits per tower line, 
etc. In general, however, the three conductors are supported 
either at the three corners of a triangle, or they all lie in a single 
plane, usually a horizontal plane. When the triangular arrange- 
ment is used, and the sides of the triangle are all equal, the three 
loops of the line are balanced. That is, the inductive and con- 
densive reactances of all loops are the same. This is the only 
arrangement of untransposed conductors for which such balance 
exists. While it is general practice to transpose the conductors 
of power lines in order to minimize possible inductive inter- 
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ference with adjacent lines, particularly with communication 
circuits, it is desirable to transpose three-phase lines having 
unsymmetrical conductor arrangements in order to secure like 
performance in the three phases. 

Balanced phases are secured in three-phase lines by so arrang- 
ing the conductors that each of the three conductors occupies 
each of the three possible positions throughout a total of one- 
third of the length of the line. Two complete transpositions of 
the line, dividing it into three equal 
sections, is the minimum number which 
will accomplish the desired result. 

Equilateral Arrangement. Value of L. 

In this type of arrangement the con- 
ductors form the three edges of an 
equiangular prism, as illustrated in Fig. 

29. The spacings are equal, and the flux 

through the loop formed by any two con- 29.— Equilateral spao- 

, , • • 1 1 X i» X* mg for a three-phase line. 

ductors IS independent of the magnetiz- 
ing force of the current in the third conductor. Thus for loop A B, 
since Di = D 2 = -Da = -D, 

(t>ah = 21n—(Ia — Ib) vector linkages. (153) 

r 

From symmetry it is apparent that the partial self-inductances 
per unit length are equal for all conductors; that is, iLo = 1 L 5 = 
iLc = Li. Also, the resultant vector linkages of a loop are equal 
to the vector differences of the linkages contributed by the individ- 
ual conductors. Thus, 

<t>ab = Li{Ia — Ih) vector linkages (154) 

whence, from Eq. (153), 

Li = 2/ny abhenries per centimeter of conductor. (155) 

If we add the linkages per ampere within thq conductor to the 
result expressed by Eq. (155), substitute logic and write the 
result in terms of henries per mile of one conductor, the total 
inductance per mile of one conductor is found. It is 

L = (741.13 logic — + 80.47/i)10“* henries per mile of one 

conductor. (156) 
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This equation is identical with Eq. (133). That is, the induc- 
tance of one conductor of a three-phase equilateral line is the same 
as that for a single-phase line having like conductors and spacings. 

Unsymmetrically Arranged, Transposed, Three-phase Lines. 
Value of L. — Consider a three-phase line arranged as illustrated 
in Fig. 30, in which the sides Di, D 2 and Da of the triangle may 
have any possible relative values. The values of Di, D 2 and D 3 
are large as compared with r, so that (D — r) h- r is approxi- 
mately equal to D r. Assume the line to be transposed so 
that the three phases are balanced. In short lines, so far as the 
power circuit alone is concerned, regardless of how many complete 
transpositions the line may actually have (so long as the number 



Fiq. 30. — Unsymmetrically arranged three-phase line with transpositions. 


is not zero), the line is approximately electrically equivalent to 
a like line having only one complete spiral, as illustrated in the 
figure. For very long lines this is not strictly true, since both 
the line voltages between conductors and the currents in them 
may differ considerably between the two ends of a line. 

Since the line is transposed, each of the conductors in turn 
occupies each of the three possible positions in the circuit. The 
numerical value of the flux-linkages is the same for all conductors, 
and all conductors have the same coefficient of self-inductance. 
It will, therefore, be necessary to find the average vector flux 
linkages for one loop only. This is done by computing the link- 
ages per centimeter of loop for each of the three conductor 
arrangements in the transposed line and averaging them. Thus 
(neglecting the linkages within the conductors), for the loop afe, 
the linkages in each of the positions are 

l^ab 
2<l>ah 
300 ?) 


= 2(laln— - hln— + 

\ r r Dzf 

= 2(laln^ - 

- 2 ( 7 ^^^ - 
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and the average flux linkages, per centimeter of loop of the 
transposed line is one-third the sum of the above partial linkages; 


or 

= \(Ja - (167) 


Since the line is transposed, and therefore electrically balanced, 
the partial inductances of the three like conductors are equal. 
Representing these as iLa, \Lb and iLc, we have 

iLa = iLb = iLc = Li. 

Furthermore, the partial inductance of the loop is such that 
iL„(7„ - h) = 4,0, = |(/« - h)ln^^^ 

Li = iLa = abhenries per centimeter. ^ (158) 


Adding to this the coefficient due to the linkages lying within the 
conductor, and reducing to practical units and logic, 

L = ^741.13 logio + 80.47 X lO"* 

henries per mile of conductor. (159) 

Equivalent Spacing. — If we assume an untransposed loop of an 
equilaterally arranged line of spacing D', such that its inductance 
per unit length of conductor is equal to that found in Eq. (159) 
for the unequally spaced, transposed line, the spacing D' may be 
called the equivalent equilateral spacing of the unequally spaced 
line. This is equivalent to equating the right-hand members of 
Eqs. (155) and (158). That is, 


and 



r* 


D' = 


(160) 


Thus, the partial inductance Li per mile of conductor of any 
transposed, irregularly spaced line (or of an equilaterally spaced 
line whether transposed or not), may be calculated from Eq. (156) 
if the equivalent spacing given by Eq . (160) is used. 
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For the ao-called flat spacing arrangement, the three conductors 
lie in a single plane, usually a horizontal or a vertical plane for 
high-voltage lines. Furthermore, the distance between conduc- 

Dz 

tors is usually such that!) 1 == Z )2 = -g- For this case the equiv- 
alent separation is 

= 1.26I>. (161) 


The Inductance of Untransposed, Double-circuit, Three-phase 
Lines. — Consider two untransposed, three-phase circuits as in 
Fig. 31, in which opposite conductors con- 
stitute the two conductors of a phase. The 
conductors of each pair are in parallel be- 
tween generating and receiving station 
busses, and hehce have the same impedance 
drop. Furthermore, the vector sum of the 
six currents, /«, /a', hy /&', Icy and Ic' must 
equal zero. These are the basic conditions 
from which inductance of each wire may be 
calculated. If the arrangement is a sym- 
metrical one, as in this instance, the currents are equal in pairs, 
whence 



Fio, 31. — The double- 
circuit three-phase line. 


la — la* 
Ib = Ib* 
Ic - Ic*. 


In this case there are only three unknown currents instead of six, 
and the problem is accordingly considerably simplified. 

It is apparent that in any unsymmetrical arrangement the 
inductance will have a different value for each conductor, while, 
with a symmetrical arrangement like that illustrated here, the 
numerical inductances of the outside wires a and c are equal for 
balanced currents; but the latter will not equal the inductance of 
by except in the special case when Di = D 3 . 

The method of solving for L will be illustrated for the two- 
circuit, three-phase line of Fig. 31, in which half the current of a 
phase flows in each of the corresponding phase cables, as stated 
above. Let r be the radius of each of the equal cables, let S be 
a very large but finite distance, and let both r and S be measured 
in the same units as the distances Dj, D 2 , etc. Assume the 
vector currents to be given by the equations 
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la = la> = §(1 +jO) 

h = I' ='^“(1 +jV3) 

Ic = I' = ^®(-l +jV3) 


(162) 


<t>a = 2^J 




The total vector flux linkages, per centimeter for the three 
conductors, are 

Iain- + Tun^- + IJn-^ 

T Ui JJz 

+ Ta'ln^ + Ib'ln-^ + Ic 

JJs JLJi 

= 2^7a/n^ + Ihln— + IJuj^ 

+ la^ln ^ — h Ib'ln-^ + 

= 2(ljnf^ + hln-^ + hln^ 

+ 

Substituting in these equations the values of /«, la't Ih, Ib^t h 
and le'f in terms of /o, from Eq. (162), we get 


0 


+ /« 




(IBS') 


^ — r /"I ^ I D]D2DsDi i ^ i ny 

4>a h(l + rWl ' 4 2 ‘ Dj 


(164) 


* - -^"( 2 +j4){4'S.' + 4 ) 




(165) 

(166) 


Since, in general, LT = <^, it is appiarent that in absolute units 
the inductances are obtained by dividing the vector flux linking 
each conductor by the vector current in the conductor. Per- 
forming this operation and reducing to practical units yields 
the inductances given below: 

L„ = 10-^^18.53 log,o + 40.2 m + i32.09 logic 

henries per mile (167) 
Lb = 10-*^37.06 logic + 40.2 m^ henries per mile (168) 

L. = 10-^^18.53 logic + 40.2 m - i32.09 logic 

henries per mile. (169) 
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Inductance of Transposed, Double-circuit, Three-phase Line. 

It will be of interest to consider the effect on the inductance of a 
transposed, three-phase line of the close proximity, of a second 
similar transposed line, operated in parallel with the first. 

Let the lines be spaced as in Fig. 31 and assume each of the 
lines to have sufficient transpositions to balance the phases. It is 
assumed further that the paralleled pairs consist of the conductors 
a and a', 6 and 6' and c and c', respectively, and that the trans- 
positions are so made that the conductors of a pair such as a and 
a', etc., are always opposite each other in the figure. The induc- 
tance per centimeter of conductor will then be the same for all 
conductors. 

There are six currents, each presumably contributing some- 
thing to the linkages encircling a given conductor, or linking a 
given loop. Because of the symmetrical construction, however, 
and since the two lines are operated in parallel, the vector currents 
are equal in pairs, whence 



so that, in reality, only three currents remain to be considered. 

Writing the partial flux-linkages per centimeter for the loop ab 
in each of its three positions, we find that 

1<^„6 = 2 ( Iain - hln 

- 

20.6 = 2 ( Iain - hln^-^ + laln^ + hln^ 

y r r Di D% 

+ lan^ + Un^ 

U\ Ui 

= 2 ( Iain + Un^^ - laln^ 

y r r Di Dz 

+ Idn^^ + 

Adding the above partial linkages and averaging by dividing by 3, 

<^ 0 . = ( 171 ) 
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Since, for a balanced line, 

^ab = Ll{Ia — h) 

Li = *^bhenries per centimeter of wire, (172) 

Adding the coefficient due to the linkages within the conductor 
and converting to practical units, 

L = 10~*^741.13 log + 80.45/1^ henries per mile 

of one wire. (173) 

Example, — The 260,000-cir. mil conductors of a double-circuit, 110-kv. 
three-phase line are spaced much as in Fig. 31. The vertical separation is 10 
ft., the horizontal offset of the middle conductor is 5 ft., and the horizontal 
spacing D is 20 ft. The lines are transposed as described above. Required 
to find, (a) the reactance at 60 cycles per mile of conductor, assuming that 
one of the circuits is removed; (b) the reactance at 60 cycles per mile of 
conductor, assuming the presence of both lines with the spacings given; 
(c) the per cent change in reactance based on the reactance of a single line. 
Solution. — Using the spacings given, the following values are found : 

Di = \/l0» + 6» = 11.18 ft. D. = Vl0» + 25» = 26.93 ft. 

D, = =20 ft. Dt = V 20 * + 20* = 28.26 ft, 

D, = 20 ft. D, = = 80.0 ft. 

r = = 0.0240 ft. 


For the single line, 


^1.18 X 11.18 X 20 


= 666.8 


r 0.0240 

logio 666.8 == 2.763 

a; * wL = 377(741.13 X 2.763 + 80.46)10“« 
= 0.7996 ohm per mile. 


For the double-circuit line, 

^ = 1 ®/ii.'l^ X 26.93* X 20 X 20 
f 28.28* X 30 

= 476.3 

logic 476.3 = 2.6778 

x - <oL = 377(741.13 X 2.6778 + 80.45)10-* 
= 0.778 ohm per mile. 


Due to the presence of a second, similar circuit, the reactance of each 
circuit is decreased by the percentage, 

100(0.799 - 0.778) „ 

0.799 ^ 
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Influence of Stranding and Spiraling on the Value of L. — 

Conductors of the larger sizes are made up of varying numbers 
of smaller, round wires twisted about a central conductor or 
group of conductors to form a stranded cable, as illustrated in 
Fig. 32, for a seven-strand cable. Owing to the somewhat larger 
space occupied by such a conductor, as com- 
pared with a solid, circular conductor of equal 
area, its inductance is somewhat smaller than 
for the equivalent solid rod. (The equivalent 
solid rod is a solid, round conductor having 
the same conducting area as the stranded 
cable.) 

^ The exact value for a given cable depends 
upon its size, the number of strands and the 
of Spiraling tends to 

increase the inductance of the cable, since it 
produces a solenoidal effect. Since the pitch of the spiral is large, 
however, this effect is quite negligible in transmission-line cables. 

Equations^ have been develoi)cd for calculating the inductances 
of transmission-line cables for cables of standard stranding, and 
for the various commercial sizes. There is little to be gained, 
however, by attempting too great a refinement in the calculation 
of inductp<nce. For variations from the assumed values, in the 
spacings and in the actual lengths of cables, together with the 
influence of the tower in somewhat increasing the inductance 
where steel towers are used, may leave a larger margin of uncer- 
tainty than that introduced by the use of the approximate 
equation. 

It is customary, in dealing with stranded cables for aerial 
power transmission work, to calculate their inductances by the 
use of Eq. (156), in which, however, it is preferable that the value 
of r be taken as the radius of the equivalent solid rod. This 
substitution yields values of inductance which are somewhat 
too high. The error is therefore on the safe side. 

For example, a seven-strand cable is made up of seven round 
wires of diameter b each, the seven being twisted together to 
form a cable of outside diameter d, = 35. Neglecting the 
effect of spiraling, the cross-sectional area of the cable in circular 
mils is 

cir. mil = 75^ = ‘ 

1 Dwight, H. B., '‘Transmission Line Formulas.^' 
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If d be the diameter of the equivalent solid rod, it follows that 

<t)’ - 

or 



and 

(h = L1338d. 

The value of r to substitute in Eq. (133) is 

r. = 

2 X 1.1338* 

Table 6 gives the values of the overall diameters in terms of 
circular mil areas, and the corresponding ratios of d* -r- for 
cables of standard stranding up to cables of 127 strands. 


Table 6 


Number of strands 


d. 

d,-i-(k 

1 

\/ cir. mil 

1 

7 

3 

/cir. mil 

\ 7 

^7 = 1.1338 

19 

5 

/cir. mil 
\ 19 

Vl9 = 

37 

7 

/cir. mil 
\ 37 


61 

9 

/cir. mil i 

\ 61- 

= 1.1523 

91 

11 

/cir. mil 
\ 91 

vri = 

127 

13 

/cir. mil 
\ 127 

13 

Vl27 = 


PROBLEMS 

1. The two round conductors of a parallel-sided loop are each 0.60 in. in 
diameter. The distance between centers of conductors is 12 ft. The 
current in the conductors is 225 amp. In a sectional view taken normal to 
the plane of the loop, draw 5 lines of equal magnetic potentials, so spacing 
the lines that the magnetic potential drop between each 2 adjacent lines 
shall be one-eighth of the total magnetomotive force of the loop. Let the 
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straight line joining the two conductors be one of the lines, as well as the axis 
of symmetry, of th^ completed figure. 

2. For the circuit of Problem 1, in the sectional view, draw magnetic lines 
of force so spaced that each 2 adjacent lines shall include between them 
one-tenth of the total flux through the loop. Let the straight line drawn 
normal to the plane of the loop and midway between conductors, be one of 
the lines, as well as the axis of symmetry of the figure. How much flux 
passes between adjacent lines per mile of circuit when the current is 226 
amp.? 

3. An untransposed, split-conductor, s'nglo-phase, 60-cycle line, 2,000 ft. 
long, is built of four 00 copper conductors, each having a resistance of 0.46 
ohm per mile. The conductors lie in a horizontal plane, and reading from 
left to right, their order is a, 6, a', h\ The conductors ah form the outgoing 
pair, while a'6' are the corresponding return conductors. The distances 
of separation ah and a'h* arc each 2 ft., while 6a' is 4 ft. When the impressed 
voltage is 2,300 volts, and the load current is 220 amp., what is the potential 
difference Eab‘ at the receiver end of the line? 

4. An untransposed, three-phase, 60-cycle line has three 0000 conductors 
of diameters 0.533 in. spaced 6 ft. apart in a horizontal plane. The resist- 
ance of the conductors at working temperatures is 0.28 ohm per mile. The 
currents in the conductors are unbalanced and equal to 

la = 166 -i 90l 

Ih = —111 — i 108 vector amp. 

- 45 4-j 198] 

The supply voltages to neutral are balanced, and have the following complex 
values: 

Ea^ 3,800(1 +i0)_ 1 

Eb = —1,900(1 +jV3) [ vector volts. 

= 1,900(-1 +iV3)J 

Find the complex expressions for the line-to-line voltages Eah^ Eoe and Eea at 
the receiver end. 

6. What is the 60-cycle, inductive reactance per mile of a conductor for 
the transposed, double-circuit line in Problem 6, Chap. IV? 



CHAPTER IV 


THE DIELECTRIC CIRCXHT AND CAPACITANCE 

Any space in which a charge of electricity experiences a force, 
may be called a dielectric field. Dielectric fields are represented 
by dielectric lines of force in much the same way as magnetic 
fields are represented by magnetic lines of force. At any point 
in a dielectric field the direction and sense of the dielectric lines 
of force indicate the direction and sense of the resultant force on 
unit positive quantity of electricity at that point. The magni- 
tude of the force is indicated by the number of lines crossing per 
unit of area taken normal to their path, that is, by the dielectric 
flux density. 

Concepts, Definitions and Units. — Unless otherwise stated, the 
units used in the definitions and discussions which follow are 
the electrostatic units. 

Measurements of dielectric field intensities are based on the 
concept of unit point charge of electricity. The charge is assumed 
to be collected at a point, and to be of such amount that, in air 
and when separated from an equal charge of like sign, it will 
experience a force of 1 dyne. Such a charge is called a unit 
point charge. 

The electrical potential of a point is the work done on a unit 
positive point charge in bringing it from the edge of the dielectric 
field, where the force on the charge is zero, up to the point in 
question. 

The field intensity of a dielectric field is the force in dynes 
experienced by a unit positive point charge in the field. It is the 
electrical potential gradient at the point, measured along a line of 
force. This follows from the definition of potential given above. 
When measured in statvolts per centimeter the gradient is 
designated by the symbol K) when practical electromagnetic 
units are used it is measured in volts per centimeter, for which 
the symbol is G. G and K are related by the equation 

10 » 


63 


( 174 ) 
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where v is the velocity of propagation of the electric field in centi- 
meters per second, and is equal approximately to the velocity of 
light. 

That is, 

V == 3 X 10^° cm. per second. (175) 


Since the direction of a dielectric line of force represents the 
direction of the resultant dielectric field at every point, the 
electrical 'potential difference between any two points in the field 
is the integral of the field intensity taken along a line of force. 
The field intensity is 


from which 


K = 


de 

dl • cos 0 


e = I K • dl‘ cos d 


(176) 

(177) 


where e = the potential difference betweem the two points defined 
by the limits of the integration. 
dl = an elementary length of path. 
d == the angle between the direction of the path and the 
direction of a line of force at every point. 


The unit of dielectric flux is a dielectric line of force. The total 
flux crossing a given area is represented by the symbol while 
the flux density is 

D = ^- = kK (178) 


where A is the area in square centimeter.^ of path of the dielectric 
flux, taken normal to its direction. The unit of density is 1 line 
per square centimeter. 

In a medium of air, a field intensity of 1 statvolt per centimeter 
sets up a flux density of 1 dielectric line per square centimeter. 
This is equivalent to saying that for the abstai system of units 
the dielectrical conductivity of air per cubic centimeter is unity. 
Materials other than air have various conductivities, and, in 
them, a field intensity of unity will accordingly produce various 
dielectric flux densities, depending upon the nature of the material 
The ratio 



( 179 ) 
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of flux density to field intensity, in a dielectric field, is called the 
permittivity of the material in which the field is established. 

The law of the dielectric circuit, analogous to Ohm's law for the 
electric and magnetic circuits, is 

Ak 




or 


, AirE 


(180) 


where E is the total potential difference required to set up the 
dielectric flux ^ over the length I of the dielectric circuit. The 
^irl 

constant S = is called the elastance of the dielectric circuit, 

analogous to the reluctance of a magnetic circuit. In practical 
electromagnetic units, the elastance is 

s = darafs (181) 

whence, using volts of potential difference and e.g.s. units of 
length and area, the law of the dielectric circuit, in practical 
electromagnetic units, becomes 


E = 




volts. 


(182) 


When a difference of electrical potential is applied to a dielectric 
circuit, thereby producing a dielectric field, variations in potential 
difference are accompanied by corresponding changes in the 
dielectric flux. The varying flux is accompanied by a flow of 
electricity, that is, by an electric current, which flows in such a 
direction as to oppose the change in potential which causes it. 
The collapse of each unit of dielectric flux may be thought of as 
releasing a definite quantity of electricity. The current set up is 
proportional to the negative rate of change of flux and hence 
also to the negative rate of change of the potential difference. 
In abstat units, these relations are expressed by the equation, 


Cde __ 

dt "" di 


(183) 


where C is the proportionality factor between the time rate of 
change of potential difference and the current. From Eq. (183) 
it follows that 


^ E 
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and 


Jl - 1 

AtE 


s 


( 184 ) 


For any electrical circuit the constant C as defined by Eq. (184) 
is called the capacitance of the circuit. In stat units it is the 
number of dielectric flux lines set up per statvolt of potential 
difference impressed, called the statfarad. 

The practical unit of capacitance is the farad. This unit is 
related to the stat unit as shown in Eq. (185). 

10» 

Farads = statfarads X (^®^) 


By multiplying Eq. (183) through hy e^dt and integrating, the 
stored energy of the dielectric field, when the potential difference 
is Ey is found to be 

E = joules (186) 


where C is in farads and E is in volts. 

Potential Gradient and Capacitance. — In dealing with the cir- 
cuits of transmission systems^t is frequently necessary to com- 
pute both the potential gradients about the conductors or within 
the insulating materials which isolate them, and the capacitances 
between the various conductors or between one conductor and 
neutral. The potential gradient must be kept below the value 
at which the dielectric medium breaks down, and the capacitance 
must be known in order that the operating characteristics of the 
circuit may be predetermined. In the simplest cases these 
calculations are quite readily made or at least may be closely 
approximated. The general method of making them is much 
the same in all cases, as will be apparent from the illustrations 
which follow. 

The Parallel-plate Condenser. — A condenser consisting of two 
equal parallel plates separated by a homogeneous dielectric 
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Fiq. 33. — The parallel-plate condenser. 


material is perhaps the simplest form of a capacitance. Such a 
condenser is illustrated in Fig. 33. 
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Let d = the distance between plates in centimeters. 

A = the number of square centimeters area per plate. 

E = the potential difference between the equipotential plates. 
ip = the total number of dielectric lines passing between plates. 

Let it be assumed that, compared with the area of the plates, the 
distance of separation is small, so that the distortion of the field 
around the edges of the plates is negligible, and the entire field 
may be considered uniform. The elastance of an elementary 
solid, with lateral faces parallel to the plates of the condenser, 
of width dx and of area equal to that of one of the plates is 

^irv^dx 

^ - lO-lQ 

- ir\^ (187) 


where k = the permittivity of the dielectric material. 



(used to simplify the notation). 


The drop of potential between parallel faces of the elementary 
solid is 


de = 


j/dS 

17 


= Xf 


dx 


(188) 


The potential gradient in the dielectric is 
dx 

= ^ volts per centimeter. 


(189) 


The gradient is seen to be independent of x and therefore constant 
throughout the dielectric. 

The total flux in the dielectric is obtained from Eq. (188) by 
equating the integral of the right-hand member, taken between 
the limits of 0 and d of the variable, to the potential difference 
between plates, whence 


and 


volts 




4^ 

Xd 


lines. 


(190) 
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By Eq. (184) the capacitance of the condenser is 

A 


C - 


- 7 -^ farad 
47rXd 

SM2kA X 
d 


mf. 


(191) 

(192) 


Concentric Cylinders. — The single- 
conductor, lead-covered cable illustrates 
this case. It consists of a single con- 
ductor of circular cross-section covered 
with a certain thickness of homoge- 
neous, insulating material, the whole, in 
turn, being enclosed in a lead sheath, 
as in Fig. 34. Let the sheath of the 
cable be grounded, and let the poten- 
tial difference of the conductor to neu- 
tral be Eq, It is assumed that the 
drop of potential in the conductor is negligible, and hence both 
the conductor and the sheath are equipotential surfaces. 



Fig. 34.- 


-The lead-covered 
cable. 


Let ri = radius of conductor in centimeters. 
r 2 = inside radius of the sheath. 

^ = the total number of dielectric lines per centimeter of 
conductor length, passing between core and sheath. 


The elastance of any elementary, concentric cylinder of the 
dielectric, of unit length, of radius x and of thickness of wall dx is 

, ^TTV^dX 

10 ® • 2Trkx 
__ 2\dx 

X 


The potential drop across the walls of the elementary cylinder is 

ypdS 


de 


— _ \yl/dx 

"" Ajtx 2Trx 

whence the total potential difference between the core and sheath 
is 
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En 


= 

2^ Jr. ® 

— ^^In— volts. 
2t n 


r 


(i9af) 


Accordingly, the flux passing out from the core, per unit length of 
conductor, is 


^ttEq 

\ln- 

ri 


(194) 


and the corresponding capacitance is 


Co = ^ 


r2 


AttEq 



2\ln 

Ti 

0.0388 3fr 
r2 


farads per centimeter 


log 


inf. per mile. 


10 • 


ri 


(196) 

(196) 


The potential gradient within the dielectric at a distance of 
X cm. from the center of the core is 


r - 
^-dx 


2Trx 


volts per centimeter. 


(197) 


Substituting the value of \l/ from Eq. (194) in Eq. (197) trans- 
forms the latter to 

Eq 

(jI = — „ volts per centimeter. 
xln 

ri 

0.4343^^0 |. .• . /ino\ 

= volts per centimeter. (198) 

X logio -- 


Eq. (198) shows that, for this case, the gradient is maximum at 
the surface of the conductor and varies inversely as the distance 
from the center of the core. 
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The Dielectric Field about a Long, Straight Cylinder. — At 

any point distant r cm. from a long, straight cylinder suspended 
in a medium of constant permittivity fc, the field intensity is 
given by the equation, 



Jl. 

2Tkr 


abstat units per centimeter 


(199) 


where ^ = 4wQ, the number of dielectric lines leaving the con- 
ductor per centimeter of its length. 


This conclusion results from a proof very similar to that given 
in the preceding chapter for the magnetic field intensity near a 
long straight wire. 

Equation (199) is reduced to practical, electromagnetic units 
by introducing the conversion factor X = whence, by Eq. 
(174), 


G = 


v^K 

10 « 


= ^ volts per centimeter. 
Zttt 


( 200 ) 


Equation (200) shows that all points distant r cm. from the 
center of the cylinder have the same value of potential gradient. 

At all points about the conductor the 
gradient is radially directed. Since 
dielectric lines of force are everywhere 
drawn in the direction of the resultant 






Fig. 36. — The dielectric Fig. 36. — The potential gradient about a straight 
field about an isolated round wire, 

straight wire. 


gradient, they, too, are radial lines. Normal to these are the lines 
of equal potentials which, by Equation (199), are circlesconcentric 
with the conductor axis. In Fig. 35 these lines are shown, the 
equipotential circles as broken, and the lines of force as full lines. 
It should be noted that the lines of constant potential are also 
magnetic lines of force, while the dielectric lines of force are 
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the lines of constant magnetic potentials (compare Fig. 35, with 
Fig. 17). ^ 

Figure 36 shows how the potential gradient varies in the region 
on and outside of the isolated cylindrical conductor. 

The Dielectric Field about Two Equal, Parallel, Cylindrical 
Conductors. — ^Let the equal, parallel, cylindrical conductors A 
and B of Fig. 37 be suspended in a medium of constant permittiv- 
ity fc. Assume that the distance of separation D of the conduc- 
tors is great as compared with the radius of the conductor. Then 
the charges on the conductors, due 
to their potential difference, will be 
approximately uniformly distribut- 
ed over the conductor surfaces. 

Let the equal charges on A and B, 
per unit length of conductor, be 
+Q and —Q units, respectively, force between two equal, paraUel. 
These give rise to the correspond- conductors of a return 

ing, outwardly directed, equal 

dielectric fluxes +\l/ and — ^ lines per centimeter. Let P be a 
point which moves along a line of the resultant dielectric field 
due to the potentials of A and B, and let the fixed point P, lying 
on the normal bisector of A B, be a point on the locus of P. The 
dielectric fluxes per centimeter length of conductor passing out- 
wardly through the loop PP, are 


^ y\ 



f-4 




Ha 

2ir 




Hb 

27r" 


( 201 ) 


Since P is assumed to move along a line of force of the resultant 
dielectric field, however, the potential gradient normal to its path 
must everywhere be zero, and the total outgoing flux through the 
loop PF is therefore likewise zero. Therefore, 


V^a + ^6 = 0 

and 

Oa = Ob. (202) 

This condition defines a circle passing through the points AjP,F 
and B. Thus the dielectric lines of force of the resultant field 
are circles. They are also the circles of constant, magnetic 
potentials, as already shown in the previous chapter (see p. 43). 
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The Lines of Constant Potential about Two Equal, Parallel, 
Cylindrical Conductors. — The constant-potential lines for this 
case are also circles and are identical with the circular magnetic 
lines of force already discussed in the previous chapter. The 
proof is exactly similar to that already given for the magnetic 
lines of force. It will be given, however, for the sake of com- 
pleting the parallelism between the two cases. 

Let A and B of Fig. 38 be two equal, parallel, cylindrical 
conductors, and let their surfaces be equipotcntial surfaces 
subjected to a potential difference of E = 2Eo volts. The con- 
ductors are assumed to be widely separated so that the charges 

on their surfaces are uniformly 
distributed, and, so far as the 
region beyond the conductor sur- 
faces arc concerned, they are there- 
fore electrically equivalent to equal 
charges uniformly distributed along 

Fig. 38 .-Line 8 of constant elec- *^6 length of conductor filaments 
trical potentials about two equal, coincident with the axis of the con- 

Again, as before, let the 
outwardly going equal, uniformly 
distributed, radial fluxes per centimeter length of the conductors 
be and — Let the point P move along a line of constant 
electrical potential, and let F be the point on the line AB where 
the locus of P crosses it, distant m and v centimeters from A and 
P, respectively. 

From the definition of potential difference and Eq. (200), the 
potential differences between F and P due to A and B each acting 
alone, are 



I ? 1 

t \ 

< m 

< 

L-;d 

1 , * 

77 > 

'<■ --77 -> 


parallel round wires of a return 


Ea 


2t 




and, similarly, 


2w m 


E, = 


27r n 


(203) 


Since, by assumption, P moves along a line of constant potential 

. Ea Eh 0 


r_i ^ ^2 
m n 


whence 
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and 


- = — — a constant. 
rz n 


By the theorem of inverse points of a circle, this condition 
defines a circle passing through the points P and F. The equa- 
tions of these circles are given in the previous chapter. 

Figure 39 shows the two families of circles discussed in this 
and the previous article. The full lines represent the dielectric 
lines of force (also lines of constant, magnetic potentials), while 
the dotted lines are the lines of constant, electrical potential, and 
also the magnetic lines of force (Fig. 24). 



Fio. 39. — The dieleotrir linos of force between the two parallel, cylindrical con- 
ductors of a return loop. 


Calculation of Capacitance. General Method. — The general 
method of solving for the capacitance between two conductors, or 
between one conductor and a plane of zero potential, has already 
been illustrated in the solution of the problem for the concentric- 
core cable. The procedure was : First, to solve for the flux emanat- 
ing from unit length of the conductor for any assumed potential 
difference; and secondly, to compute the capacitance by dividing 
the flux by the impressed potential difference. The same general 
procedure will be followed in finding the capacity for single-phase 
and three-phase lines. 

The Capacitance of Two Parallel, Round Wires. Approximate 
Equation for Single-phase Line. — ^Let the two equal, parallel, 
cylindrical conductors A and B of Fig. 38 be suspended in a 
medium of constant permittivity it; let r be the radius of each of 
the cylinders, and assume that the separation D is large as 
compared with r. (This condition always prevails in high- 
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tension, aerial-transmission work.) As before, assume that the 
potential difference E =* 2Eo is impressed across the conductors, 
and is of such value that the resulting, uniformly distributed 
charge produced per unit length of the conductors is +0 and — Q 
for A and By respectively. The corresponding outwardly radiat- 
ing dielectric fluxes per unit length of conductor will then be 
and — ^ lines. 

At the point P, the component potential gradients due to the 
separate potentials of the two conductors, are, by Eq. (200), 


Ga = directed outward along Vi 

ZirTi 

Gh = directed inward along 

Znrr2 


(204) 


The resultant gradient, made up of the vector sum of these two 
values, is at every point in the direction of the resultant line of 
force through P. The potential difference between any two points 
in a dielectric field is the line integral of the resultant potential 
gradient between the two points. Thus, in any plane normal to 
the conductors the potential drop between conductors is 


E 


J(L) 


COS 6 • dl 


the integral to be taken from A to P over any path whatever, 

where Go = the numerical value of the resultant gradient at P. 

B = the angle between the direction of the gradient and 
the path. 

dl = the elementary length of path. 

This integral is most readily evaluated 
along the straight-line path from A to 
By for along it the resultant gradient is 
at every point equal to the arithmetic 
sum of its two components, and its direc- 
tion and sense are along the line AB from 

Fiq. 40. — The capacitance of A towards B, 

round, parallel wires. Thus, in Fig. 40, if P be moved to 

the position P', the component gradients become 



Ga = + 
Gb = 


27rx 




2ir{D ~ x) 
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and 


(?0 “ Ga — Gh 


Mi 

2r' 


0 + 5 ^)' 


Therefore, 




= —In — volte 

v r 


and 


i = 


ttE 


\ln 


D -r 


The capacitance between wires is 


C = 




4Xin 


D — r 


farads per centimeter. 


(206) 


(206) 

(207) 


(208) 


It is apparent that the potential of the point on AJS midway 
between conductors is zero. Accordingly, if in deriving Eq. 
(206), the potential difference to neutral had been used in the 
left-hand member, and on the right the integration had been 

carried from r to the capacitance of one wire to neutral would 

result. It is just twice the value given in Eq. (208). Hence 


Co = 


1 

r 


farads 


per centimeter (one wire to neutral). 


(209) 


Since D is large compared with r, the substitution of D for 
{D — r) is permissible. Making this substitution, writing in 
terms of logio, evaluating the constant, and giving k a value of 
unity for the permittivity of air, Eqs. (208) and (209) are converted 
to 
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Capacitance between 
two conductors, 


Capacitance of one 
conductor to neutral 


— ——p, nif. per 1,000 ft. 
lOMogio^ 

(210) 

0.01942 , 

r> 

logic-; 

(211) 

— mf. per 1,000 ft. 
10® logio — 

V 

(212) 

3.883 , ., 

j mf. per mile. 

100 logio ^ 

r 

(213) 


While the above equations are not theoretically exact, the 
errors introduced by their use are entirely negligible for all 
practical transmission spacings. To illustrate, when the spacing 
of wires between centers is only five times the conductor diameter, 
these equations yield results 0.3G per cent too low. The error 
diminishes rapidly as the spacing increases. 

The Exact Value of Capacitance between Two Parallel Cylin- 
ders. — When the parallel conductors are close together, more 
exact equations than those given above may be desired. Exact 
expressions covering the case of two parallel, round conductors 
are developed below. 

It has already been shown that if the potential drop in the 
conductors themselves be neglected, the equipotential lines link- 
ing a parallel-sided loop of two circular conductors are a family 
of circles to which the equipotential surfaces of the conductors 
themselves belong. Since, however, no restriction is now placed 
on the distance of separation between the two opposite sides of 
the loop, it is no longer permissible to assume the filaments, 
along which the charges are uniformly distributed, to be coinci- 
dent with the conductor axes. In general, it is apparent that in 
a return loop the filaments, which are the electrical equivalents 
of the actual, non-uniformly distributed charges on the conduc- 
tors, will be somewhat closer together than are the conductor 
axes, as shown in Fig. 41. Let the separation between filaments 
be represented by 2s while the separation of the conductors is 
the slightly greater distance D. 

From Fig. 38 and Eq. (203) it is apparent that the difference 
of potential between any point P, and any other point F on the 
line ABf due to the filaments at A and 5, is 
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Ep 


27r' 


’(lnL\-lnrA. 
m' n J 


If the point F is halfway between A and B at O, then m = n, and 
the potential difference between 0 and P will be the electrical 
potential of P, since the potential of 
0 is zero. Denoting the potential of 
P by E, 


E = 

r2 


(214) 


Using 0 as the origin of the carte- 
sian coordinates, it is apparent that 

Ti 



r2 


^4 


Fia. 41. — The capacitance 
(215) between two parallel, round 
x)^ ^ wires that are close together. 


+ xY + 


which, substituted in (214), when simplified, yields 

P - 7« (f + ^)“ + 2/“ 

4i^ (s - xY + 


or 


= 


+ xY + 


— xY + 

Kquation (217), when expanded and simplified, results in 


2/^“ + + 2sx\ 


4irg 

1 + «^ 
4»g 

1 - 


+ »“ = 0 


(216) 

(217) 

(218) 


or 


2/* + 


/ 1 

z 

■ / 4Tg\ 2 



n + e \ 

^ H —irE ) 

= 

i ^ 

1 

1 

] 

■ 


L\l-e>/ J 


(219) 


This is the equation of a family of equipotential circles, the 
individuals of which are determined by the values assigned to E. 
The center of the circle has the coordinates 


y = 0 



( 220 ) 
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and the radius is 


4irg\ 2 
1 + € \ 
4kxE / 
1 - €X^/ 


For E = Eqj the potential difference between the conductor A 
and the neutral plane through 0, the equation yields the equi- 
potential circle represented by a section normal to the circular 
conductor A. If the radius of the conductor is r, then, by Eq. 
( 221 ), 

4rBo 

r - (222) 

1 - 


The center of the conductor is at 


* 2 


( 4irg. \ 
1 + 6 ) 

4xEo 

I — 


whence 


( 4rgo \ 

1^^ / 

2 ( 

U + e / 


Substituting Eq. (224) in Eq. (222), 

= I> 

^ 2irEo 2wBd 

£ Xif _[_ j 

= D 

2 cosh ^ 


That is, 


D , ^ttEo 
ii = cosh ^r-y- 
2r 


^ cosh-i i 


(226) 
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Since 


“ 4nrCoEo 


the capacitance of one conductor to neutral is 
1 


Co = 


2Xco8h~i 

8M8k 


farads per centimeter 


2r 


100 cosh“' 


D 

2r 


mf. per mile. 


(227) 

(228) 


The capacitance between conductors is one half the value to 
neutral, or 


C = - — „ farads per centimeter 

4X cosh~* 

2r 


4.474* 


100 cosh~' 


D 

2r 


mf. per mile. 


(229) 

(230) 


Since. co8h“‘ u = ln(u + \/m* — 1), Eq. (227) may also be 
written* 

The Capacitance of a Three-phase Line. Triangular Spacing. — 

Figure 42 represents a three-phase line 
having the three conductors unequally 
spaced. The plane of the paper is 
normal to the line and intersects the 
conductors in the points, A, B and C. 

The three unequal spacings measured 
in this plane are Di, and Ds, all 

of which are assumed to be large com- 42.— The capacitance of 

pared with the radius r of the three three-phase lines with triangu- 
equal conductors. Assume balanced, conductors, 

three- phase voltages to be impressed on the line, and let their 
vector values be 

' See Russell, Alexander, Alternating Currents vol. 1, p. 102, Eq. (8). 
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Eab = •£?( — 1 + jO) 


( 231 ) 


Let the dielectric vector fluxes per unit length of line, set up on 
the three conductors by the impressed voltages, be represented by 
^6 and yf/c. Then equating the vector impressed voltage in 
each loop to the drop in the corresponding dielectric circuit (the 
drop in the conductors themselves is assumed to be zero), the 
following two independent equations are obtained : 


Ecb ~ 


Ebc = 


2t 

X 

2t 


yj/aln^- — 4/hln^ + 4^cln^ 
r r 

r r 


’ vector volts. (232) 


The equation for Era could, of course, have been used in place of 
either of the two above. 

If the effect of the ground be neglected and it be assumed that 
no other charges are present to influence the distribution of 
electrical charges on the lino conductors, then the neutral is at 
zero potential, and the vector sum of the three dielectric fluxes 
is zero. 

Accordingly, 


ypa + = 0 vector lines per centimeter. (233) 


By solving the simultaneous Eqs. (232) and (233), and sub- 
stituting the known, impressed voltages in Eq. (231), th(^ vector 
fluxes ^6 and ypc may be found for any given values of the 
spacings Di, and D 3 . The magnitude of each of the fluxes 
is then readily determined from the corresponding vector expres- 
sion. The potential difference between any conductor and neu- 
tral (which is also the potential of the conductor under the above 
assumption), may be found from Eq. (231). Dividing the flux 
per unit length of each conductor by the potential of the conductor 
will yield the corresponding capacity to neutral. For an unsym- 
metrical, untransposed line such as is here being considered, the 
capacity to neutral has a separate value for each of the three 
conductors, and the line is electrically unbalanced. All impor- 
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tant transmission lines are transposed, however, as pointed out 
in a succeeding paragraph. Without transposition, electrical 
balance in a three-*phase line is possible only when the three 



Edb = vector volts (234) 

Ehe — vector volts (235) 


and, for grounded neutral, 

V'o + ^6 + = 0 vector lines. 


It is to be noted also that, for this case, due to the symmetry of 
arrangement, the numerical value of the flux leaving per unit 
length of conductor is the same for all conductors. That is, 
numerically, xf/a == ^6 = 


Substituting 

in Eq. (234), 

r r ) 

From Eq. (235), 

E. - - W»f)- 

Adding Eqs. (236) and (237), 

Eh, — B„h = 


(236) 

(237) 


(238) 
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Substituting the vector voltages from Eq. (231) in Eq. (238), 
and solving, 

ipb = — 7?^ ^ vector lines (239) 

SUti 


and 


^ = 4'h 


2Ty/ZE 

S\ln- 


lines (numerical). 


(240) 


If Eq be the numerical potential difference from one line con- 
ductor to neutral, and since \/3J?o = Ey from Eq. (240), 

* - (241) 

\ln- 

r 


The capacitance of one conductor to neutral is 


47r£'o 


2\ln 


D 


farads per'centimeter 




7.36X10-® • r j 
= — ^ — microfarads per 1 ,000 ft. 

logioy 
3 883 

= ^ ^ microfarads per mile. 

100 logic ™ 


(242) 

(243) 

(244) 


A comparison of Eqs. (244) and (213) shows that the capaci- 
tance of one conductor to neutral for a symmetrical three-phase 
line as illustrated in Fig. 43, is identical with that for the single- 
phase line having like conductors and spacing D. C^omparing 
Eq. (241) with Eq. (207) reveals the relation of the fluxes per 
unit of length of conductor for the two cases. Denoting the 
three-phase value of Eq. (241) by ^3, the single-phase value of 

D D T 

Eq. (207) by ^i, writing -s/ SEo for E, and ^ for — ~ — in Eq. 
(213), and dividing, yields 

*• - ^3 , 

Unsymmetrically Arranged, Transposed, Three-phase Lines. 
Value of C . — It has already been pointed out, in the previous 
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chapter, how transmission lines are transposed in order to prevent 
inductive interference with adjacent communication circuits. 
In the case of three-phase linejs having unsymmetrical arrange- 
ment of conductors, transpositions are also required, in order to 
secure electrical balance of the three phases. For properly 
transposed, short, three-phase lines having unsymmetrical 
arrangement of conductors, it was shown that the inductance of 
one conductor could be expressed in terms of an equivalent 
spacing D', equal to the geometric mean of the individual spacings 
(Eq. (160)). A similar relation holds for the value of Co, the 
capacitance of one conductor to neutral. This relation may be 
shown as follows: 

Since the line is assumed to be properly transposed, each of the 
three conductors occupies each of the three possible positions 
throughout a total of one-third the length of the line. Therefore, 


the average capacitance to neutral, per unit 

length of conductor, is the same for all con- '' 

ductors. That is, n ' y \ \ 

Co = Ca = Cft = Cc (the capacitance to \ ' 

neutral). 

Since each conductor occupies each of the Fiq. 44— Unsymmet- 


three possible positions throughout a total rically arranpd, trans- 

^ , 1 . T posed three-phase lines. 

of one-third the length of line, the vector 


voltage of phase A 5, for example, may be written, by referring 


to Fig. 44, as 


Eab = ^[(^a — + (^a “ 4'h)ln^ — 

+ (246) 

- ( 247 ) 


If Ea, Eb and Ec denote the vector voltages of the three con- 
ductors to neutral, 

4'o — ^irCoEa 

= 4^CaEi vector lines (248) 

= ivCoEc 
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Eab * JEa " 

Ebo — Eb — Ec vector volts. (249) 

Eca = Ec - Ea 

Substituting the values of i/a and from Eq. (248) and Eah 
from Eq. (249) in Eq. (247), 

Ea- Ey = ~^(Ea - vcctor volts, 


Co = sr — HTTrT farads per centimeter. 
« in — ^ 


Equivalent Spacing. — By Eq. (242) the capacitance to neutral 
for an equilaterally spaced, three-phase line is given as 

" ZTd 


Consequently, for a given conductor size, the symmetrical line 
which has the same capacitance to neutral as the unsymmetrical, 
transposed line, and which may therefore be said to be equivalent 
to it, must have a spacing Z)' of a value such that 


Thus, 

2\ln^ = 
r 

2Xy 

3 r® 

(251) 


D' _ 

f^lDiDzDz 


and 

r 

V 



D' = 

y/D,DiD^. 

(252) 


Z>' is called the equivalent spacing of the unsymmetrical line and 
is equal to the geometric mean of the three separate spacings. 

Dz 

For the flat line, in which Dj = Dg = “2 ~ ^ 

D' = D^2 

= 1.26D. (253) 

These relations are identical with those already developed for 
the equivalent spacing used in computing the inductance of a 
transposed, unsymmetrical line, [Eq. (161)]. 

The Capacitance of Transmission Conductors, Including the 
Effect of Ground. — This problem will be solved for a three-phase 
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-h 




-^J>• 


line in which the three conductors are in a horizontal plane, 
as in Fig. 46. The method, however, is no different for any other 
kind of conductor arrangement 

It is assumed that the earth is a 
zero-potential plane. Above earth, 
the line conductors A, B and C are 
supported at the height A, and, below 
it, are shown the equal conductors or 
images A'jB'C' at the distance —h 
from the neutral plane. The images 
are assumed to carry charges, and 
therefore fluxes, of exactly the same 
amounts per unit length of conduc- 
tor as the conductors themselves, but 
of opposite signs. This system of Fig. 45. — The capacitance of 

conductors and images will establish thiee-phase lines including the 

, - i j* 1 • • effect of earth. 

a plane of zero potential, coinciding 

with the surface of the earth, and the distribution of the dielec- 
tric flux about the conductors may be calculated by the method 
already employed for the conductors in which the influence of 
ground was neglected. 

Equating the potential differences between phases to the drops 
in the corresponding dielectric circuits. 


& 

f 

/ Ear-fh 






^ah = 2 ^ (\l/a — - Mlu 




4^* 
4(D* + h^) 


^ — 4'c)lrP — ^('I'b — 4'r 


)] 


)lh 


+ 4h^ 


4h^ 

- - -)] 


E. 
Again, 


Xf,. , 2D 1,, + 

~ ~2w ~ 2^'f'' ~ 






(264) 


+ lAc = 0 

Eab = E( — l -\-j0) 

'1 .V3> 


E^^E[l-j-^ 

. V3^ 


vector volts. 


(255) 

(256) 



86 


ELECTRICAL POWER TRANSMISSION 


By substituting values of voltages from Eq. (256), dielectric 
flux from Eq. (255) and known values of spacings D and h in two 
of the three Eqs. (254), and solving, one may find the vector 
fluxes ypay h and The corresponding numerical values may 
thus alsQ be found. Having the latter, the capacitance to 
neutral follows from the relation 

Co = (numeric). (257) 

Double-circuit, Three-phase Lines. Value of C. — The general 
method of procedure to be followed in finding the capacitance of 
double-circuit lines is identical with that already outlined in 
the previous section for unsymmetrically arranged, three-phase 
lines. 

The conductors of double-circuit lines may be arranged in a 
number of ways. A common arrangement is that illustrated in 
Fig. 31. Here each of the circuits occupies one side of the tower. 
The three cables of a given circuit are arranged vertically one 
above the other, with the middle conductor slightly offset out- 
wardly. This arrangement of circuits will be used in the follow- 
ing computations illustrating the method of solving for the 
capacitance. 

The additional assumptions made are: The two three-phase 
lines are operated in parallel between generating and receiving 
stations. The vector potentials of the conductors a and a', 
b and 6' and c and c' are Eay Ei, and Ec with respect to the neutral, 
whose potential is assumed to be zero. Each of the circuits has 
several complete transpositions, but the corresponding conduc- 
tors a and a', h and V and c and c' are always opposite each 
other in the hexagonal figure formed by the six conductors on 
the towers. 

Since the lines are transposed, each conductor occupies each of 
the three possible positions in rotation; the phases are properly 
balanced, and the capacitance to neutral is the same for all 
conductors. 

Let the vector fluxes per centimeter of cable from a, h and c, 
be ypb and respectively. The corresponding fluxes from 
a', fe' and c' are likewise ^o, and since Ea = Ea^, Eb = Eh> 
and Ec — Ec^, 

The potential difference for phase ah of the transposed line 
may now be written for each of the three positions. The average 
value for the transposed line is 
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Eab - “ fUn— — — 4'dn^* + 

+ if/Jn— — + 'Pcln^ + ~ 

r r Ifi Ut Ui Ds 

+ ^alrP^ — 'PblnP- + 'Pcln^ — 'i/aln^ + fbln^ + 4^clnSf\ 
r r JJi JJt Us D\j 



mDiDsDj 

r^lDs 


{4'a — 'h) ~ 4'cln 


DsDj 

DlDs 


DrD, 

DzDs 


DiD, 



The last term in the above equation is evidently zero. Since 
the circuit is transposed, the capacitance to neutral is the same 
for all conductors, and 


(^a M = Ea — Eh — Eab 


the vector potential difference between the conductors a and b. 
Hence, from l''q. (258), 

_ 2XCo, DmD^Dz 
3 

and 

Co = centimeter. (259) 

3 UdiDs 


Using login and expressing the capacitance in microfarads per 
mile, we get 


Co 


J^03883 

log, 

r»DlDs 


mf. per mile. 


(260) 


If we represent the equivalent spacing by D', giving D' a value 
such that the capacitance obtained from the equation 


Co = 


0.03883 


log 


D' 


10 - 


is the same as that found from Eq. (260), the equivalent spacing is 


D> = jP!PiP^. 

V DlDs 


( 261 ) 
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The effect of the presence of two parallel circuits in close 
proximity is to increase the effective capacitance of each. This 
may be illustrated by means of an example. 


Example . — In the arrangement of Fig. 31, let the vertical distance between 
adjacent conductors be 13 ft., the offset of the middle conductor from the 
vertical plane through a and c, be 3 ft., and let Ds, the horizontal spacing, 
be 22 ft. These are suitable spacings for a 132-kv. circuit. Let the con- 
ductor be 350,000-cir. mil, stranded cable having a diameter of 0.682 in. 
Hence, its radius is 0.0284 ft. The various spacings in the figure are as 
follows: 

Di - 13.3ft. Di = 28 2 ft. 

Di = 26.0 ft. Dfi = 34.0 ft. 

Di = 22.0 ft. Dt = 28.0 ft. 


By Eq. (261), 


and 


= ® /(TSrS)* X (28.2)* X 26 X 22 
\ (34)* X 28 

= -^2486.9 = 13.56 ft. 

0.03883 0.03883 

, 13.55 “ 2.6786 

'‘’«‘“0:02§4 

= 0.0145 mf., per mile. 


For a transposed single-circuit line having the same spacings as one of 
the lines of the figure, the equivalent spacing is 


and 


D' = (13.3)* X 26 = 16.63 ft. 


Co = 0.0140 mf. per mile. 


Percentage increase in single-circuit capacitance, due to the proximity of 
the second similar circuit, is 


500 

140 


3.67 per cent. 


PROBLEMS 

1. The two round conductors of a parallel-sided loop are each 0.60 in. in 
diameter. They are separated 12 ft. between centers. A potential differ- 
ence of 100 kv. is impressed across the loop. In a sectional view normal to 
the plane of the loop, draw the equipotential lines for each 5 kv. of potential 
difference. 

2. For the circuit of Problem 1, in the sectional view, draw 6 dielectric 
lines of force, so chosen that each 2 adjacent lines shall include between them 
one-eighth of the flux per centimeter of conductor. Let the straight line 
joining the two conductors be one of the lines as well as the axis of sympietry 
of the completed figure. 
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3. Two equations are given lor the capacity of two round parallel wires, 
namely, 

(a) Co * - mf. per milfe 

lOOlogio--— ^ 

T 

,, , ^ 8.948 . 

(o) Co * j. mf. per mile. 

lOOcosh-'i^ 

Zr 

Calculate the capacity of two parallel conductors each 1 in. in diameter, by 
each of the above equations, for various separations between centers from 
slightly more than 1 in. up to 36 in. Between these limits calculate the 
l)ercentage of error made when using the approximate equation and plot 
(*rror percentage vs, separation in inches. 

4. A three-phase, 60-cycle, 110-kv. line is built of 300,000-cir. mil cables 
whose diameters are 0.631 in. The conductors are supported at the three 
points of a triangle whose sides are 12, 12, and 20 ft. The line is transposed 
to equalize the phases. What is the charging current per phase, per mile of 
the line? 

5. A double-circuit, 150-kv., 60-cycle, three-phase line has six conductors, 
each of diameter 0.773 in., supported vertically on each side of the tower line 
in a manner similar to that shown in Fig. 31. The vertical separation 
between adjacent conductors is 11 ft. 6 in., the middle conductor is offset 
from the vertical plane, and away from the tower, by 4 ft. 6 in., and the 
separation between the planes of the two circuits is 14 ft. 6 in. The mean 
distance to earth of lowest conductor is 30 ft. Beginning at the upper 
left-hand corner of the hexagonal figure representing the conductor arrange- 
ment, and reading around the figure counter-clockwise, the conductors lie 
in the order a, 6, c, c', 6', a'. The conductors a and a', h and and c and c' 
are connected to the busses A, B and C, respectively. 

If the lines are transposed to balance phases, calculate (a) the capacity 
to neutral of each line, neglecting the effect of ground; (6) the capacity to 
neutral of each line including the effect of ground. Assume the neutral plane 
at the earth^s surface. 
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CORONA 

Description. — Our interest here in the phenomenon of corona 
concerns its appearance on the parallel conductors of a trans- 
mission-line circuit, suspended from insulators in air, a medium 
of unit permittivity. Under conditions of low-potential differ- 
ence impressed on the conductors, air is practically a perfect 
insulator. If the impressed potential difference is alternating, 
the dielectric flux is alternating, giving rise to a displacement 
current in the dielectric circuit and the usual charging current 
in the conductors. The energy flow in the circuit is purely 
reactive, since no energy is lost in the dielectric. 

As the voltage is continually raised, the potential gradient 
about the conductors is correspondingly increased until, at the 
critical gradient of about 30 kv. per centimeter, the air in the 
immediate vicinity of the conductor becomes conducting. If 
viewed in the dark, a violet glow becomes visible, a hissing sound 
is heard, the conductor tends to vibrate, and, if conditions are 
favorable, the presence of ozone may be detected by its charac- 
teristic odor. The phenomenon, the evidences of which have 
just been recited, is called corona. The minimum voltage at 
which the glow is observed is called the critical visual corona 
voltage. If the conductors are rough or dirty, the potential 
gradient will not be uniform for all parts of the conductor, but 
will be greatest at the roughened surfaces where the curvature is 
greatest. Corona will appear first at these points, and will con- 
tinue there in intensified form, giving the conductor the appear- 
ance of lumpiness. A wattmeter placed in the electrical circuit 
will indicate a loss of power, showing that energy is being dissi- 
pated in the leakage circuit. The lost energy appears in various 
forms such as heat, light, chemical energy and mechanical energy 
of sound and vibration generally. A measure of the charging 
current under corona conditions indicates an apparent increase 
in the capacitance of the line. The explanation usually given 
has been that the corona increases the effective diameter of the 

90 



CORONA 


91 


conductor to the outer boundary of the corona envelope. An 
increase in the capacitance of the conductor would naturally 
follow. Later experiments^ make it appear that no actual increase 
in capacitance occurs, but that the apparent increase is due to 
the presence of harmonic currents introduced by the corona cycle. 

If the voltage be raised to still higher values, the luminous glow 
will reach out farther and farther from the conductors until, 
finally, the insulation of the air is broken down completely and 
an arc passes between the conductors. This voltage, which for 
widely spaced conductors is considerably higher than the visual 
corona voltage, is called the sparkover voltage. If the voltage is 
held at this value, the sparks or arcs may be intermittent, corona 
reappearing between successive discharges. For small, closely 
spaced conductors, sparkover may appear without previous 
formation of corona. 

Theory of Corona Formation. — The formation of corona may be 
accounted for on the basis of the electron theory somewhat as 
follows: Under ordinary conditions, even when free from electrical 
stress, air contains a certain number of free electrons; that is, 
it is slightly ionized. When a potential difference is gradually 
applied between conductors, a potential gradient is established 
in the space about the conductors and between them. In 
response to this force the electrons acquire a uniformly accele- 
rated motion, and in very short distances attain high velocities. 
The velocity acquired in a given time depends upon the mass of 
the electron, the size of its charge, and the potential gradient of 
the field causing the acceleration. 

The moving electrons collide with one another, and with the 
larger and more slowly moving, neutral molecules. The average 
distance which the electrons travel before making a collision, 
called the mean free path, depends upon the number of molecules 
per unit volume of the air, and thus upon the temperature and 
barometric pressure. When the potential gradient reaches a 
value of about 30 kv. per centimeter, assuming standard condi- 
tions of temperature and pressure, the electrons acquire sufficient 
velocity in moving a distance equal to their mean free path, to 
dislodge one or more electrons from a neutral molecule when 

^ Gardner, Murray F., “Corona Investigation on an Artificial Line,” 
Proc,, A. I. E. E., p. 183, August, 1925. 

Peek, F. W., Jr., “Voltage and Current Harmonies Caused by Corona,” 
Trans,, A. I. E. E., p. 1156, 1921. 
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colliding with it. This results in additional free electrons, and 
molecules deficient in electrons, called ions. Both of these in 
turn are accelerated, resulting in increasing numbers of new 
collisions, free electrons and ions. The numbers of these present 
in a given volume thus rapidly accumulate, until saturation is 
reached, the insulating properties of the air are destroyed, the air 
becomes conducting, and corona forms or a spark passes between 
the conductors. 

It has been found experimentally that the constant gradient of 
approximately 30 kv. per centimeter is the gradient at which the 
cumulative effect of ionization will cause corona to form. This, 
however, is not the gradient at the surface of the conductor, but 
at a distance from the center of a conductor whose radius^ is r of 
a: = (r + 0.301 \/r). The gradient at the surface of the con- 
ductor, designated as the visual corona gradient, is somewhat 
higher, and is given by the equation 



The observed results are explained by the fact that energy 
must be transferred from the electric circuit to the surrounding 
air before corona can form. The amount of energy required 
is the sum of all the energies possessed by the moving ions and 
electrons in the vicinity of the conductor when saturation is 
reached, and the air becomes conducting. If the gradient of the 
surface of the conductor were but 30 kv. per centimeter, the 
gradients at greater distances from the center would be less, and 
therefore not sufficient to cause the cumulative ionization 
required. 

Experimental Investigation.^ Factors Influencing Corona. — 

As a result of extensive experiments, and particularly as a result 
of the very complete investigation carried out under the super- 
vision of F. W. Peek, Jr., at the General Electric Company 

1 Peek, F. W., Jr., ‘‘Law of Corona,’’ Proc., A. I. E. E., June, 1911. 

* The present body of knowledge pertaining to the subject of corona is the 
result of many experiments perfonned by various investigators and reported 
in the electrical journals. These experiments began many years ago and 
are still being reported from year to year. Among those who have made 
important contributions to this knowledge are: Mershon, Ryan, Steinmetz, 
Peek, Whitehead and Harding. For results of their experiments, see Trans. ^ 
A. I. E. E., 1908 to 1924; also, Peek, F, W., Jr., “Dielectric Phenomena in 
High Voltage Engineering.” 
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about 1910, the facfors which influence the formation of corona 
and the laws which govern it, are now fairly well established. 
Among the conclusions reached, the following,^ applying to the 
parallel conductors of a transmission line, are important to the 
engineers: 

1. Conductor, Diameter and Spacing , — The stress at any point 
in a dielectric is measured by its corresponding potential gradi- 
ent, G. 

From Eq. (205), by substituting r for x, we get 

and by slightly rearranging Eq. (207) one may write 

, 2tEo 



r 


Eliminating X from the equation for maximum gradient and 
simplifying yields the potential gradient at the surface of one of 
two parallel wires spaced far apart, as in transmission-line prac- 
tice. It is, approximately, 

p _ de _ Er^ 

dx , D 
rln~ 
r 

where r = radius of the conductor in centimeters. 

D = spacing between conductors in centimeters. 

En = potential difference from conductor to neutral. 

Since the gradient varies inversely as the distance from the center 
of the conductor, the above is the maximum gradient. If the 
voltage to neutral E^ be raised to the critical value Ev, at which 
visual corona appears, the corresponding gradient Gv is then 

G, = (262) 

rln- 

r 

0.4343JS?„ 

1 

r logio-- 
r 

It is apparent from the above that both the conductor diameter 
and the spacing are factors influencing the surface gradient, and 
therefore the voltage at which visual corona starts. 
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Experiment shows that at sea level under standard conditions 
of temperature and barometric pressure, namely 25® C. and 76 
cm, of mercury barometer, respectively, visual corona appears 
on parallel, round conductors at var 3 dng surface gradients. At 
a distance from the center of the conductor of 


x = r + O.SOlVr cm. 


(263) 


the gradient is, however, constant and equal to approximately 
30 kv. per centimeter. For sine waves of e.m.f. this is the maxi- 
mum value. The corresponding gradient in terms of effective 
volts is 21.1 kv. per centimeter or 53.6 kv. per inch. This 
constant gradient Gqj is less than the surface gradient Gv The 
two gradients are related as shown in Eq. (264). That is. 



(264) 


It is apparent from Eq. (264) that, to start visual corona, small 
conductors require a higher surface gradient than large ones. 

By substituting the value from Eq. (262) in Eq. (264), 
writing for Go its equivalent, and solving for Ev, there results: 


Ev 



kv. effective to neutral. 


(265) 


This is the equation for the voltage to neutral required to start 
visual corona in fair weather under standard conditions of 
temperature and pressure. 

2. Density of Air , — As already intimated, the air density is a 
factor affecting the voltage at which corona begins. This 
factor, denoted 6, is unity at 760-mm. pressure and 25° C. 
temperature. For other temperatures or barometric pressures, 
it is the fraction 


3.926 
273 + t 


(266) 


where 6 = barometer reading in centimeters of mercury 
t = temperature in degrees Centigrade. 


The factor is directly proportional to the barometric pressure 
and inversely proportional to the absolute temperature. 

Obviously also, it decreases with increase in altitude, other 
conditions remaining unchanged. 
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3. Roughness of Conductor Surface.-^On conductors with rough 
surfaces, corona starts at voltages lower than for conductors with 
smooth surfaces. The reason for this is apparent. For a rough 
spot has the effect of increasing the curvature of the surface at 
that point, and thus of increasing the local, potential gradient. 
A factor m, called the roughness factor ^ is therefore introduced to 
give proper weight to the influence of the condition of conductor 
surface upon the corona voltage. Thus, the corona starting 
voltage becomes proportional also to m. 

Deposits on the conductor surface, such as moisture, snow or 
sleet, produce a roughness effect and lower the corona voltage. 

Corona Voltage and Altitude Roughness Factors Included. — 
Equation (265) gives the visual corona voltage to neutral for 
standard conditions of temperature and pressure and for a smooth 
conductor. For other conditions the correction factors 6 and m 
are introduced, and Eq. (265) becomes 

Ev = 21.1mvSr( 1 + effective to neutral. (267) 

\ Vdr/ r 

The corresponding disruptive critical voltage is 

Eq = 21.1mo5rZn^ kv. effective to neutral. (268) 
r 

In Eqs. (267) and (268) c.g.s. units and natural logarithms are 
used. When logarithms to the base 10, degrees Fahrenheit and 
inches are used, these equations become 

Ev = 123mv5r^l + logio ““ kv. effective to neutral (269) 

Eq = 123iwo6r logio — kv. effective to neutral (270) 

r 

where 

5 = air density factor 
17.96 
459 + « 

= 1 at 77° F. and 29.9 in., barometer 
t = temperature in degrees Fahrenheit 
5 = barometer reading in inches of mercury 
r = radius of conductor in inches 
Z> = interaxial spacing in inches 
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d6 


TTiv = irregularity factor tor 
mo = irregularity factor for Eq 

Go = 


The irregularity factor has the approximate values given below : 

mo = 1 for polished wires 

= 0.98 to 0.93 for roughened or weathered wires 
=a 0.87 to 0.83 for seven-strand cable 

= 0.85 to 0.80 for 19-, 37- and 61-strand, concentric, lay cables. 


A value of mo = 0.68 for a piece pf new, 49-strand, 500,000- 
cir. mil rope lay cable, was reported by Wilkins.^ Three years 
later a test of the line showed mo = 0.72. While these low values 
are no doubt due to the use of rope lay cable, they clearly illus- 
trate the improvement to be effected in the value of mo with use. 
This is due to the disappearance of the roughened surfaces and 
irregularities by oxidation. They also argue powerfully against 
the use of rope lay cables for high-voltage lines. For large, con- 
centric lay cables from which the rough points left by the manu- 
facturing and handling processes have been weathered away by 
some years of use, a value of mo = 0.85 is probably a safe value to 
use. Since the accuracy of the results to be expected from the 
loss equation, are largely dependent upon the accuracy with 
which mo is known, the importance of properly determining this 
factor is apparent. 

Calculation of Maximum Potential Gradients. — The maximum 
potential gradient is at the surface of the conductor, and is pro- 
portional to the dielectric flux density. The latter, in turn, is 
equal to the dielectric flux per unit length of conductor divided 
by the circumference of the conductor; or 


where 


G = 


27rr 


X = 


~im 


Thus, to compare the maximum gradients produced at the sur- 
faces of conductors of a given diameter, but having various spac- 
ing arrangements, it is only necessary to compare their dielectric 

Wilkins, Roy, “Corona Loss Tests on 202-mile, 60-cycle, 220-kv., 
Pitt-Vacca Transmission Line,** Proc,, A. I. E. E., December, 1924. 
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fluxes. It will be assumed in all cases that the spacing is large 
and that the error made in substituting £> for 2 ) — r is negligible. 

1 . Single-phase Line . — From Eq. (207), the dielectric flux, per 
unit length of conductor for a single-phase line, is readily seen 
to be 

yj, = (271) 


and the corresponding maximum gradient is 

_ 0.4343J?n 
^ ~ , D' 


2 . Three-phase Line, General . — Consider a three-phase line 
having loops of widths Di, Da and D 3 , 
whose corresponding vector voltages 
are Eaby Ebc and Ecaj producing, respec- 
tively, per unit length of line, the 
dielectric vector fluxes ypa, and \pc» 

The voltage of a loop is 

J '*D-r 

^ • dS. Fig. 46. — Potential ^adients on 

r three-phase lines. 

Writing these integrals for two of the loops, and replacing 
D — r by D, 

Eab = n — \l/bln^^ — vector volts (273) 

27rL r r D 2 j 

Ebc = ^ ^aln^~ + ypbln^- — \I/Jn^~ vector volts (274) 
Ui r r J 

Eca = ^ —\paln— -f yj/blrJ^ + vector volts. (275) 

^ttl r JJ 2 r j 

Also, 

0 = (276) 




since the vector sum of all the dielectric fluxes is zero. The vector 
voltages may be written. 


Eab = E{1 +i 0 ) 

" K -5 - 
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If the spacings Di, Dt and Da and the radius of the conductor are 
known, ihe values of 4>a, i'b and for the corresponding three-phase 
line may be found. 

3. Three-phase Line, Equilateral Spaeinq . — For this case Di 
= Dt = Dt = D. Substituting these values in Eqs. (273) and 
(274), and solving for ^ and from Eqs. (273), (274), and (270) 

, 4irE(-3 -|-i\/3) , ,. 

Z~^D (277) 

2X • oln— 
r 


where E is the numerical value of the line voltage 
and 

, 2J2SSEn,. , , ^ 

ypb = absolute, 

X logio — 
r 


whence 


Gb = 


0.4 343E, 

1 ^ 
r logio - 
f r 


kv. per inch. 


(278) 


(279) 


Equations (278) and (279) are the same as the corresponding 
equations for the single-phase line. By symmetry, the absolute 
values of ypa and are each equal to Comparing Eqs. (278) 
and (279) with Eqs. (271) and (272) shows that, for conductors 
of like diameters and spacings, the maximum gradient for the 
three-phase case bears the ratio of 2 \/3 to the maximum, 

single-phase gradient for equal line voltages. They are equal 
for equal voltages to neutral. 

4. Three-^phase Line, Flat Spacing . — ^Let the conductors lie in a 

single plane, and let Di = D2 = ^ = Z>. Substituting these 

values in Eqs. (273) and (274), and solving as before, the flux 
per unit length of middle conductor is 


, iirEiZ - jy/3) ^ 

4^ 7 ^ vector hues (280) 


2X-2I 


and 


{sin— - ln2^ 


th = 


2kE 




lines absolute 


(281) 
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whence 


Gi 


E 




kv. per incji 


r^logi 


OAZj^En 
D ' 


0.333 logic 2 


kv. per inch. 


(282) 

(283) 


In a similar manner, 4'a may be calculated, after which maj 
conveniently be found by substituting the value of ^ from Eq. 
(281) in Eq. (276), after substituting for 4'a in the latter. The 
scalar values of and \l/c are equal, from symmetry. The 
value of is 


'I'c 



3 - i\/3 
12fn^ - 4ln2 


1 +jVz 

+ ln2\ 


vector lines. (284) 


The absolute values of \pa and are obtained by substitution in 
Eq. (284), simplifying to get the resultant vector and subsequently 
evaluating. Table 7 gives the maximum gradients for the middle 
and outside conductors in percentage of the maximum gradient 
for the equilateral three-phase line and for given values of D 
and r. 


Table 7. — Percentage Ratios ^ for Three-phase Lines and for Flat 

Ga 

Spacing (Di - D2 — ^ = D) 



Per cent ratio Gf -5- Ga for three-phase line, flat 
spacing 

1 D 

lOg.o- 

Outside conductors 

1 Mid lie conductors 

1.00 

1 i 

86 7 

1 

111 2 

1.26 

88 4 

108.7 

1.60 

89.8 

107.2 

1 76 

91 0 

106.1 

2.00 

91.9 

106.3 

2.26 

92.6 

104.7 

2.60 

93.2 

104.2 

2.76 

93.6 

103.8 

3.00 

94.0 

103.4 

3.25 

94.0 

103.2 


Of maximum gradient for flat spacing. 

OA ■■ maximum gradient for equilateral triangle type of spacing 
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Corona Loss.’ — Energy loss due to corona begins at the dierup- 
tive critical voltage of Eq. (270), a value somewhat below the visual 
voltage of Eq. (269). Peek found, as a result of a long series of 
tests on an experimental transmission line, that the loss is pro- 
portional to the square of the voltage in excess of the disruptive, 
critical value, and is influenced by several other factorst For 
single-phase lines and three-phase lines having equilateral 
spacings, the fair-weather loss is 

P = ^(/ + 25)^£(K-K)^ 

X 10~® kw. per mile of one conductor. (285) 

where f is the frequency employed in cycles per second and En 
and Eo are the impressed and critical, disruptive kilovolts to 
neutral, respectively. All other symbols in this equation are 
in the inch system of units as previously defined. 

To approximate the loss under storm conditions, Eo is taken as 
0.80 of its corresponding fair-weather value. 

When the spacings employed on three-phase lines are not equal, 
as for example when flat, hofizontal spacings or triangular spac- 
ings with unequal sides are used, Eq. (285) gives results which 
are in error. For the flat spacing, corona starts on the middle 
conductor at a voltage approximately 4 per cent below the 
critical value for the equilateral arrangement having the same 
spacing Z>, while on the outer conductors it starts at a voltage 
about 6 per cent higher (Table 7). The reason for the differences 
is apparent, since the gradient at the middle conductor must 
necessarily be higher than that for the outside ones. 

The gradient is the determining factor, and, since in unequally 
spaced lines it will not be the same for all conductors, it is desirable 
to express the loss equation in terms of gradients rather than 
voltages, to take care of loss calculations for such cases. This 
is done by substituting in Eq, (285) the corresponding expression 
for voltage, or 

En = 2.302(?r logio ~ from Eqs. (204) and (207) (286) 

r 

and 

Eo = 2.302Cromo5r logio — from Eq. (270). (287) 

r 

^ Peek, F. W., Jr., “Law of the Corona,^* Trans.j A. I. E. E., “Dielectric 
Phenomena in High-voltage Engineering,’* p. 204 and following, 1920. 
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Equation (285) then becomes 

P = + 25)^5(logio X 10-» 

kw. per mile of one conductor. (288) 

This equation, like Eq. (285), employs the inch units of length. 
Equation (288) may be used to calculate the loss on each conductor 
separately as soon as the gradients are known. For ilat spacings 
the factors of Table 7 may be used to find the gradients. 

Corona Loss Calculation, — ^Let it be recjjiired to estimate the 
corona loss per mile of a transmission line for which the following 
data apply: 

Cable diameter = 0.681 in. (concentric lay cable) 
Number of strands = 37 

Spacing, flat Z)i = D 2 = ^ = 16 ft. 


Frequency = 60 cycles per second 
Roughness factor = 0.83 
Altitude = 1,000 ft. 

Fair-weather value of 5 == 0.95 

Disruptive, critical gradient Go = 53.6 kv. per inch 

Applied voltage = 97 kv. to neutral 

E = 2.302Gomo5r logic ^ 
r 


G == 


= 0.302 X 53.6 X 0.83 X 0.95 X 0.340 X 2.752 
= 91,000 volts to neutral for equilateral spacing of 16 ft. 

0 . 4343 ^^ from Eq. (262) 
r logio „ 


0.97 X 0.4343 
0.340 X 2.752 


45 kv. per inch for three-phase, equilateral 


spacing. 

From Table 7, 

Ga —Gc — 0.935 X 45 = 42 + kv. per inch for outside conductors. 
Gb — 1.038 X 45 =» 46.6 kv. per inch for middle conductor. 

By Eq. (288), 

P = ^— (/ + 25)^^(log,oyyr*(G - mSG,r X 10-‘ kw. per 

mile of one conductor. 


2,070 X 85 
0.95 


4 


0.340 

192 


(2.75)*(0.340)*(G' 


0.83 X 0.95 

X 53.6)* X 10-‘ 


0.06829(0' - 42.8)* 
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From Table 7, for logio-^ = 2.75, as before, 

Ga = 42 kv. per inch for two outside conductors. 

Gb = 46.6 kv. per inch for mid-conductor. 

There is no corona on the outside conductors since Ga = Gc< 
(42,3 = 

The loss per mile on the mid-conductor is 

P = 0.06829(48.6 - 42.3)^ 

** = 1.26 kw. per mile. 

Corona as a Factor in Line Design. — A study of the economics 
of transmission-line design shows that, generally speaking, the 
most economical line for a given project is the one having 
minimum, annual, fixed charges. Such a line will fulfill the 
requirements of Kelvin’s Law and will operate at or near corona 
voltage. What the exact value of the voltage should be, that is, 
whether it should be a little above or a little below the disrup- 
tive, critical value for average, fair-weather conditions, is a 
question which is difficult to determine. Consideration must 
be given to the fact that seasonal temperature changes may be 
sufficient to cause a variation of critical, disruptive voltage of 
perhaps 20 per cent between winter and summer. Variations in 
altitude for different sections of the line and the prevalence or 
absence of storms are other factors which should be given proper 
weight. From the purely economic standpoint alone, it would 
seem that the correct operating voltage should be slightly under 
the critical value for fairweather and summer temperatures. A 
choice of this voltage would eUminate corona under all fair- 
weather, normal, operating conditions and still would leave 
incidental advantages to be gained under normal voltages. 

Lines which are built to operate near the critical voltage not 
only are the most economical, but they have additional protection 
against the destructive effects of high-voltage, high-frequency 
surges occasioned by lightning, switching and other transient 
disturbances. It has been pointed out by Peek, Whitehead 
and others, that surges, due to suddenly applied over-voltage 
resulting in corona formation, are greatly attenuated in traveling 
over a comparatively short stretch of line. The energy of the 
surge is dissipated in the corona leakance, and the excess voltage 
is thereby reduced to a safe value. By normally operating 
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close to the critical voltage^ the maximum advantage is gained 
from this protective feature. 

PROBLEMS 

1. A 60-cycle, three-phase line is built of 250,000-cir. mil, concentric lay 
cable, for which the roughness factor is 0.85. The conductors are spaced 
12 ft. apart at the vertices of an equilateral triangle. Assuming 6 to vary 
with altitude, as in Table 24, at what voltage will corona begin to form on 
this line at 2,000 ft. altitude? At sea level? 

2. For the line in problem 1, at what voltage would the corona loss be i kw. 
per mile at 2,000 ft. altitude? 

3. Assuming an equilateral arrangement of conductors and a line free from 
corona loss, what is the maximum allowable voltage for a 0000 solid con- 
ductor line, whose spacing of conductors is 11 ft. between centers? mo *= 
0.93. 5 =» 0.96. 

4. The three equal cables of a 165-kv., three-phase line lie in a horizontal 
plane, and are separated by 20 ft. between centers. The irregularity factor is 
0.83 and the value of 6 is 0.94. What is the minimum conductor diameter 
that may be used on this line if corona loss is to be avoided? 

5. If we assume (a) that for single-circuit lines with flat spacing, the 
separation of conductors in inches, demanded by good practice, is given by 
the equation : 

D' = 0.002j&n (Eq. 528) 

and (b) that near sea level the voltage En to neutral in k.v. is 240 times 
the conductor radius in inches, what is then the minimum permissible 
separation of the conductors of a 165-kv. line having no corona? The 
conductors are arranged in a plane and the elevation of the line is sea level. 
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INDUCTIVE INTERFERENCE 

When power circuits and communication lines are in close 
proximity, and particularly when they parallel one another for 
considerable distances, potential differences are induced between 
the wires of the communication circuits, due to the varying 
magnetic and dielectric fields set up by the power circuits. These 
potential differences establish currents in the wires, instruments, 
relays and other devices that compose the essential elements 
of the communication system. Since the amount of current 
required to produce an audible sound in a telephone receiver is 
very small indeed, even feeble currents may be troublesome, 
especially if their frequencies lie within the range of voice fre- 
quencies. In telephone systems the induced currents cause a 
humming noise in the receiver, thereby annoying the user and 
reducing the intelligibility of conversation, while in telegraph 
circuits the disturbance may cause chattering of relays, reduced 
speed of transmission and impaired clearness of signaling. Dis- 
turbances in telegraph circuits are due largely to the fundamental 
frequency, while the harmonics are the source of the disturbances 
most affecting telephonic communication. The situation thus 
created by the proximity of power and communication circuits 
constitutes the problem of inductive interference. Since power 
circuits cannot be divested of their dielectric and magnetic fields 
and communication circuits cannot be operated with complete 
satisfaction when indiscriminately immersed in them, a satis- 
factory solution of the problem can only be had as a result of 
the closest cooperation between the power and communication 
interests. The problem has received a good deal of attention 
at the hands of engineers and considerable literature on the 
subject is available. Perhaps the most extensive single source is 
to be found in the report of the California Railroad Commission 
entitled ^'Inductive Interference.^' 

Electromagnetically-induced Voltages. 1. Single-phase Line, 
In Chap. HI is discussed in some detail how and to what 

104 
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extent alternating currents in one conductor produce varying 
magnetic fields that reach out and link other adjacent conduc- 
tors, thereby inducing potential differences hi them. These 
potential differences, even though very small as compared with 
those impressed upon power circuits, may nevertheless produce 
a disturbance in a nearby telephone circuit owing to the sensitiv- 
ity of the instruments used. 

To illustrate how electromagnetically-induced potential dif- 
ferences are set up, assume a single-phase power circuit a6, and a 
nearby, parallel telephone circuit mn, m being the near conductor 
and n the more remote one. Let the power circuit carry a sine- 
wave current whose value is I absolute units. If the current in 
a be taken as positive, that in 6 is negative, and their sum is 
zero; that is, 

la == 0 . 


Representing the distances from a to m, a to n, etc., by the appro- 
priate letters am, etc., the flux linking the telephone circuit per 
centimeter of loop is 


<t>mn 


- 2l( In-"" - tnp) 

\ am hm / 

= linkages. 

wmbn 


(289) 


Neglecting the effect of the telephonic currents on the power 
circuit (they are extremely small), the coefficient of mutual 
induction per centimeter of loop is 

M = ^ = 2ln^^ 

I am -bn 

and the induced voltage per centimeter of loop is 
Emn = jcoMI = j<a<l>mn 

= 2jo)Iln~~^ abvolts per centimeter. (290) 

Only that part of the flux from each conductor which threads 
the loop of the telephone circuit induces any resultant potential 
difference, for all flux lines which link both conductors of a circuit 
induce therein equal voltages that are oppositely directed around 
the loop. The amount of flux through the loop depends upon 
the current and upon the difference of the logarithms of the 
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distances between the disturbing wires and the telephone loop, 
as in Eq. (289). The induced voltage is proportional to the flux 
(and hence to the current), and to the frequency of the inducing 
current. As the distance between the power wires is reduced, 
the fraction whose logarithm is involved in Eq. (290) approaches 
zero, as does also the induced potential difference. 

2. Three-phase Line. — If the disturbing circuit is a three-phase 
power line, the magnetic fields due to the currents in the three 
phases all induce potential differences in the loop of the com- 
munication circuit. The resultant potential difference induced 
is the vector sum of the individual potential differences. Thus 
if lay h and 7c are the known vector sine-wave currents in the 
three line conductors a, b and c of the power circuit, and m and n 
are the nearer and the farther wires of the communication circuit 
respectively, the induced vector potential difference in the 
communication circuit loop is 

Enm — jo}<i>mn 

= joi)\2Ialn— -+• 21 bin-— + 2Icln—'\ vector ab volts per 
*' [ am bn\ cmj 

centimeter. (291) 

When harmonics are present, the induced potential difference 
due to each is separately considered. If, per unit of induced 
potential difference in the given circuit, all harmonics may be 
considered as being approximately equal in their disturbing 
effects, the effect due to all harmonics may be taken as approxi- 
mately proportional to the effective value of the total induced 
potential difference, that is, to the square root of the sum of the 
squares of the potential differences due to the individual harmonics. 

If the three-phase currents are balanced, their vector sum is 
zero. The three vector currents may then be represented as 

la = 7o(l +j0) 

h = - §(1 +jV3) 

= +jV3). 

Substituting these currents in Eq. (291), the induced potential 
difference in mn is 
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- «»£ - i/n/5ln^ + 

_ ' 

• / ., an* •bm • cm / cn • 6m\ , ^ ix 

s= /o«i 3ln-=r^ V 3m r- I vector abvolts 

\ am^^bn-cn ^ cm -bn) 

per centimeter of loop (292) 

or, in amount, the potential difference is 
JS?«n = 370.66 X 10--®Zoco X 

abvolts per mile of loop. (293) 

Residual Currents in Unbalanced Three-phase Lines. — The 
currents in a three-phase line are said to be balanced when their 
vector sum is zero. Conversely, in an unbalanced line the vector 
sum of the three currents yields a resultant current which is not 
zero. This resultant current is called the residual current A 
convenient method^ of calculating the inductive effects of such 
currents is to deal with their equivalent, balanced, three-phase 
and single-phase components as discussed below. 

The three line currents of an unbalanced three-phase line may 
be resolved into (a) three equal line currents differing in phase 
by 120° (balanced currents) ; (6) three equal, 
residus^J currents, each of which is one-third 
of the residual current, as defined above, ^ 
flowing in a loop of which one side is the 
neutral conductor (or ground return) and 
the other consists of the three line wires in 
multiple; and (c) a single-phase current flow- 
ing out in one line conductor and returning ^ 
in another. A vector diagram showing Fig. 47.— Residual cur- 

these relations is given in Fig. 47. The rents in unbalanced three- 
inductive effects of unbalanced currents 
may be calculated by dealing with these components in place 
of the unbalanced currents themselves, using the methods already 
described. 

^ “Inductive Interference between Elctric Power and Communication 
Circuits, “ California Railroad Commission, p. 120. 



3(iog„ 

' V am^ • hn • cn/ ^ cm * bn) 
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In the diagram a, h and c are the unbalanced three-phase 
currents, equivalent to the three balanced currents a', V and c', 
plus the single-phase residual plus the single-phase current I 
circulating in the leads A and B. 

The effect of the residual currents is, in general, of far greater 
importance than that of the balanced, three-phase currents, 
because the ratio of the distances from the disturbing to the dis- 
turbed conductors, shown in Eq. (293), is usually greater for the 
residuals. 

Electrostatically-induced Voltages. — Electrostatically-induced 
potentials are set up in conductors occupying any space in which 
there is a dielectric field. In the space about a power circuit, 
each power conductor sets up a varying dielectric field which 
is at all times proportional to the relative potential of the con- 
ductor. In such a field the two conductors of a communication 
line paralleling a power line will, in general, be subjected to fields 
of unequal intensities; the electrical potentials of the conductors 
will be unequal, and thus there will be a difference of potential 
between them. There will also be a difference of potential 
between the wires and ground, which, in general, is many times 
as large as that between the two wires of a circuit. 

The electrostatically-induced potential differences may be 
calculated by the methods of Chap. IV. Let a, b and c be the 
three conductors of an untransposed, three-phase power circuit 
and let m and n be the two conductors of a communication circuit 
paralleling the power line, m being the near conductor as before. 
Let r be the radius of each of the three equal power cabies and 
represent the distances from each power cable to the wires of the 
communication circuit by the appropriate letters as am, 6m, cn, 
etc. Representing the vector flux, per centimeter of power 
conductor for the three conductors, by \l/„, yf/h and in practical 
units, and neglecting the capacitance of the power line to ground, 
the vector potential differences between the three phases of the 
power line are (Eq. (232)) 

Ehc — 


vector volts (294) 
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Where X is the conversion factor and v is the velocity of 

light in centimeters per second, or, approximately, » = 3 X 10*® 
cm. per second. 

The vector line potential differences E,a, Ehc and Eea are known. 
Their magnitudes are measurable and the vectors form an eqm- 
lateral triangle. In the group of three equations (Eq. (294)) 
there are two independent equations only, containing three 
unknowns. It is necessary to have one additional, independent 
equation in order to solve for the three fluxes. 

Balanced Three-phase Voltages. — If the three-phase line is 
balanced, the vector sum of the three potential differences between 
line conductors and neutral is zero, as is also the vector sum of the 
dielectric fluxes. Thus, for a balanced line, 

\f'« + \^^ + = 0 

is the third required, independent equation. Once the three 
fluxes are known, the potential difference induced between the 
conductors m and n by electrostatic induction may be found. It is 

Evtn = h ( 4'aln~ -1- + \lfjn—) vector volts. (295) 

27r\ am bm cm/ 

Since the circuit is balanced, the three equal fluxes are 120 time 
degrees apart and so may be represented as 

= ^o(l +j0) 

- |“(1 + jV 3 ) 

= |”(-1 + jV 3 ). 


When these values are substituted in Eq. (295), a solution of the 
resulting equation for the amount of the potential difference 
yields 




2. 302X^0 


4?r 








TO} 


cn • bm 
cm • bn^ 


volts (296) 


This is the potential difference impressed across the capacitance 
of the communication line at its mid-point. The disturbing 
current produced by it is the charging current of this condenser. 
When the condenser is charging, current flows from the two ends 
of one wire toward its middle, and away from the middle of the 
second wire toward its ends. When the condenser discharges, the 
reverse action takes place. 
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TTnbalancedy Three-phase Voltages. — The voltages of a three- 
phase line are unbalanced when the vector sums of the three volt- 
ages to neutral is not zero. The line-to-line voltages supplied 
by the generators, however, are three equal voltages displaced 
by 120 time degrees from each other. Thus, in Fig. 48,,the three- 
line-to-line voltages of an unbalanced line are represented by the 
vectors AB, BC and CA. The three unbalanced voltages to 
neutral or ground potential are OA, OB and OC. If the voltages 
were balanced the three potential differences to neutral would 
be O'A, O'B and O'C, and the neutral 0 would be at O'. In the 
vector diagram however, it is seen that 

00' + O'A = OA 
PO' + O'B = OB 
00' + O'C = OC 


and thus the three unbalanced voltages are equivalent to the 
three balanced voltages plus three times the potential difference 
between ground and the neutral of the balanced system. The 
potential difference 00' is the residual voltage of each conductor, 
while the residual voltage of the system is three times this value, 
and is in phase with 00'. 

The potential differences induced in the communication circuit 
(j may be estimated either directly or by split- 
ting the three line potential differences to neu- 
tral into their residual and balanced compo- 
nents. If the vector potential differences OA, 
OB and OC are known, the residual voltage 
may be found. 

Fiq. 48.— Residual Considering the three line conductors of 

voltages in unbal- , , . . 

a need three-phase Iig. 48 and their images (not shown), and 
using the method of images of Chap. IV, the 
known vector potential differences to neutral in terms of dielec- 
tric fluxes are 

0 



^irEob = 2x1 


4tEo 


= 

(i'ai 
= 2X^ 


Jn^- + 

r ba ca , 

j ab' ,jbb' ,j cb'\ 


1 11^1 I T < 


r) 


(297) 
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where ad\ ha' and ea, etc., are the distances ^tween the conductors 
designated by the letters A and A', B and A', C and A, etc., 
respectively. 

Since the line is unbalanced, the vector sum of the fluxes is 
not zero. .The separate fluxes may, however, be found by solving 
the above three equations simultaneously. Once the fluxes are 
known, the induced potential difference between the two wires 
m and n of the communication circuit may be set down by 
evaluating the expression 

E r- 

for each power conductor and its image. The fluxes and xj/e 
are taken as positive, and are respectively equal to the negatives 
of the fluxes xpl and xpc- The values Xi and X 2 are the dis- 
tances from the power conductors to the near and far wires of the 
communication circuit, respectively. Thus, the induced voltage 
in circuit mn is 


2ir\ 


. , an-a'm , , , hrfVm , , CU' 

xj/alfl f "T” Yhl'f^T j~r ' “T“ YclV/ ~ ~ 

am* an bm*hn cm 


•c'w\ 

>*c^n) 


vector volts. 


Instead of proceeding as above one may deal with the residual 
and balanced components of line voltage and their induced 
potential differences separately. The induced potential dif- 
ference due to the balanced components may be calculated from 
Eq. (295), while that due to the residual is 

Residual vector volts (299) 

iuTT JtCmf * tv n 

where 

4/r = the complex residual flux per centimeter 
== 


R is the point at the center of mass of the conductor configuration 
triangle, and jS' is a point midway between R and its image. 

Causes of Current and Voltage Unbalance. — Two general 
types of networks are in use; namely, (a) insulated systems in 
which no ground connections are made between neutral and 
ground at any point, and (5) grounded-neutral systems in which 
the generator neutrals as well as the neutrals at the load centers 
are grounded. 
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In isolated systems perhaps the principal sources of trouble 
are unbalanced capacitances and leakances between the different 
phases and ground. The former may largely be corrected by 
suitable transpositions, while the latter is chiefly a question of 
careful construction and maintenance. The unbalanced capaci- 
tance is less for lines having flat horizontal spacings than for those 
with vertical or triangular arrangements of conductors. 

In grounded-neutral systems unequal load impedances from 
line to neutral will cause unbalanced components of current to 
flow in the neutral or ground return. Third harmonics and their 
odd multiples are set up by the cyclic variation of the core flux 
in transformers, the percentage of the harmonic being dependent, 
to a considerable extent, upon the degree of saturation of the core. 
In a grounded-neutral system using star-to-star transformer 
connections, these harmonics will appear as unbalanced currents 
flowing in the neutral connection, the currents due to the three 
phases being additive in the neutral return. The use of delta 
connection on the secondary side provides a short-circuit path 
for these harmonics and greatly reduces them. When a resist- 
ance or a reactance is inserted^in the connection between neutral 
and ground, currents flowing to ground will cause voltage 
unbalance. 

Harmonics. — The current and voltage waves of power circuits 
are always more or less distorted. The positive and negative 
loops of succeeding cycles, however, are alike in shape. If the 
negative loop be rotated about the zero axis and then moved over 
to match the positive loop, the two loops are found to be identical 
in shape. Owing to symmetry of construction, all waves gener- 
ated by rotating, electrical machinery have this type of symme- 
try. Composite waves of this type are in fact made up of a 
number of sine waves of various frequencies, consisting of funda- 
mental and odd integral multiples of the fundamental frequency. 
Harmonics may be introduced by generators or large synchronous 
motors on account of pulsating, air-gap reluctance in slotted 
armatures, by transformers due to the cyclic variation of core 
reluctances, by certain types of load, such as electric arcs and 
rectifiers, and by the formation of corona at the peaks of the 
voltage waves. 

From the standpoint of interference, the harmonics, even 
though of relatively small magnitudes, are of greater iniportance 
than the fundamental. The disturbing effect set up in a telephone 
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circuit depends upon the amount of the induced voltage and upon 
the frequency of the induced current. Since the voltage itself is 
proportional to the frequency, within the approximate range 
between say 200 and 800 cycles, the disturbing effect is propor- 
tional to the square of the frequency. Frequencies which fall 
within the range of the average voice frequency produce far 
greater disturbances per unit of induced voltage than do those 
lying without or near one end of the voice-frequency band. 

The voice-frequency band approximately covers the range 
from 200 cycles per second to 2,000 cycles per second. Near its 
middle, or in the neighborhood of 800 cycles per second, lies 
what is usually taken as the average voice frequency. At 
approximately this frequency, the telephone receiver is most 
sensitive. The standard fundamental frequency of 50 or 60 
cycles, therefore, is ordinarily of little importance in producing 
disturbances in telephone lines, while in telegraph lines this 
frequency may be the source of interference troubles. 

PROBLEMS 

1. The three equal conductors of a 60-kv., three-phase, 60-cycle power line 
are each 0.533 in. in diameter. The conductors are supported at the vertices 
of an equilateral triangle whose base is parallel to the earth’s surface. Begin- 
ning with the uppermost conductor and reading counter-clockwise, the 
conductors arc a, c, b, the conductor a lying on the center line of the support- 
ing structure. The conductors are 6 ft. apart between centers, and the plane 
cb is 40 ft. above ground. Fifty feet to the right of the center line of the 
power circuit is the center line of a horizontal telephone loop mn, running 
parallel to the power circuit. The telephone wire m is 30 ft. above ground, 
and the width of the loop is 2 ft. The balanced voltages to neutral of the 
power circuit arc 

= 34,600(1 +i0) ] 

E(^ = —17,300(1 [ vector volts 

= 17,300(-1 +JV^) J 

and the balanced currents are each equal to 176 amp. and lag the above 
voltages by 30 time degrees, respectively. Calculate the value of (a) the 
eleetromagnetically-induced voltage, and (6) the electrostatically-induced 
voltage in the telephone loop per mile of untransposed parallel. 

2. A 110-kv., 60-cycle, three-phase power line is built of three conductors, 
each of 0.631-in. diameter. They are strung 11 ft. apart in a horizontal 
plane, 40 ft. above ground, the middle conductor lying on the center line of 
the support. The center line of a horizontal telephone loop is 60 ft. to the 
right of the center line of the power line, and its conductors m and n are 
2 ft. apart. Reading from left to right in the diagram representing the 
arrangement of lines described above, the power conductors are a, h and c, 
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and the telephone conductors are m and n. The line-to-line voltage of 
the power line is 

Ea = 110,000 +j0 

and the voltages to neutral are 

= 34,900 +i65,000 
Etk = 75,100 +i66,000 
£» = 20,100 -i40,300. 

Assuming the earth’s potential as zero, what is the electrostatically- 
induced voltage Emnf 
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SHORT-LINE CALCULATIONS 

The structure of a transmission line is such that its electrical 
properties per unit length of line are practically constant. These 
properties are represented by the symbols r, gr, L and C, and are 
called the line constants. The magnitudes of these constants 
depend only upon the conductor size, conductor material, and 
conductor arrangements in space. 

Because the so-called constants of a given transmission line 
do not vary, the transfer of energy over the line follows laws 
which may readily be expressed in simple mathematical form 
when the current and voltage are sinusoidal. When automatic 
regulators are used to maintain constant voltage at either one or 
both ends of the line and at all loads, the performance calculations 
are still further simplified. 

The exact equations of the transmission line involving the 
correct assumption of uniformly distributed, line capacitance, 
while simple in form, involve considerable calculation. In 
order to simplify the task of making transmission-line calculations, 
where such simplification is permissible without sacrificing too 
much in accuracy, two expedients have been resorted to. 

1. The use of the first one or two terms only of the converging 
infinite series which are the equivalents of the hyperbolic func- 
tions used in the exact equations. This simplifies the operations 
considerably, but the error increases as the number of terms 
used in each series diminishes. 

2. The substitution of hypothetical circuits having lumped 
capacitance or capacitances (or no capacitance at all), which 
perform very nearly like the actual transmission line. Under 
this classification various kinds of substitute circuits are possible. 

The method described under (1) above will be discussed in the 
chapter dealing with the exact equations of the line. Under 
(2) a number of different approximations of various de^ees of 
complexity are used, depending principally upon the length of 
the line under consideration, and the degree of accuracy desired. 
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These substitute circuits differ from each other chiefly in the 
methods employed to approximate the effect of the line capac- 
itance. In lines under 30 miles in length the capacitance of the 
line is often entirely neglected in making line calculations. 

A list of the substitute circuits used in line calculations is given 
in Table 8. 

Table 8. — Types op Substitute Circuits for Approximate Calculations 


METHOD 

CIRCUIT 

Impedance 

r -Xl 

T — x— 

^ 31 

Load-end Condenser 

r 

•T. \'VW 1 r— 

Ex ^ 

_y Neultal 1 ^ 

Nominal IT 

T~ — T" 

Neufrd 

Nominal T 

T~AA/150^^ 1 — — r- 

i. Neuffol ^ 

Dr. Shinmelz ^ Three 
Condenser Meihod 


H.B.Dtvighls^ K Formulas 

See Transmission Line Formulas 
by H. B. Dwiyhi’ 


In addition to the above, graphical and semigraphical methods 
are available. 

Simple Impedance Circuits. — In the simplest approximate 
circuit the line is assumed to have no capacitance. The circuit 
then reduces to a series circuit containing only resistance and 
inductive reactance. This approximately equivalent line will 
have a greater line drop, and, usually, a somewhat larger generator 
current and poorer power factor then the actual line. For 60- 
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cycle lines under 30 miles long deHvering fair sized loads, however, 
the error is usually negligible. Even for 60-eyc^tB lines up to 60 
miles the error will probably usually not exceed 0.6 per cent. 
Thus, for lines up to perhaps 25 or 30 miles, there is little practical 
objection to the use of this approximately equivalent circuit. 

In Fig. 49 is represented one leg of a three-phase line, over 
which one-third of the power delivered to the line is assumed to be 
transmitted. It is further assumed that the receiver-end condi- 
tions are known, that is, the receiver load, voltage, current and 
power factor. The problem is to find the corresponding quan- 
tities at the generator or input end, the line regulation, losses, etc. 
Quantities carrying the subscripts r refer to the receiver end, 
while those carrying the subscript s refer to the generator or 
supply end. For quantities which are the same at both ends the 

T 

4 

i — 

Fig. 49 

subscripts are omitted. The supply-end voltage is assumed to be 
controlled by varying the generator excitation to whatever extent 
is necessary to keep the receiver voltage constant in value. The 
receiver voltage is used as the vector of reference. Since the 
conductance of the leakage path and the condensance of the line 
are both negligibly small, the supply and receiver currents are 
one and the same. Thus, assuming that the receiver current 
may be either leading or lagging, the line current is 

I — Ii ± jl2 vector amp. 

and the receiver power factor angle is 

Or = ± 

1 1 

The line impedance is 

Z = r + ja? vector ohms 

where 

r = the total resistance of one conductor 

and 

X = the total inductive reactance of one conductor. 


^ L J 



_i 

. — Diagram of simple impedance circuit. 
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The impedance drop in the line is 

ZI = (r + jx)(Ji ± jli) 

= rJi T xli + j^xlx ± rli) (300) 

= Ii(r + jx) + /s(Tx ± jr) vector volts. (301) 

The supply-end voltage is the receiver voltage plus the imped- 
ance drop, or 

E, = Er ZI 

= Er + rh T xli -h j(a:/i ± rli) (302) 

= $E\ -t- j,Ei vector volts 

where ,Ei and ,Ei are the real and the quadrature components 
of the supply voltage, respectively. The angle of the supply 
voltage referred to the receiver voltage is 

eO, = tan-> ^-5 (303) 

sJtLi 

and the supply power factor angle is 

e. = A - (±/?r) 

= 'e0. T Or. (304) 

In terms of absolute values, the supply voltage is 
E. = 

= \/{Er + rij + xli)^ -f (x/i + rli)^ volts. (305) 

Note that, wherever the double signs appear, the upper one is the 
condition for leading and the lower one for lagging current. 

The percentage of line regulation found by substituting full- 


load current values in Eq. (305) is 


, , ,. 100(i?. - Er) 

per cent regulation = 

£jr 

The supply output is 

(306) 

Kw„ = EJ cos $9 

(307) 

the receiver input is 


KWr = Erl cos dr 

(308) 

and the line loss is 

Loss = EJ cos -- EJ cos Sr ' 
or 

I^T 

^ ' 1.000 1 

> (309) 
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Vector Diagram for Impedance Circuit — The vector diagram tor 
this case is conveniently built up by adding the in^pedance drop of 
the line, as given by Eq. (301), to the receiver voltage to obtain the 
supply voltage. Thus, in Fig. 60, assuming a lagging current 
having components h and —j/ 2 , the four component drops are 
laid off as indicated in the solid-line diagram. The first term of 
the right-hand member of Eq. (301) gives the drop due to the 
in-phase component of the current, /i, resulting in the right tri- 
angle of which ZIi is the hypotenuse, while the second term 
yields the drop due to the quadrature component of the line 
current, as shown in the right triangle of which ZI 2 is the hypot- 
enuse. The vector sum of ZIi and ZI 2 i^ the total impedance 
drop ZI, It is to be noted that the two right triangles above 



Fig. 50. — Vector diatoram for the simple impedance circuit. 


referred to are similar since their acute angles are each equal to 
the angle y. That is, 

7 = tan-^ = tan-^ — = tan-^ - • 

Xl 1 Xl. 2 X 

The line ZI 2 is therefore perpendicular to Z/i. Furthermore, 
in the triangle MNF, angle NMF = dry the receiver power 
factor angle, for 

7T 

ZNMF = tan-i ^ 

Li 1 

- 

The diagram may readily be extended to represent any power 
factor by simply including a series of lines to represent different 
values of The effect, upon the receiver voltage, of intro- 
ducing leading or lagging components of current, is clearly shown 
in the diagram. For given values of supply voltage, increasing 
lagging quadrature currents depress the receiver voltage, while 
increasing leading quadrature currents cause it to rise. This 
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changing effect is due to the angle at which the line impedance 
drop subtracts vectorially from the generator voltage to produce 
the receiver voltage. 

Perrine-Baum Diagram. — This diagram is useful as an aid in 
visualizing the performance of a short line, and serves at the same 
time as a means of solving short-line problems. Graphical 
solutions taken from carefully drawn diagrams will be of suffi- 
cient accuracy for practical purposes. It is always desirable, 
however, to make at least one purely mathematical check calcula- 
tion, when a graphical method is used. 

The Perrine-Baum diagram follows at once by somewhat 
generalizing Fig. 50. ,The diagram is illustrated in Fig. 51. To 
draw the diagram, the procedure is as follows: Choose a suitable 



scale, and lay off OM along the X-axis equal to the receiver 

voltage Er- Draw MNj making an angle d = tan-^ - with OM 

(x and r are the reactance and resistance of one lino conductor, 
respectively). The length of MN to the voltage scale is the prod- 
uct of the full-load value of h and the line impedance; that is, 

MN = I\y/r^ + = /iz. 

MN thus represents the impedance drop in the line at full load 
and unity power factor. By dividing MN into segments propor- 
tional to the loads, the impedance drop at unity power factor for 
any load may be read directly. Draw radial power factor lines 
to represent various power factors, both leading and lagging, such 
as MFj MF' etc., of Fig. 50. Lay off a scale of voltages along OM 
in percentage of the receiver voltage; that is, OM — Er == 100 
per cent, etc. This will serve as a measure of the supply voltage 
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when its vector is swung down to parallelism with OM. The 
line regulation may then readily be computed. ^ , 

To illustrate the use of the djiagram, suppose the line is loaded 
to 80 per cent of full-load kilowatts at a power factor of 86 per 
cent, current lagging. The end of the E, vector is then found atP, 
and the supply voltage is seen to be 132 per cent of the receiver 
voltage. 

Mershon Diagram. — Referring to Fig. 49, if the current be 
used as the axis of reference, the impedance drop in the line is 
then 

ZI = I {r + jx) vector volts 

where I is the load current as before. The supply voltage is 
the sum 6i the receiver voltage and the impedance drop or 

Ea = Er tI + jxl vector volts. (310) 



The receiver voltage will lag behind the load current for leading 
power factors, and vice versa for lagging power factors; or, in 
general, 

Er = Ericos 6r + j sin ^r) vector volts (311) 

where the upper sign refers to leading currents, and cos 6r is 
the power factor of the receiver load. Combining Eqs. (310) 
and (311), the generator voltage is 

Ea = Er cos + /r q: j(Er sin Sr + Ix) vector volts. (312) 

The vector diagram, of voltages corresponding to Eq. (312), is 
shown in Fig. (52). The solid-line diagram is for lagging current 
while the dotted-line diagram represents leading current. 




Load Power Factors 


Dropm%of E.M.F Delivered 


Fig. 53. — The Mershon chart. 
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It is apparent that if the receiver voltage remains constant in 
size, the point M will trace the arc of a circle a^, the power factor 
angle changes. Whatever the position of Erf however, the imped-r 
ance-drop line MN always has the same slope, and therefore 
adds vectorially to Er at varying angles, to produce the supply 
voltage Eg. By expressing all components of voltage in percent- 
age of Erj the latter being 100 per cent, laying the percentage 
scale off on the X-axis as indicated, and drawing in a series of 
circles at 1 or 2 per cent intervals, the basis for the Mershon chart 
becomes apparent. This chart simply provides a ready means of 
adding the per cent impedance drop vector MN to at any angle 
within the scope of the chart, and, by following down the arc of 
the circle passing through iV, provides a means of reading off the 
scale on the X-axis the corresponding line drop in per cent of the 
receiver voltage. The Mershon chart is reproduced in Fig. 53. 

Effect of Line Capacitance. — ^While the effect of line capac- 
itance is negligible in 60-cycle lines up to 20 or 30 miles in length, 
it is a very important factor in the operation of very long lines, 
and, in general, must at least be approximated in the calculations 
for all linos except the short ones mentioned above. Since the 
various approximate solutions differ largely in the method used to 
approximate the capacitance effect, it is important to have a clear 
understanding of what happens in the circuit. 

Capacitance, like resistance and inductance, is uniformly 
distributed along the line. Each unit length of line has a certain 
definite value of C, depending upon the size of conductors and 
their interaxial spacings. Each unit therefore requires a reactive 
component of leading current to charge the capacitance associated 
therewith. This current is a constant amount per unit length of 
line per volt of potential difference, and leads the potential differ- 
ence between line conductors at the particular point considered 
by 9D®. Since the vector-line voltage varies from point to point 
along the line, both in size and in angular position, however, it is 
apparent that the quadrature component, of current per line 
element, also varies in size and phase from point to point. Fur- 
thermore, since the line current is the sum of the load current 
and the aggregate of all quadrature currents required to charge 
the elements of the line lying between the chosen point and the 
receiver, the current in the line varies from point to point, and, 
likewise, the drop in the series impedance of the line per unit of 
length is a variable. Leading current flowing in the inductive 
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reactance of the line causes the voltage to rise towards the end of 
the line. The line capacitance thus has the effect of decreasing 
the line drop for a given load current (Figs. 50 and 52). 



Miles from Su^lij-end of Line 

Fia. 54. — Open-circuit current and voltajse of a 250-milo transmission line. 


Charging Current. — Consider a transmission line which is 
open at the receiver end and is subjected to a potential difference 
at the supply end, of a value such that the receiver-end voltage is 

r 


ZOO 



Fig. 55. — Open-circuit current and voltage vectors of a 250-mile transmission 

line. 


normal. The current in such a line is zero at the receiver and 
increases towards the supply end, where it has its maximum value. 
The latter value is called the charging current of the line. The 
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voltage is maximum at the receiver end and decreases towards the 
supply end. In a long line the former may be considerably higher 
than the latter. For example, in the 200-mile line of Chap. 
XVII, with normal supply voltage impressed, the no-load receiver- 
end voltage rises to a value of 22.9 per cent above the supply-end 
voltage. The no-load charging current for the same line is 
29.1 per cent of the full-load supply current or 88.1 amp., for 
normal receiver voltage. The variations in the size, of no-load 
current and voltage vectors along a 250-mile line for normal 
receiver-end voltage, are illustrated in the curves of Fig. 54. 
In Fig. 55 the corresponding polar diagrams are drawn. 

Load-end Condenser Method. — The roughest approximation 
in which the line capacitance is considered, assumes a circuit 
like the second one of Table 8. Here the capacitance of one line 
conductor is assumed to be placed across the line in parallel 
with the load at the receiver end. The charging current is thus 
the product of the receiver voltage to neutral and the admittance 
of the capacity to neutral, and is assumed to be constant through- 
out the line, and leading the receiver voltage by 90®. The line 
current is the vector sum of the load current and the line-charging 
current, and the line drop is the product of this current and the 
series impedance of the line. The method of calculation, there- 
fore, differs only slightly from that already given for the simple 
impedance circuit, and will not be developed in detail. The use 
of this method results in a generator voltage which is too low by 
about the same amount as it is too high when the impedance 
method is used. An average of the values obtained by the two 
methods is more nearly correct than either value. The imped- 
ance method is uncompensated for the rise in voltage towards 
the receiver end, due to the charging current, while the load-end 
condenser method overcompensates for this effect. 

Nominal tt Line. — This is the third circuit of Table 8. Here 
only one-half the line capacitance is assumed to be put in parallel 
with the load, the remaining one-half being put from line to 
neutral at the generator end. The method of calculation is 
identical with that of the single-load-end condenser, except that 

(а) Only one-half of the line-charging current of the former is 
added to the load current in the latter. 

(б) The supply current is the vector sum of the line current and 
the charging current of the supply-end condenser. The results 
secured by this method are considerably more accurate than 
those resulting from the use of the load-end condenser circuit. 



126 


ELECTRICAL POWER TRANSMISSION 


Nominal T Line. — An inspection of Figs. 54 and 55 suggests the 
use of the approximation employed in this circuit. From these 
figures it is observed that the open-circuit current increases at a 
fairly uniform rate along the Une. No great error will result 
in a short line if it be assumed as a constant amount per mile of 
line. Similarly, the drop in voltage along the line is fairly uni- 
form, and the value of the potential difference at the middle of 
the line is nearly equal to the average value. If a line having 
only resistance and inductive reactance be assumed, and if a 
lumped capacitance, equal to the capacitance of one line con- 
ductor to neutral, be placed across the line at its mid-point, the 
charging current flowing in it will be approximately equal to the 
actual charging current, and the drop in the impedance of one-half 
the line due to this current, will be approximately equal to the 
drop in the actual line. This type of approximate circuit is 
called the “nominal T’* line. 

The circuit for this line is given below in Pig. 56. 

Load 

Fig 56 — The nominal T line. 

Representing the load current by 

Ir = I\ — jl 2 vector amp. 

the potential difference across the lumped capacitance is 
= Er + \{U - jh){r jx) 

— Er +j ^{xh — rl^ (313) 

— JE\ + jmE 2 vector volts 

where r and x are the resistance and reactance of one line conductor 
and rnEi and rnE 2 are the real and the quadrature components 
of the potential difference Em, respectively. 

The size of the vector Em is 

E„ = VmE^, + (314) 

The current flowing in the line capacitance is 
Ic = jbcEm vector amp. 
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where be = 2jr/C, the susoeptanoe of one line conductor to neutral. 
Thus, from Eq. (313), 


= + ^(r/i + xlg) + j 

= &c|^(rJ 2 - xh) +i|^.Br + 2 (»‘/i + aj/ 2 ) j jvector amp. (315) 


and 


It— Ir + Ic vector amp. 

— Ii jl% + Ic 


= h + ho \{rh - x/i)] +jlbJEr + \(rU + *72)1 -/2 


= ± jal^ vector amp. 


.(316) 

(317) 


where J\ and J 2 represent the real and quadrature components, 
respectively, of the supply current, as found from Eq. (316). 



Fig 57 — Vector diagram for the nominal T line. 


It is to be noted that the sign of of Eq. (317) may be either 
positive or negative, depending upon the relative magnitudes of 
-1 2 and the remainder of the ^-component. Thus the second 
term may be either +jj 2 or The double sign here does not 

mean that it will have two values. 

The angle of the supply current is 

.0. = tan-» 4?- (318) 

a-i 1 

The supply voltage is 

E. = E^ +^ZI. 

= Em + 2 (^ + ± j,l2) 

= tEi ± j,Ei vector volts 

and its length is E, = \/.E* + volts. 

12 


(319) 

(320) 



128 


ELECTRICAL POWER TRANSMISSION 


The angle of the supply-voltage vector is 

.6, = ± tan-‘ (321) 

and the supply power factor becomes 

cos Bn = cos {eOs ± ids)- (322) 

The line loss may now be computed. It is 

2/V = EJg cos ds — EJr cos dr (323) 

= + P) watts. 

The vector diagram for the nominal T line is shown in Fig. 57. 

The vector diagram of Fig. 50 may also be modified to com- 
pensate approximately for the rise in voltage due to the charging 
current of the nominal T line. The receiver voltage is assumed 
constant. The charging current is calculated, and is assumed to 
lead the receiver voltage by 90° at all loads. (This assumption 
is not strictly true for any load, but is very nearly so.) Referred 
to the receiver voltage, the charging current is j/,., and the poten- 
tial drop in one-half of the line due to this current is 

ZI 1 

j 2 = vector volts. 

This is approximately equal to the true rise in voltage in th(^ 
entire line due to the actual* charging current. The vector 


F' 



Fig. 58. — Diagram of voltages including the effect of charging current. 


diagram of Fig. 50 may therefore be modified to include the 
effect of the charging current by adding the above value to the 
receiver voltage of Fig. 50, to locate the point M in Fig. 58. This 
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addition assumes that the charging current leads Er by 90°, 
which is of course, not strictly true. The method of constructing 
the remainder of the diagram is the same as for !^g. 50. 

Dr. Steinmetz* Split-condenser Method. — This method assumes 
the line capacitance to be divided into three parts, placed as 
1 2 

shown in Fig. 59, at each end of the line and gC at the middle 

of the line, where C is the total capacitance of one conductor to 
neutral. The calculations are carried out step fashion in much 
the same way as for the nominal T method. Using the same 
notation as before, except that the currents in the two halves of 
the line are given the subscripts a and b in conformity with the 
notation in the figure, the charging current of load-end conden- 
ser is 


j SnrfCEr 
1.-3— g- 


= jrle vector amp. 


L 

? L7ne 

T-rAAAAArnRKT^ 






(b) 


7 


£i 




-A i f 

i ^ 




iLoad 


Fig. 69. — The Steinmetz split>condenser circuit. 


For lagging power factors the load current is 
lr = Ix- jh 

whence 




ZL 


la — II ~ jli -h jric 

= -fi —jilt — tIc) vector amp. 


^ Er + \{r+3X){h-jiIt- rl.)\ 

= Er + \[tU + x{h - ric)] + g[(x/l - r{h - r/.)] 
= mEi + jmEs vector volts 


and, in amount. 


(324) 


Em = y/mEl mEl volts absolute. 


(325) 
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The charging current of the middle condenser is 

= -me/i + jmch vcctor amp. 

Then 


■f 6 “ “!*■ m-f c 

“ ^1 me^ 1 "" I iX 2 ““ rci 1 ““ miX 2 ) 
= i/i ± jbli vector amp. 


( 326 ) 


(327) 

(328) 


The sign of h may be either positive or negative, depending upon 
the relative values of quantities within the parenthesis, hence the 


double sign in Eq. (328). The potential drop in the impedance 
of the remaining one-half of the line is 


^ - jbit) 



= ^(nZi 4- xJi) +3^ixhli — nii) vector volts 

(329) 

and 




^Er+ lih + bh) + |(/2 - rio + bh) 



+ ^[^2^71 -H bll) — 2 ( 7 * — ric + 6 ^ 2 ) 

L 

(330) 

Also 

= ,Ei + jsE2 vector volts. 

(331) 

and 

Ei = \/^E\ + bEI volts absolute 

(332) 


,B. = tan-‘ 

(333) 


The charging current of the generator-end condenser is 
tic “ 

= + j.E,) 

= ^i-.E,+j,E,) 

= —,Ji+ 3>oh vector amp. 


( 334 ) 
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and the generator current is 

/c = /b + Je 

= b/l — * ib /2 ^ +i«c/2 


b7l ““ «c/l + i(«c/2 

(335) 

= ./i — vector amp. 

(336) 

or 


I, — y/JX + volts absolute. 

(337) 

The angle of I, is 


±,e. = tan-» 4* 

9 I 1 

(338) 

and the generator power factor is 


cos = cos ± id,). 

(339) 


In Eq. (339) the sign to be chosen for the second term is deter- 
mined by the sign of The generator output and the line 
loss readily follow from the above relations. 

This approximate method has the advantage of being suffi- 
ciently accurate in preliminary calculations for lines of any length 
yet built, but it is rather long and cumbersome. 

Impedance of Line Transformers. — In the previous discussions 
of lino calculations the impedance of raising and lowering trans- 
formers has been omitted. The transformer resistances and react- 
ances, however, are usually not negligible. They may be 
combined with the line constants to give approximately correct 
results by simply adding the equivalent values, of resistance and 
reactance of transformers per line to neutral, to the corresponding 
constants already found for the line alone. This method of 
including the impedance offered by the transformers neglects 
the effect of the exciting current of the transformers, and is 
therefore not strictly correct. A method in which the admit- 
tance of the transformer exciting circuit is also taken into 
account will be found in a later chapter. 

The constants of transformers are obtainable from the manu- 
facturer, and are usually expressed as a percentage of the trans- 
former voltage. They may be calculated in terms of either 
the high-side or the low-side voltage. For transformers of the 
types and sizes used in transmission line work, the resistance drop 
will probably be in the neighborhood of 0.6 per cent, and the 
reactance drop about 7.5 or 8 j^er cent. 
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Consider a three-phase line whose kilowatt power output per 
leg is 

Pr ~ Erir COS Br X (340) 

where 

Er = receiver-end line voltage to neutral 

and 

Ir = receiver-end line current. 

Then, if 

dx = transformer reactance drop in per cent of the high- 
side voltage 

dr = transformer resistance drop in percentage of the high- 
side voltage 

X = equivalent reactance per leg of lowering transformers 
r = equivalent resistance per leg of lowering transformers 


we have, 



dx xIt 

100 “ Er 



or 

% 

II 

(341) 

Similarly 

II 

o 

(342) 


Substituting the value of Ir from Eq. (340) into Eqs. (341) and 
(342), 


'[0~^E^ COB Or ’ dx , 

— p — — ohms 

I r 

(343) 

10~®P? cos Or - dr , 

ohms 

r 

(344) 


The constants for the raising transformers at the supply end 
are found in a similar manner. The sum of the lowering and 
raising transformer reactances is then added to the line reactance* 
to give the equivalent reactance for the entire line including 
transformers. The equivalent line resistance is obtained in an 
exactly similar manner. The solution of a line problem may then 
be carried forward in the manner already indicated for the various 
approximate methods. 

PROBLEMS 

1. A 36-mile, 60-cyclc, three-phase line has three 0000 solid copper con- 
ductors of 0.533-in. diameter, supported at the vertices of an equilateral 
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triangle that is 6 ft. on a side. The resistance of each conductor is 0.26 ohm 
per mile. Consider the capacitance of the line as concentrated at the mid- 
dle. If the receiver voltage is held constant at 60 kv./ what is the supply 
voltage: (a) at no load? (b) at full load of 16,000 kw. and 85 per cent lag- 
ging power factor? (c) What is the line loss at full load? 

2. Recalculate (a), (6) and (c) of Problem 1 neglecting charging current. 

3. A three-phase, 60-cycle line, 106 miles long, has the following constants 
per mile : 

r = 0.130 ohm 
X = 0.806 ohm 
6 = 6.12X10“«mho. 

The full-load receiver input is 60,000 kw. at 86 per cent lagging power factor. 
The receiver voltage is held constant at 154 kv. F or full-load receiver input, 
calculate by Dr. Steinmetz' split-condenser method the following supply-end 
quantities : (o) voltage, (6) current, (c) power factor. What is the per cent 
line loss at full load? Using the receiver voltage as the axis of reference, 
draw vector diagrams showing the various component voltages and currents 
that combine to make the supply voltage and the supply current. 

4. Recalculate Problem 3, assuming the total line capacitance to be con- 
centrated in the middle of the line. Assuming the split-condenser method 
to give correct results, calculate the per cent error in each of the quantities 
called for m Problem 3. 
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LONG-LINE EQUATIONS. EXACT SOLUTION 
LONG TRANSMISSION LINES 

The Electric Circuit. — When dealing with the electric circuits 
of three-phase transmission lines it is most convenient to consider 
only one leg of the circuit, that is, one line conductor whose 
potential above ground is the potential to neutral. The circuit 
under consideration may then be pictured as in Fig. 60. It 
consists of an infinite number of elemental circuits in series, paral- 
lel grouping. Since the line conductors are of uniform section 
and, on the average, are spaced throughout the line at a constant 
distance from the other conc^uctors of the line, each elemental 


r jx 



Neuirol 

Fig. 60. — Transmission line with distributed constants. 


length of the series circuit has a fixed resistance, and a fixed 
inductive reactance, constituting the series impedance of an ele- 
ment. Associated with the same element is a shunt circuit having 
a resistance and condensance in parallel, constituting the leakage 
conductance and susceptance of the element respectively, the 
two together forming the admittance of the leakage path. 
Between any two adjacent elements there is a drop of potential 
in the series circuit, due to the line current flowing in the imped- 
ance of the element, and so the potential to neutral at the begin- 
ning of the first element differs from that at the beginning of the 
second element, both in magnitude and in phase position. 
Likewise, the current in the first element differs from that in the 
second element by an amount equal to the current which flows 
in the admittance of the shunt circuit between them. In general, 
the current in the line therefore also varies from point to point 
both in size and in phase position. 

134 
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One exception to the above statements is to be noted. This 
occurs when the voltage impressed between line conductors, 
and the current flowing in them^ are of such values per unit length 
of line that the energy, stored in the magnetic field of the line 
during one-half cycle, is exactly equal to the energy released from 
the dielectric field during the same half cycle. Under these 
conditions, if the power factor of the receiver circuit is unity, 
no reactive power flows in any part of the line, the current in all 
parts of the line is the same, and the line drop is pure rl drop, 
in phase with the current at all points. 

If one were to draw a diagram showing the vector values of 
voltages and currents along the line for given values of receiver 
load current and voltage, using a line conductor itself as one 
axis of a three-dimensional diagram, the result would be a 
picture somewhat as shown in Fig. 61. The surfaces formed by 


I 



Fig. 61. — Pereportive drawing of current and voltage vectors along a trans- 
mission line. 

the current and voltage vectors are warped surfaces; the surface 
elements at any point in the line are the current and voltage 
vectors, and the angle between them is the power factor angle 
at the point in question. 

The difference between the vector impedance drops of adjacent 
elements, or between the vector currents in adjacent elements 
of a line, is small. In short-line calculations the approximations 
made usually consist in assuming that the current flowing is the 
same, and that the impedance drop is constant, for all elements. 
In medium-length lines the line is sometimes divided into two 
equal sections with the above quantities assumed constant for 
each section but having different values for the two sections, as 
illustrated by the discussion of the previous chapter. In long 
lines, however, these differences existing cannot be neglected if 
accurate results are desired. 

Approximate Methods. — While several of the approximate 
methods of Chap. VII yield results sufficiently accurate for 
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lines up to any length yet built in this country, and for the highest 
frequencies now used, yet the only ultimate check on the accu- 
racy of these methods is the exact mathematical solution, and it 
therefore seems well worth while to always make this check on 
important lines. Furthermore, the exact method is not as difficult 
to apply as many engineers seem to think, and it is believed it 
will come into more general use as it is better and more generally 
understood. 

The Fundamental Differential Equations. — In the discussion 
which follows one leg only of the transmission circuit will be 
considered. All voltages will be referred to neutral, and the 
length of line will be considered positive in the direction from 
receiver end to generator end. 

At any point p, a distance I from the receiver end of the line, let 

I vector current in the line conductor 

E = vector potential difference from conductor to neutral 

and let the constants per mile of one line conductor be as follows: 

ri =» resistance of line conductor. 

aji = inductive reactance of line conductor. 

Zi — ^r\ + x\ — numerical impedance of series circuit. 

2^1 as n + jxi — complex impedance of one conductor. 

gi = conductance of the shunt leakage path per conductor. 

bi = susceptance of the shunt leakage path per conductor. 

yi ^ \/gl + bl = numerical admittance of the shunt leakage 
path per conductor. 

y'l = complex admittance of one conductor to 

neutral. 

The changes in voltage and current occurring from point to 
point in the line are readily illustrated. For example, let the 
vector voltage from line to neutral at a point I miles from the 
receiver, referred to the receiver voltage as zero vector, be 

E — El + jE 2 vector volts. 

If the vector current at the same point is 

I = Ii — jl 2 vector amp. 

the drop dE^ due to the current flowing in an elemental length 
dl of the line, is 

dE (/i - jl2){ri +jxi)dl 

= (/iri + l2X\)dl j{lix^ — l2r\)dl vector volts ( 345 ) 
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and the potential difference from line to neutral at I + dl miles 
from the receiver is 

E + dE = + {IiTi + IiXi)dl -i- j[Ei + (7i®i + •f2ri)(K] 

vector volts. (346) 

The current in the leakage path of the element dl is 
dl = (El +jE2)(jgi +jb,)dl 

= (Eigi — E^\)dl + vector amp. (347) 

The positive sign is used with dl because the charging current 
increases in the positive direction of 1. 

The current in the line, at a distance I dl miles from the 
receiver, is 

/ + dJ = /i + {E^g^ - E2bx)dl - j[h - (EM + E^gM 

The vector diagram showing these voltage and current incre- 
ments of an element of line is shown in Fig. 62. 



Fig. 62. — VoltaRe and current diagrams for element dl of line. • 


Using the more general form of notation, the increments, of 
vector-voltage rise in the element of the series circuit, is 

dE = IZidl 
or 

dE 


dl 


= IZi 


(348) 


and the current, leaking to neutral from length dl of line, is 

dl = EYidl 

dl 


dl 


= EYi. 


or 


(349) 
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Equations (348) and (349) are the fundamental differential 
equations of the circuit under consideration. Their solution 
will give the desired values of I and E at any point in the line. 

Solution of Equations. — Differentiating Eq. (348) with respect 
to I, 


d^E „ dl 
dP ^dl' 

(360) 

Differentiating Eq. (349) with respect to 1, 


dH dE 

dV ^dl 

(351) 

Substituting Eq. (349) in Eq. (350), 


d^E 

(352) 

Substituting Eq. (348) in Eq. (351), 


dn „ „ , 

w = 

(353) 


It will be observed that Eqa. (352) and (353) are alike in form, 
and must therefore have the same general solution. Whatsoever 
differences appear in the values of E and I will result from con- 
stants of integration, i.e., from assumed terminal conditions. 

Multiplsdng both sides of Eq. (353) by ' 


di dn di 

dl'dl^ ^^ dl’ 

(354) 

Integrating Eq. (354), 

1/d/y YiZiI^ c* 

2\dl ) 2 2 

(355) 

the last term representing the constant at integration. 

Let 

c = YiZic\. 

Then, from Eq. (355), 

• = VEiZiVP + c? 

(356) 

or 

dl 

V/*+c? -y/YiZ^-dl 

(357) 
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Equation (357) may be integrated by making the following 
substitutions: 

Let 


Then 

and 


I ^ Cl sinh u 
dl = Cl cosh u • du 


y/ P + c\ = Ci-x/sinh^ u + 1 = Ci cosh w. 


Making these substitutions in Eq. (357) and solving for u, 

Jdw = y/YiZifdl + C2 
or 

u = Vy\Z\l + C 2 (358) 

and 

I — Cl sinh (\/YiZiI + C 2 ). (359) 

Differentiating Eq. (359), 

^ = VY\ZiCi cosh (y/YlZil + c*). (360) 

Substituting Eq. (349) in Eq. (360) and solving for E, 

E = c^sh {\/YiZil + C 2 ). (361) 

Equations (359) and (361) are the desired equations for / 
and E in which it remains to determine the constants Ci and C 2 
from known terminal conditions. 

In power transmission problems the current and voltage at the 
receiver end of the line are usually known or may readily be 
estimated. If I be taken as positive in the direction from receiver 
to generator, the assumed known terminal conditions (for Z = 0) 
are 

2? = Er the receiver vector voltage 

and 

7 = /r the receiver vector current. 

Expanding Eq. (359), 

7 = Cl (sinh \/Y\Zd • cosh C 2 + cosh y/YiZih sinh C 2 ) (362) 

or, since 

7 = 7r for Z = 0 
7r ~ Cl sinh C 2 
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and 


Expanding Eq. (361), 


sinh Ca = 


Cl 


( 363 ) 


^ (cosh \/YiZ\l cosh + sinh \/YiZiI sinh C 2 ) (364) 


and since 

E = Er when ? = 0 

Er = ^2 

or 

cosh ■ (365) 

Substituting Eqs. (363) and (365) in Eqs. (362) and (364), 

E = E, cosh VYiZil + sinh VTlZil (366) 

I = Ir cosh VFiZiI + sinh VY^J.. (367) 

Since Er and /r, respectively, represent the voltage to neutral 
and the current in a line conductor at the receiver or load end of 
the line, E and I of Eqs. (366) and (367) are the corresponding 
quantities at any point on the line a distance I from the receiver 
end. If the assumed known conditions be taken at the supply 
end of the line as Ea and lay instead of at the receiver end, then, 
since the distance along the line is now measured in the direction 
of the flow of energy, that is, from generator towards receiver, I 
becomes negative. Remembering that 


cosh \/YiZi{--1) = cosh \/YiZil 

and 

sinh VY[Zi(-l) = - sinh VY^Zil 


it is apparent that, with the new set of terminal conditions, the 
general equations of the line become 

E ^ E. cosh VY^il - sinh \/T[Zil (368) 

7 = 7. cosh VYiZ'iI - sinh VYyZ^il. (369) 
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These equations yield the current and voltage of the line at any 
point distant I units from the supply end and in terms of the cur- 
rent and voltage at that end. 

If the impedance and admittance of the entire line be used 
instead of the values per unit of length, the substitutions given 
below are required. 

Z — Zil = the total series impedance on one conductor. 

Y = Yil — the total shunted admittance of one conductor. 

When these substitutions are made, Eqs. (366) and (367) become 

E. = Er cosh -s/YZ + IryjY sinh VYZ (370) 

I. = Ir cosh VYZ + Eryj^ sinh \/YZ. (371) 

Equations (370) and (371) are the general equations for the entire 
line in terms of the assumed known values of Er and Ir* The 
equations are not only exact, but are very convenient to use in 
the solution of transmission-line problems. 

The notation of Eq (370) and (371) may be somewhat simpli- 
fied by writing 

E, = ErA + IrB (372) 

I. = IrA + ErC (373) 

where the complex numbers A, B and C are derived or auxiliary 
line constants. 

Still another variation in the form of these equations is obtained 
by expressing the various complex numbers involved by their 
respective cartesian components. Using the vector Er as the 
zero or reference vector, the equations become 

Ea = El jE2 

= Er{ai +^ 0 ^ 2 ) + {rll — jrl 2 ){bi +^* 62 ) (374) 

la = all +i«72 

= (r/l — jrl2){0'l jO'2) + Er(Ci + 7 ^ 2 ) (375) 


A = ai +ja2 
B = bi + jb2 
C ^ Cl + jC2 


where 
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are the complex, derived line constants, and 

Ea ^ JEi +^’*^2 

la = all + jal2 

Er ^ Er “h jO 

Ir ~ rll “ jrl2» 

When it comes to the study of line performance, Eqs. (374) and 
(375) are probably the most helpful of any. With their use one 
may readily draw the loci of current and voltage vectors for any 
loads and power factors. The method will be discussed in detail 
in another chapter. 

Derived or Auxiliary Line Constants. — The symbols used in 
the simplified form of the above equations are interpreted as 
follows: 


A = cosh \/YZ 

= tti + j(i 2 , a complex number (376) 
B = ^ sinh VYZ 
= Zo sinh y/ YZ 

= 6i + i52, a complex number (377) 
C = ^ sinh VfZ 
= Yq sinh ^/YZ 

= Cl + jc 2 , a complex number. (378) 


It may be noted also that 


and 



a complex number, called the 
surge impedance of the line, 

(379) 


1 a complex number called the 
Zo surge admittance of the line, (380) 


y/YZ = e 

= a + jPf a complex number called the 
complex angle of the line . (38 1 ) 
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The complex numbers A, B and C are called the derived or 
auxiliary constants of the line. They are hypprbolic functions 
of the complex line angle y/YZ i^ubtended by the line, and depend 
only upon the fundamental line constants r, g, L and C and the 
frequency. Since the values of r, gr, C and L are directly pro- 
portional to the length of the line, the derived constants also are 
a function of the length. The surge impedance and the surge 
admittance are both independent of the length of the line. They 
depend only upon the values of resistance, inductance, conduct- 
ance and capacitance per unit length of li ne. 

The Complex Line Angle $ ~ y/YZ. — Since, in general, Z 
and Y are complex numbers, it follows th at the s ame is true of 
the line angle 6, Also, since y/YZ = y/YihZiU the unit line 
angle di — 6 I = y/ YiZv That is, associated with each unit 
length of a smooth line having uniformly distributed constants 
ri, gif Li and Ci per unit length of line, an d oper ating at a fixed 
frequency, is a unit complex angle di ~ y/YiZi- It consists of 
a real part or hyperbolic component, and an imaginary part or 
circular component. Custom has established the use of the 
symbols ai and /3i respectively, to represent these components. 
Hence the unit line angle may be written as 

^1 = y/YiZi = ai +ii3i. (382) 

Multiplying this equation through by the length of line and writ- 
ing a = ail and /3 = fiilj the complex angle of the whole line is 

e = y/YZ = a +jfi. (383) 

The real part a is measured in hyperbolic radians, while the imag- 
inary part 0 is measured in circular radians, is reduced to 
degrees by multiplying by 57.296, the number of degrees in a 
radian of circular measure. 

Surge Impedance. — The surge impedance of a smooth, alter- 
nating-current line is defined by Eq. (379) as 

Zo = 

The operation indicated by the right-hand member of Eq. (384) 
is most readily performed when the polar form of expression is 
employed. This notation yields the expression, 
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where 


and 


Zo 



^ 2 ^^ vector ohms 
Zo (cos y + j sin 7) vector ohms 


6g = tan~^ ^ 
r 

$y = tan“^ ^ 

g 

y = ^v) radians. 


(385) 

(386) 


(387) 


It is apparent from Eq. (379) that the surge impedance also 
is independent of the length of line, but is determined solely by 
the values of r, Z/, g and C ber unit length of line, and by the 
frequency. For 60-cycle lines of usual construction, the size of Zo 
usually lies between 350 and 400 ohms. The angle 7, called the 
chardcterhtic phase angle of the line, has a small, negative value 
of from 3 to 6^ for very heavy, high-voltage lines, while for 
lighter lines and lower voltages it may be as high as 15 lo 20°. 

The surge impedance of a smooth line is equal to the impedance 
which would be measured at the generator end of the line if its 
length approached infinity. For, since by Eq. (368), 

Er = Es cosh VYZ - /.Zo sinh y/YZ 

the receiver voltage approaches zero as the length of line approaches 
infinity. Hence, for very large values of I, 

I^Zo sinh \/YZ 

Zo tanh \/YZ 
Zo 

Zo (cos y + j sin 7) 


and 


Es cosh \/YZ = 


since 


tanh oc 


1 
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The surge impedance of a line may be calculated from measure- 
ments of the line impedance taken at the supply end, (a) with the 
receiver end open, and (b) with the receiver end short-circuited. 
It is found to be the geometric mean of the supply end impedances 
calculated from the above two sets of readings. The proof of 
this relation follows. 

When the receiver circuit is open the receiver current is zero, 
and hence, for this condition, by Eqs. (366) and (367), 

E, = Er cosh s/YZ 
I. = ErY^ sinh y/YZ 
or 

Zo, « = Zo coth y/YZ. 

J 9 


Similarly, when the line is short-circuited at the receiver, the 
receiver voltage is zero and 


or 


whence 

or 


E. = IrZo sinh VYZ 
It = Ir cosh \/FZ 

= Zo tanh y/YZ 

■I9 

Z\ = Zoc X Z^c 
Zq = y/Zoc X Zsc» 


It should also be noted that if the leakage conductance and the 
resistance are negligibly small as compared with the susceptance 
and the inductive reactance, respectively, the numerical value 
of the surge impedance reduces to 


Zo 



vector ohms 


and its angle approaches zero. For heavy power lines using 
conductors of large areas, the resistance per mile is very low, while 
the values of the reactance and susceptance per mile are practi- 
cally independent of the size of the conductor employed; for a 
given frequency they are nearly constant for all lines, since the 
spacing of the conductors is approximately proportional to the 
line voltage. 
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Surge Admittance. — The surge admittance is the reciprocal of 
the surge impedance. It is 

i vector mho. 

= 2/o(cos y —J sin 7) vector mho. (388) 

Its size is the reciprocal of the size and its slope the negative of the 
slope of the surge impedance, 

1 

2/0 = ~ 

Zo 

and 

&v0 = 


Solution for a and p. — In terms of the line constants r, x, g and 6, 
the values of a and 13 may be obtained as follows:^ 

• a + = \/YZ 

= V(r+jx)Jg +jb). (389) 


Squaring Eq. (389), 


or 

and 


+ 2jafi — • — fex + j(br + gx) 

^ — gr hx 
2aP = 6r + gx. 


(390) 

(391) 


Squaring Eqs. (390) and (391) and adding, 

(^2 + ^2)2 = (^2 + ^2) (^2 + 52) 

== zV 


or 

4- ^2 ^ zi/. 


(392) 


Adding Eqs. (390) and (392) and solving 


a = hyperbolic radians. 


Subtracting Eq. (390) from Eq. (392) and solving, 



— gr + bx) circular radians. 


(393) 


(394) 


If the insulation of the line is so good that the leakage con- 
ductance may be taken equal to zero, the condition which usually 
' Stienmetz, C. P,, “Transient Phenomena,’^ 3d ed., p. 292. 
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prevailB in high-tension power lines, then 9 » 0 and y b. 
On the basis of this assumption, the equations for a and jS reduce 
to 


il 

1 

(395) 

/5 = + »)• 

(396) 


Since, for power lines, 2 and x are usually nearly equal in size, 
the square root of their difference becomes a somewhat uncertain 
quantity. Accordingly, it is not always convenient or desirable 
to use Eqs. (395) and (396) to evaluate a and jS. In such cases 
it is preferable to obtain thes e qua ntities directly by performing 
the operation indicated by -s/YZ. The polar expression for the 
angle will serve best for this purpose. 

Representing the impedance and admittance angles of the line 
by 

Bm — tan“‘ ® 
r 

and 

By = tan“‘ ^ 

^ . 9 

and putting 

S = ],{9, + By) 


the polar expression for Ihe line angle becomes 

« +il3 = VYZ = b^)/l{9.+ey) (397) 

= BIS vector radians (398) 

where, in size, 

0 * +'b2). (399) 

Upon again reducing Eq. (398) to rectangular coordinates 
and equating reals and imaginaries separately, the values of a 
and 0 are found to be 

a — 0 cos B hyperbolic radians 1 ^400^ 

• ^ sin 5 circular radians ^ 

Again, when g is approximately equal to zero, the values of d and 
B are, approximately, 
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and 


0 ** \/bic (401) 

8 = I + I’- (402) 


Variation of a and fi with Line Constants and Frequency. — 

It is of interest to consider the manner in which a and /3 vary with 
the constants r, L, g and C and the frequency. If the frequency is 
zero, then (x = wL) = 0 = (6 — wC), 


whence 

where 

Therefore, 

and 


8 = V(r + j0)(.g + jOj 

S = ? + tan-i 

= 0 

a = y/ rg hyperbolic radians 
= 0 circiflar radians. 


This condition prevails in a leaky, direct-current line. In such 
lines the voltage and current are attenuated in size but not in 
phase. 

On the other hand, if r = 0 = gf and the frequency is not zero, 
e = \/pbx^ 

= j2irfVLC 


a = 0 hyperbolic radians 
jS = 2Trfy/LC circular radians. 

While the resistance in a power line is never negligible, and a, 
therefore, is not zero, yet as compared with a is very small, 
and is approximately equal to the value given. 

For example, consider a 60-cycle line built of 500,000-cir. mil 
copper cable, for which the constants per mile are ri = 8.022, 
X\ = 0.82, bi = 5.2 X 10~®, g = 0 (approximately). The resist- 
ance, being very small as compared with the reactance, will not 
materially affect the value of /3i. The latter is 


and 

Therefore, 
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/Si « 

= 0.00206 radian per mile ' 

= 0.118® per mile. 

This means that the component voltage and current vectors swing 
through an angle of 0.118® per mile of line. 

Forms of Expressions for the Constants B and C. — The 
equations of the long line may be put into a number of different 
forms, depending upon the expressions which are used for the 
constants B and C and upon the grouping of terms. One 
useful form is illustrated in Eqs. (366) and (367). Other useful 
forms are considered below. 

a. The Hyperbolic Forms. — In Eqs. (366) and (367) the constants 
are expressed in terms of hyperbolic functions of the complex 
angle of the line. They are 

A = cosh ^/YZ = cosh (a + jP) ] 

B = Zq sinh y/ YZ = Zo sinh {a + jfi) (403) 

C — Yo sinh y/YZ = To sinh (a + 30) 

If charts^ and tables^ of complex hyperbolic numbers are avail- 
able, the constants may be computed from Eqs. of (403) as they 
stand. In the absence of such aids, and particularly for precise 
calculations, more convenient forms of expression to use are 
those in which only circular and hyperbolic functions of real 
numbers appear. These are obtained by the expansion of the 
sinh and cosh of the complex variable. They are 

A = cosh a cos P + j sinh a sin p 
B = Zo(sinh a cos /3 + J cosh a sin jS (404) 

C = Fo(sinh a cos P + j cosh a sin iS 


With the aid of tables of hyperbolic functions and circular func- 
tions of real numbers and a computing machine, precise calcula- 
tions are easily made from these equations. 

6. Convergent Series Form with Complex Numbers. — By sub- 
stituting for the hyperbolic functions of Eqs. of (403) the appro- 
priate series in y/YZ, writing for Zo and Fo the equivalents 




and simplifying the resulting expressions. 


^Kbnnblly, a. E., “Chart Atlas of Complex Hyperbolic and Circular 
Functions.'’ 

* Kennelly’s “Tables of Complex Numbers.” 
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the complex convergent series forms for B and C are obtained. 
They are 


A ■■ 1 I Y^Z* 

^ ^ 2 ^ 24 ^ 720 


B 


= z( 

-K 


FZ YJZ» 

^ 120 5,040 

FZ F*Z* F»Z» 

^ ^ 6 120 5,040 


(405) 


c. Convergent Series For.m with Real Numbers . — Very convenient 
convergent series forms of expression, using real numbers only, 
are obtained as follows; 


A = cosh (a +jfi) 
= 

and similarly, 

B = 

C = 


(406) 


If, due to the excellence of line insulation, it may be assumed that 
g = 0, then F = jh and 


FZ _ a+i/3 
F* jb 


b 



jS — Ja 


Fo 


i- = 5 

Za — ja 

P +ja 
z 


(407) 


(408) 


By substituting in Eqs. of (406) the corresponding equivalent 
series in place of «“ and for Zo and Fo the expressions 
of Eqs. (407) and (408), respectively, and for and the 
expressions 

= cos /3 + j sin /3 
= cos 5 — 3 sin j8 
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there results, after simplif 3 dng, the rapidly converging series, 





ct^ /V® 

6 + 120 + 5,040+ ■ 

• y sin |3 


OL^ Cp 

4 - “ -i- “ - 1 - “ 4 . . . 

^ 6 ^ 120 ^ 5,040 ^ 

COB /3 

+il 

+ . . 

^ ^ 2 ^ 24 ^ 720 ^ 

sin jsj 

p +i«r/ 

, a® , a® , , 

COB |8 

* LV“ 

+ 6 + 120 + 5,040+ ■ ■ 

+ il 

( a® 

0 + 2+^ + 72O+ • ■ 

sin |9 j 


(409) 


Thcr errors introduced by omitting powers of a above the 
second, or at most the third, will usually be negligible. Hence, 
for practical calculations the constants are readily evaluated 
from Eq. (409) if desired. 

Generalized Line Constants of Equivalent Networks.^ — When 
networks consist of various combinations of series and parallel 
groupings of their constituent elements, it is frequently desirable 
to combine the elements into a simple equivalent network having 
only the usual generalized constants. When a single line alone 
is considered, the supply-end voltage and current are given by 
the equations, 

Es = EyA. + IrB 
I. = IrA + ErC, 

Frequently, however, a transmission network may consist of two 
or more lines in parallel; or a line having certain characteristics 
may be connected in series with another having different charac- 
teristics. Transformers form an essential part of a transmission 
network, and their impedances must be considered in evaluating 
potential drops, etc., between receiver and supply busses. Some- 
times it is desirable to include either generator impedances or 
load impedances as series impedances in the general equations 
of the line. Again, it may be required to include the impedance 
of a shunt circuit with that of the line. The shunt may be at 
either end of the line or at some intermediate point, depending 

^ Evans and Sels, Elec, Jour., July, 1921 : Tram., A. I. E. E., pp. 33 to 
35, 1924. 
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upon the nature of the problem. The problem rapidly becomes 
very complex and unwieldy as the number of elements increases. 

In general, however, equivalent constants Aq, Bo, Co and Do can 
always be found, such that the supply voltage and current for 
the network are given in terms of the receiver voltage and current 
and the equivalent constants, by the equations. 

Eg = EfAo “h IrBo ^41 O'! 

h = IrDo + ErCo ^ ^ 


The constants having the zero subscripts are constants of the 
equivalent simple system, replacing the more or less complex 
network. The constant Do is introduced to take care of the 
general case, for D and A are equal only in cases in which the 
equivalent line is symmetrical about its center. 

The generalized or equivalent line constants will be worked 
out for a number of cases. 

a. Series Impedance Circuit , — If the circuit under considera- 
tion is a simple series impedance Z, as for example, a short trans- 
mission circuit in which the cg,pacitance of the cables is negligible, 

then, 

Eg = ErAo -j- IrBo — Er “1" IrZ 

and 

li = IrDo + ErCo = /r "h 0 


whence, for this case. 


^0 = 1, Bo = Z 

Do = 1, Co = 0 


( 411 ) 


b. Shunt Admittance Circuit , — When the circuit consists of a 
shunt admittance F, only, the voltage is the same on both sides 
of the admittance, but the currents on the two sides differ. 
Applying the general equations. 


Eg = ErAo “h IrBo = Er 4" 0 
/. = IrDo + ErCo = /r + ErY 

whence 

Ao = 1 , Bq = 0 

Do = 1, Co = Y 


( 412 ) 


Using these two simple circuits as a foundation, the generalized 
constants for various series-parallel combinations of circuits may 
be evaluated. 
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c. Networks in Series , — Figure 63 represents two transmission 
lines or other networks in series. It is assumed t^at the constants 
of the separate networks are A^^SyC^o^ 

known, and that it is desired 
to find the constants of the 
equivalent simple network. 

The constants of the two sepa- _±^ 
rate components carry the 
subscripts 1 and 2. «3-NetworkB In aerie.. 

Beginning at the receiver end and writing the equations for 
voltage and current at the junction of the two networks, 


<■ 2 > 

♦ 1 



_T_^J 

NtuiraJ 


& 


El = ErAl + IrBi 
h = IrDi + ErCi 

Similarly, 

Eg = E1A2 “h I1B2 
Ig = I\D2 + E 1 C 2 

By eliminating Ei and h from Eqs. (413) and (414), we find that 
Eg = Er{AiA2 + B2C\) + Ir{A2Bi + B 2 D 1 ) 

and 

h = Ir{BiC2 + D1D2) + Er{AiC2 + C 1D2) 

Therefore, 

Ao = A1A2 “1“ B2O1 
Bq = A2B1 B2B1 
Co == A iC 2 + C1D2 
Do = B1C2 “H D1D2 


(413) 


(414) 


(415) 


(416) 


pi — \AM MA/W|^ 


-4- 
1 _ 






Neufra! 


A;,>B2\ 


3=®- 


.±. 


d. Networks in Parallel , — 
Figure 64 represents two trans- 
mission lines or other net- 
works in parallel. The con- 
stants of the separate networks 
are designated by the sub- 
scripts 1 and 2 indicated in 
the figure. 

The drop in potential be- 


rCj’i?? 

^ — >/W\AMA/V“LqQO{K^/^^ 

Fig. 64. — Networks in parallel. 

tween the ends of the circuit is the same via either branch; hence 
Eg ==ErA,+ llBi = ErA2 + /;B2. (417) 

The currents at the supply ends of the two branches are 

/;= I'^Di + ErCi \ 

r: = n'z). + SrC^ \ 


( 418 ) 
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However, 

Ir^l'r+t: 



and 

I, = i: + 1': , 


(419) 

From Eq. (417), 





7/ _ IrB2 — 5r(Ai — A 2 ) 

(420) 



+ B 2 


Eliminating I'r from the first part of Eq. (417) and simplifying 
yields 


1 -^2 A 2 B 1 ) , 

B\ + JB2 + 52 


(421) 


Adding Eqs. of (418), writing and Jr in terms of Ir and 
simplifying, 


j _ Ir^BxD^+B^Di) , jj, 
J -9 D ID “r-C^i 


r ^1+^2- 


(Ai-A2)(Z)2- 


5i + 52 
Accordingly, for this case, 

A. 1 B 2 “f" A 2^1 


5i + B 2 




(442) 


Ao = 
5o = 


5i + 52 
5 i52 


5i + 52 


r — r \ c I A2)(Z)2 — D\) 

Co - Cl + C2 + 


5o = 


B 1 D 2 “f” B 2 D 1 

bTTbT^ 


(423) 


c. Transmission Line and Series Impedance at Supply End , — 
This is a special case under (c). The equivalent constants are 
given by Eqs. of (416), in which quantities having the subscripts 
1 now refer to the line, while those having the subscripts 2 refer 
to the series impedance at the supply end. For the series imped- 
ance, Z„ at the supply end, the generalized constants have the 
values given by Eq. (411). Substituting these values in Eq. 
(416) for the corresponding constants having the subscripts 2, 
and remembering that Ai = A, 5i = 5, etc., yields 

Ao = A + CZ. 

5o = 5 + AZa 
Co = C 
Do = 5 = A 


( 424 ) 
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/. Transmission Line and Series Impedance at Receiver End . — 
TUs is a special case under (c). The equivalent constants are 
again given by Eq. (416), in which constants having the sub- 
scripts 1 now refer to the receiver series impedance Zr, whUe 
those having the subscripts 2 refer to the line. Proceeding as 
before, 


Ao = A 

Bo — B AZr 

Co = C 

Do = A -|- CZr 


(425) 


g. Transmission Line and Series Impedance at Both Ends . — 
Contained in the circuit between generators and load, the usual 
transmission circuit includes supply-end and recciver-end trans- 


\._S^p-Up 

Transformers 


t __iransmisston Siep-Dowrr j 

A b'^cd j ' ' n 

! ! t I 1 ! 






^3 


IT© 




0 
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Fig. 65. — Transmission line in series with transformer impedances. 


formers in addition to the line itself. It is therefore desirable to 
have equivalent generalized lino constants for this case. If 
the magnetizing currents and the losses in the transformers be 
neglected, the equivalent transformer circuit becomes a simple 
series impedance. We then have the problem of evaluating equiv- 
alent constants for a circuit consisting of the transmission line 
itself, plus a series impedance, Zr, at the receiver end, plus a 
series impedance, Z«, at the supply end. Zr and Z^ may represent 
the receiver-end and supply-end equivalent transformer imped- 
ances, respectively. The elements of this circuit are repre- 
sented in Fig. 65. This is also a special case of impedances in 
series and falls under (c). 

Following the usual procedure, the equations for each section 
are written. Thus, for the first section, 

5t= ErA-\ -|- JfSi 
/2 = IfDl + ErC\ 


( 426 ) 
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for the second section, 

Ez = EzA .2 H“ I2B2 
/a = I2D2 “h E2C2 

and for the third section, 

E» — EzAz + IzB% 
Ib = IzDz + EzCz 


(427) 

(428) 


Eliminating E2 and h from Eqs. (426) and (427) will yield two 
equations in Es and Iz. Using these two equations and Eq. 
(428) and eliminating Ez and Iz therefrom yields two equations 
in Eaj ley Er and /r. Putting these resultant equations into the 
usual form yields the equivalent constants 

Ao = Az{AiA2 + C1B2) + Bz{A\C2 + C1D2) 

Bo = Az(BiA2 + D1B2) + Bz{BiC2 + D1D2) {AOQ'\ 
Co = C 3 (AiA 2 + C1B2) + Dz{A,C2 + CiZ)2) 

Do = Cz{BiA2 + DiB^ + Dz{BiC2 + D1D2) 

The constants designated by the subscripts 1, 2 and 3, are 
already known. From (a) the constants with the subscripts 1 
and 3 may be identified. They are 

Ai = As == 1 
Bi = Zr 
Bz = Za 
Cl = Cs = 0 
jDi = Dz — 1. 


The constants carrying the subscript 2 are the Ay By C and Z> 
of the line itself, in which, of course, A = D, Substituting the 
above equivalents in Eqs. of (429), the resultant constants of 
the equivalent networks are found to be 

Ao = A + CZa 

Bq = B -\- A{Zr + Zt) + CZfZa 

Co = c 

Do = A + CZr 

h. Transmission Ldne and Transformers at Both Ends Including 
Exciting Current of Transformers. — This is a case of combined 
series impedance and shunt admittance at each end of the line, 
plus the line itself, Constants for this case will not be worked 


(430) 
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out here. These constants, if desired, may be found in the refer- 
ence given at the opening of this article. 

Illustrative Calculations. — It will be helpful at this point to 
illustrate the method of calculating the various constants 
of a line by the use of a numerical example. Let it be required 
to find the constants of a 100-mile, 60-cycle line built of No. 
000 copper wire, having the following constants per mile of one 
conductor to neutral : 

ri = 0.326 ohm per mile ffi = 0 mho per mile 

X] = 0.818 ohm per mile fei = 5.24 X 10“* mho per mile 

I = 100 miles. 

a. Unit Line Angle d = -y/YtZi . — 

Zi = ri +jxi 

= 0.326 + j0.818 vector ohms 
or, using the polar form of notation, 

Zi = Zi^ta,n~^y 

= 0 . 880 .'> 7 ^ 68 °, 1 ^ 6 '. 

Similarly, 

71= 5.24 X 10- V90°, 0.0 '. 

Then 

YiZi = 0.88057 X 5.24 X 10- V68°, 1 6.26^ + 90° 

= 4.6142 X 10-71 58°, 16.26' 

and 

+ jfii = y/ YiZi 

= ^+^42' X 10-» /^(158°, 16.26') 

= 0.0021481 /79°, sir . 

In rectangular coordinates, 

«i +J/3i = 0.0021481 [cos (79°, 8.13') +j sin (79°, 8.13')] 

= 0.0021481(0.18848 +y0.98208) 

= 0.00040487 +J0.0021096 
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«i = 0.00040487 
/Si = 0.0021096 

and 

a = a-iZ = 0.040487 hyperbolic radian 
P — Sil — 0.21096 circular radian. 

b. Surge Impedance and Surge Admittance. 

_ 0.8805 7/68°, ^.26' 

Fi “ K24 X 10-* 7^°, o.6o ^ 

= 168,050 7-90° + 68°, 16.26 ' 

= 168,05 0/ -(21°, 43.740 

= Vi6Mm/ -^(21°, 43.740 

= 409. 9/ — (10°, 51.870 vector ohms. 

In rectangular coordinates, 

Zo = 409.9 [cos (10°, 51.870 - j sin (10°, 51.870] 

= 409.9(0.98208 -i- jO. 18850) 

= 402.6 — j77.27 vector ohms. 

The surge admittance is 

- i = 

= 0.002439 /10°, 51.87' . 

In rectangular coordinates, 

Fo = 0.002439(0.98208 +i0. 18850) 

= 0.0023970 + ,70.00045975 vector mho. 

c. Constants A, B and C. 

A = cosh a cos ^ j sinh a sin jS 
B = Zo (sinh a cos /3 + J cosh a sin /8) 

C = Vo (sinh a cos 0 +j cosh a sin /3) 
cosh a = cosh 0.040487 = 1.00082 
sinh a = sinh 0.040487 = 0.040498 
cos /3 = cos (0.21096 X 57.2958)° 

= cos 12°, 5.22' = 0.97783 
sin fi = sin 12°, 5.22' = 0.20939 

A = 1.00082 X 0.97783 + i0.040498 X 0.20939 
= 0.97863 + jO.0084799 
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that is, 


tti ^ 0.9T863 
02 = 0.0084799 

B = (402.6 - i77.27) (0.040498 X 0.97783 +^1 .00082 

X 0.20939) 

= (402.6 - i77.27) (0.039600 +i0.20956) 

= 32.1357 +i81.3090 
bi = 32.1357 
ba = 81.3090 

C = (0.0023970 +i0.00045975) (0.039600 +y0.20956) 

= -0.0000014240 +i0.00052052 
Cl = -0.0000014240 
Ca == 0.00052052. 

Physical Significance of the Constants m and Si . — The physical 
significance of the unit constants ai and Si is best shown by an 
interpretation of the exponential forms of the equations of the 
transmission line. These forms are obtained by substituting the 
expressions for the constants A, B and C of Eq. (406) in Eqs. 
(366) and (367). After rearranging, the expressions for the 
voltage and current I miles from the receiving end are found to be 

E = \{Er + + ^^(Er - (431) 

I = i(/, + £r,yo)e“‘V<».' + (432) 

Since these equations are exactly alike in form, only one of them 
will be considered. In Eq. (431) it is to be observed that the 
voltage E comprises the two vectors 


El = \{Er + /rZo)6“.V^.* 

(433) 

Ea = \{Er - 

(434) 


For a given line and for any assumed constant values of 
frequency, receiver voltage and load current vectors, since Zo 
is a function of the fundamental line constants and frequency 
only, the quantities 


\{Er + IrZa) = Ml 


( 435 ) 
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and 

^(Er - IrZo) » M, (436) 

are constant vectors. The notation of Eqs. (433) and (434) may 
therefore be simplified to read 

El = (437) 

and 

Ei = (438) 

It is to be recalled that in these equations I is positive in the 
direction from receiving end to supply en4. 

At the receiver, where I = 0, the exponential terms in Eqs. (437) 
and (438) each reduce to unity, and hence 

Er E -- Mi + M 2 (for I = 0). 

As I increases in length in the positive direction, that is, towards 
the supply end of the line, the component voltages Ei and E 2 
are constantly modified by the exponential operators, each in 
proportion to the distance I from the receiver. The operator 
serves to stretch, or increase, fhe length of the component, while 
the operator serves to rotate it in a counter-clockwise direc- 
tion for positive values of I, The compontot vector E 2 is modified 
in the opposite manner. For positive values of the operator e 
causes the vector to shrink, while causes it to rotate in clock- 

wise direction, each in proportion to Z. 

Viewing the phenomenon from the generator end, and traveling 
along the line in the direction of the flow of energy, that is, towards 
the receiver, the generator voltage is the vector sum of the two 
components Ei and E 2 , which vary with the distance x from the 
generator and from point to point along the line. In the direction 
of positive values of x the component Ei is constantly decreasing 
in length and falling behind in phase position (rotating clockwise), 
while E 2 is constantly increasing in length and gaining in phase 
position (rotating counter-clockwise) ; Ei is the e.m.f . of a wave 
advancing in the direction of the energy flow, while £J 2 is the e.m.f. 
of a reflected wave advancing in the opposite direction. Each 
component wave decreases in amplitude and lags increasingly 
in phase position as it advances. 

A similar discussion holds for the current. 

Attenuation and Wave Length. — From the above discussion 
it is apparent that the amount of shrinkage in the length of the 
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voltage or current vector in the direction of the traveling wave, 
per unit length of line, depends only upon the ifralue of ai. For 
this reason ai has been called the aMenuation constani of the line. 

Similarly, the amount of phase attenuation or phase shift of 
the vector per unit length of line depends only upon the value of 
fii. The length of the line, for which the phase shift of the vector 
is 2t radians, is evidently one wave length X so that 

X - (439) 


P is therefore called the wave length constant 

On page 149 the phase shift for a certain line there considered, 
was found to be 0.118® per mile. The length of this line, for 
which the phase shift of the current and voltage vectors would 
be 360® (one wave length), is 


360 

X = ~ miles (approximately). 


At the half wave-length point, or at 1,525 miles, the current and 
voltage vectors arc just opposite their corresponding positions 
at the beginning of the line. 

The complex number ai + jpx, already referred to as the unit 
line angle, is also called the 'propagation constant^ since it com- 
pletely determines the manner in which the waves of current and 
voltage are propagated along the line. 

Velocity of Propagation. — Since the number of miles of line 
for which the component vectors of current and voltage make one 
complete rotation is X, it follows that in 1 sec. a wave will cause / 
complete rotations of the component vectors, and the velocity 
of propagation of the component waves is 

V = pi 

Pi 

For a line in which there are no losses, for which r — 0 g, 
Pi = 2irf\/LiCi — for such a line the velocity of propagation is 

.. ^ _ M __ 

= ~/^= miles per second (440) 

VLiCi 
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where Li is the inductance per mile of one line conductor, exclusive 
of the inductance due to the linkages within the conductor itself, 
and Cl is the capacitance to neutral, per mile of line. This is the 
maximum attainable velocity of propagation and is equal to the 
velocity of light = 3 X 10^° cm. per second, or, approximately, 
186,300 miles per second. It is also the approximate velocity 
of propagation of electrical impulses in ordinary well insulated 
high-power transmission lines, since in these lines r and g are 
small as compared with x and 6. 

The truth of the above may be verified by substituting in Eq. 
(440) the values of Li and Ci for the case of one conductor of a 
parallel-sided loop suspended in air. For such a loop the induc- 
tance per mile of one conductor, neglecting internal linkages, is 

Li = 0.00074113 logio- 

r 

while the capacitance per mile of one conductor to neutral is 
,, 0.03883 X 10-« 

C, ^ - 

• logi0 7 


whence, substituting and solving 

V = 186,400 miles per second. 


Natural Frequency. — When for any given frequency the ener- 
gies stored per unit length in the magnetic and dielectric fields 
of a line, during alternate half cycles are equal, the line is said 
to be in resonance. The frequency at which resonance occurs is 
called the natural frequency of the line. 

Steinmetz has shown that for a line having uniformly distrib- 
uted constants, the natural frequency is given by the equation 


/ = 


_1 

Wlc 


(441) 


where L is the inductance in henries of the line due to the linkages 
of magnetic flux with emrent, of the magnetic lines threading the 
air loop only (neglecting those within the conductors themselves), 
and C is the capacitance in farads of one conductor to neutral. 
If the Constants L and C be reduced to their corresponding per mile 
values, the above equation becomes 

/= 

41VLiC, 
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Remembering that the velocity of propagation is » = ■ /■- 

' "V LiL 1 

one may write i 

f - h ( 442 ) 

and, since the wave length is X = F it follows that, for the 
frequency of resonance, 

I = 4' (443) 


That is, a line having a length equal to one-quarter wave length 
for the frequency f will be in resonance to this frequency. 

In order to preclude the possibility of the production of danger- 
ously high, induced voltages, such as naturally result from 
resonance, it is necessary to investigate the above relations 
for any proposed line in order to determine whether the line is of 
such length that any frequency likely to be encountered during 
operation would be apt to produce resonance. If investigation 
points to the possibility of the existence of dangerous frequencies, 
means should be found either to eliminate or suppress them. 

For example, the frequency of the fifth harmonic of a 60-cycle 
circuit is 300 cycles per second. Resonance for this harmonic 
takes place in a line of length 


186,300 
4 X 300 


155 miles, approximately. 


Therefore, a 60-cycle line, 155 miles long, would possess the possi- 
bility of giving trouble unless the line were artificially loaded, 
thus alternating its constants. 

In transmission-line practice good engineering usually requires 
the use of transformer connections of a type that will make it 
impossible for third harmonics to exist in the line even though 
they may be quite prominent in the generated voltage wave. 
Grounded neutral systems permit triple-frequency currents to 
flow. Third harmonic voltages result from the magnetizing 
currents of transformers when F-F connected, or from auto 
transformers. For this reason F-F connected transformers 
should not be used. Triple-frequency voltages of dangerous 
values may be avoided by the use of suitable tertiary windings 
in transformers, through which the triple-frequency voltages are 
short-circuited, or by the use of delta-connected auxiliary 
transformers. 
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PROBLEMS 

L A 150-mile, 60-cycle, three-phase line is built of three 350,000-cir. mil, 
concentric-lay copper cables. The line is transposed to balance phases, and 
the equivalent spacing is D' = 12.6 ft. If the resistivity of copper at work- 
ing temperature is 10.5 ohms per mil foot, find the constants, r, x, 5, Zo, 
7o, A, B and C for the line. 

2t The line in Problem 1 is operated with a constant receiver voltage of 
110 kv. and a constant supply voltage of 120 kv. In transformers, 36,000 
kva. are connected at the receiver end and 40,000 kva. at the supply end. 
All transformers have 0.6 per cent resistance and 10 per cent reactance. 
Neglecting the exciting current of the transformers, calculate the equivalent 
line constants Ao, Bo, Co and Do of line and transformers, referred to the high 
sides of the transformers. 

3. If the connected generating capacity is 40,000 kva., and the generator 
synchronous reactance may be assumed constant and equal to 90 per cent, 
what are the generalized line constants including generators? 

4. A.certain three-phase, 60-cycle line has the following constants per mile : 

r = 0.25 ohm fif = 0 mho 

X = 0.81 ohm 5 = 5.1 X 10“®mho 

Calculate the generalized line constants per mile of line, (a) By the hyper- 
bolic form of equations; (6) By the convergent series equations, using real 
numbers, and discarding all quantities involving powers of a higher than the 
second. 

5. A line 300 miles long has the same constants per mile of line as 
the 160-mile line of Problem 1. The supply voltage is 100 kv. Calculate 
the open-circuit current and voltage for each 60-mile interval between 
supply-end and receiver. Plot open-circuit current and voltage as ordinates 
against miles from generating station as abscissas. 

6. What is one wave length of a line having the constants of Problem 1 ? 
Assume a line having these constants to be 3,000 miles long. Let the receiver 
voltage to neutral, and the current be 

Er = 30,000 + jo volts 
/r = 60 — j46 amp. 

Calculate the voltage to neutral and the current for each 200-mile interval 
from receiver to generator. Plot these values against miles from receiver, 
(a) in rectangular coordinates, and (6) in polar coordinates. 



CHAPTER IX 


VOLTAGE CONTROL OF TRANSMISSION LINES 

Generally speaking, alternating-current transmission systems 
are operated with a fixed receiver voltage. This is necessary, 
since approximately constant voltage is required at the distribu- 
tion center at all loads. Slight variations in voltage between 
the distribution center and the ultimate consumer, due to load 
changes, are taken care of by feeder regulators. 

Voltage Control by Generator Excitation. — Constancy in the 
value of receiver-end voltages may be maintained, within practical 
operating limits, by varying the excitation of the generators to 
suit the load and power factor conditions. This method is quite 
generally used in short lines. As the load in the line increases, 
the generator excitation is increased to the point where the addi- 
tional line drop is compensated for by the additional voltage 
generated. Under falling loads the reverse action takes place. 
By the use of automatic voltage regulators, properly compounded 
to compensate for changes in loads, and operating on the exciters 
of the generators, the operation of the line may be made quite 
automatic. 

While this method of voltage control is satisfactory for rela- 
tively short lines, it is not applicable to linos of great length 
because the required difference in voltage between no-load and 
maximum-load conditions Becomes excessive. Considerable 
swings in voltage at the generator end of the line are undesirable 
in themselves, but even aside from this objectionable feature, a 
practical limit is set by saturation in the generator field. 

Line Regulation. — The regulation of a transmission line is the 
change in voltage at the receiving end of the line between rated, 
non-inductive load and no load, with constant voltage impressed 
upon the supply end. The regulation is usually expressed as a 
percentage of the terminal rated voltage at the load, and, when 
so expressed, it is the percentage change in the receiver voltage 
with respect to its normal rated value. 

165 
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Constant Voltage, Variable Power-factor Control. — This 
method of voltage control, sometimes referred to as phase con- 
trol, is commonly used in long-line practice, as well as in some of 
the more important short lines. It may also be combined with 
the variable voltage method of control already discussed where 
this is found to be advantageous. 

The receiver-end voltage and the supply-end voltage are both 
kept constant for all loads, but both receiving-end and supply- 
end power factors vary, as demanded by the constant voltage 
requirements. This is made possible by the use of synchronous 
reactors connected to the receiving end of the line in parallel 
with the load, the excitation of the reactors being automatically 
controlled by means of the usual type of voltage regulators. 

This method of control has the advantage of maintaining con- 
stant voltages at both receiving and supply ends of the line, 
independent of transformer characteristics and the variable drops 
introduced by them and by the line, with variable loads. Fur- 
thermore, the controlling equipment, while expensive, is never- 
theless simple in its operation. 

Among the disadvantages of the system, the following are 
important: When synchronous reactors are employed at the 
receiving end only, as is here assumed, the voltage at any 
point in the line other than one of its ends, varies with the load. 
No const ant- volt age taps are therefore possible at any intermedi- 
ate point In long lines, during light-load periods, if for some 
reason the synchronous reactors should fall out of step and be 
disconnected from the line, the voltage at the receiving end of 
the line would rise to dangerously high values. For this reason, 
the line insulation of long lines should be built with considerably 
higher factors of safety than short-line practice would require 
The high cost of the control equipment is another item of impor- 
tance. Very long lines are entirely inoperative with this system 
of control. Such lines, where they arc now operated, are usually 
operated as tie lines having load points connected to them at 
more or less frequent intervals, rather than as straight, single, 
transmission circuits. For very long, straight transmission 
lines it would be advantageous to connect synchronous reactors 
at one or more points along the line, as well as at the receiving end. 
In this way the line voltage could be held at fixed values at sev- 
eral points in the line, and the possibility of dangerous voltage 
rises would be largely avoided. 
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Reactive Power Required for Phase Control. Approadmate 
Equations for Short Lines. — The discussion following is^ 
strictly applicable only to short lines for which either the so-called 
^ impedance circuit’’ or the “load-end condenser circuit” api^ies. 

The equation relating to the supply and receiver voltages to 
neutral for these circuits is Eq. (302). If the receiver current is 

7^ SS5 — jjg vector amperes 
the supply voltage is 

^ Er + rh xli — rli) vector volts. 

This equation applies to either the simple impedance 
circuit or the load-end condenser circuit, so long as h is inter- 
preted to mean the reactive component of the receiver current. 
Thus, for the impedance line, /a is the load reactive component 
of current, while for the load-end condenser circuit /2 is the differ- 
ence between the lagging quadrature component of the load 
current and the charging current of the load-end condenser. The 
constants r and x may be taken as the equivalent resistance and 
inductive reactance, respectively, of the line, including raising 
and lowering transformers. 

Since the receiver voltage is constant and the value of the in- 
phase current Ii is fixed by the receiver load, there remain only 
two variables in the equation, namely, the generator voltage and 
the reactive component / 2 , of the receiver current. If the latter 
is determined by the load alone it is beyond the control of the 
operator, and the receiver voltage can be held constant only by 
controlling the supply voltage through excitation. This gives 
rise to the method of voltage control by generator excitation 
already discussed. 

On the other hand, if means are provided at the receiver end 
of the line by which the reactive component of the receiver cur- 
rent may be controlled, it is possible to keep both receiver and 
the supply voltages constant at predetermined values, and for all 
loads. Such control is brought about by the installation of 
synchronous reactors at the receiver-end of the line, and the 
method of control emplo.ying them is called phase control. 

The operation is about as follows; At light loads the synchro- 
nous reactor is underexcited, thus increasing the lagging reactive 
power of the receiver circuit and the value of 1 2 * The line drop 
is thereby increased. As the active power in the receiver circuit 
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rises, the lagging reactive power taken by the synchronous 
reactor is gradually reduced by increasing the excitation, until, at 
about half load for the receiver, the excitation of the reactor is 
increased to a point such that the reactive power of the reactor 
becomes leading instead of lagging, and remains leading for all 
greater loads. For heavy loads, therefore, much of the lagging 
reactive power demanded by the load is supplied by the syn- 
chronous reactor. For increasing loads the reactive component 
of current flowing in the line is accordingly gradually reduced from 
a large lagging value, and may even pass through zero and become 
leading if the load is increased sufficiently. The vector line drop 
is therefore increased under light loads and reduced under heavy 
loads, thus making it possible to keep the absolute values of Es 
and Er both constant for all loads. 

The relation which must exist between the active load current 
h and the reactive component I 2 of the receiver current, in order 
to maintain constancy in receiver-end and supply voltages, is 
found as follows: 


Or, since 


and 


Eg ^ Er + rli + XI 2 — r/ 2 ). 

Eg = El + jEz vector volts 

El = Er rl I xli volts absolute 


(444) 


E 2 = xh — r /2 volts absolute. (445) 

Solving the simultaneous Eqs. (444) and (445) yields the relation 


or 




Equation (446) may be converted to a power equation by sub- 
stituting for the two components of receiver current their 
equivalent power expressions. These are 
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where Pr and Qr are the true and quadrature components, re- 
spectively, of the receiver volt-amperes. Making these sub- 
stitutions and dividing throu^ by Er yields 



(448) 


Equation (448) is the equation of a family of circles in which 
the coordinates of the center are' 


I = 


Et 




(449) 


and the radius is 


where 



2 = \/r* -f ** 


(460) 


the numerical value of the line impedance. 

For the purpose of numerical calculations it is somewhat more 
convenient to multiply through by 10®. The constants of 
Eq. (448) then become 


V = 1,0001 
m' — 1 , 000 to 
n' = l,000n 


(451) 


and Eq. (448) takes the form, 





10 ®^ 


(452) 


Or, if Pr and Q, be expressed in kilowatts and kilovolt-amperes, 
respectively, and Er and J?» are in kilovolts, one may write 






(463) 


From Eqs. (448) or (453) the amount of reactive power Qr, 
required at the receiver end to maintain fixed voltages at both 
ends of the line and bearing any assumed ratio Es Er to each 
other, may readily be found for any assumed load, Pr. 


^ In order to make the circle diagram represent leading and lagging 
reactive kilovolt-amperes in the first and fourth quadrants, respectively, the 
centers of all circle diagrams in this book similar to this one are located at 
-f Z, — m instead of at +Z, as required by Eq. (449). 
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Example. — ^As an example to illustrate the use of these equations, consider 
the following problem : 

A line 38 miles long, built of 250,000-cir, mil, stranded, copper cable 
delivers a maximum load of 50,000 kw. at a power factor of 85 per cent 
current lagging. The receiver line voltage is 110 kv. The line constants of 
one conductor are 

r = 9.03 ohms 
X = 31.0 ohms 
6 = 1 . 98 X 10“* mho. 

The receiver voltage to neutral is constant and equal to 110 \/3 = 63.5 

kv. Assume (a) no charging current, and (b) the charging current of the 
entire line flowing over its full length. It is required to find the minimum 
synchronous reactor which will keep voltages at both receiver and supply 
ends of the line constant over the entire range of load for each condition, 
and to find the corresponding values of supply voltages. 

Solution . — 

2 = + nio* = 32.3 ohms. 

2* = 1,043 

^ = 958.8 X 10-* 
z* 

El = “ 4,034 (for Er in kv.). 

The maximun^ load per phase is 

p 50,000 
3 

= 16,670 kw. 

The maximum load reactive kilovolt-amperes is 

Qr = 16,670 tan-i (cos 0.85) 

= 10,330 kva. lagging. 

The center of the receiver power circle is at 

„ _ 1,000 X 9.03 _ o ^4. 

^ r;oi4 

1,000 X 31 , 

^ 1,043 

and the radius is 

n' = |-•\/960 = 30.96|i- 

Mr Mr 

For maximum load, 

l,000Pr _ 16.67 X 10® _ . -o 
El 4.033 X 10» 

For zero load, 

l,000Pr _ ^ 

-Ef-"®- 


Substituting the above values in the equation for reactive kilovolt-amperes 
in the*receiver circuit. 
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- -29.7 + ■^988.8^ - <4.13 + 8.66)* for maximum load 

- -29.7 + -^958.^ -.((8.66)* for zero load. 

Using values of S* * 0.96, 1.0, 1.06 and 1.1 in the above equations 
and solving for each of these yield the values of Qr and Qw, as given in col- 
umns (6) and (6) of Table 9, for the case of negligible charging current. 

Taking the charging current into account, it is found that the leading 
reactive power, introduced into the receiver circuit by it, is 

Qc = hEi 

= 1.98 X 10-* X 4.03 X 10» 
or 

» 800 kva. leading. 

This has the effect of reducing by 800 kva. each of the values of Ql in column 
(6), Table 9. The corrected values of Ql for this case are shown in column 
(5)' and the corresponding reactive kilovolt-amperes required in synchronous 
reactors in column (6)'. 


Table 9 


(1) 

Pr + 1,000 - 
receiver 
kilowatts 

(2) 

Bg -f- Er 

(3) ; 

(4) 

Qr -f- 1,000 
receiver 
reactive 
kilovolt- 
amperes 
per phase 
required 

Ql 4- 1,000 « load 
reactive kilovolt- 
amperes per phase 

Qtr 4* 1,000 « syn. 

reactor reactive 
kilovolt-amperes per 
phase 

(5) 

No 

charging 

current 

(5)' 

With 

charging 

current 

(6) 

No 

charging 

current 

charging 

current 

16,670 

0.95 

865.3 

-12,910 

10,330 

9,530 

-23,240 

-22,440 

0 

0.95 

865.3 

- 6,4.50 

0 

0 

- 6,450 

- 6,450 

16,670 

1.00 

958.8 

- 6,050 

10,330 

9,530 

-16,380 

-15,580 

0 

1.00 

958.8 

' 0 

0 

0 

0 

0 

16,670 

1.05 

1,057.1 

+ 810 

10,330 

9 , 530 

- 9,520 

- 8,720 

0 

1.05 

1,057.1 

-f 6,450 

0 

0 

4- 6,450 

4- 6,450 

16,670 

1.10 

1,160 1 

+ 7,660 

10,330 

9,5.30 

- 2,670 

- 1,870 

0 

1.10 

1,160 1 

4-12,910 

0 

0 

4-12,910 

4-12,910 

16,670 

1.15 

1,268 0 

4-14,120 

10,330 

9,530 

4- 3,790 

4- 4,590 

0 

1,15 

1 

1,268 0 

4-19,360 

0 

0 

4-19,360 

1 

4-19,360 


JVote: Plus signs indioate lagging and minus signs leading reactive kilovolt-amperes. 


By the method explained in a succeeding article of this chapter 
for long lines, the best ratio of voltages is found to be -i- .Br = 
1.061, approximately. For this ratio of voltages the synchronous 
reactor capacity required is about 7,900 kva. per phase or 23,700 
kva. total for the line, assuming the reactors to be designed for 
equal ratings on full leading and lagging loads. 

The circle diagram may readily be drawn, for the center isat I' = 
—8.66, m' = 29.7, and for a ratio B, -s- B, = 1 the radius is 
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30.96. The center remains the same for all circles, and the 
radii for the different circles are proportional to Et -f- Er. It 
will be noted that the sign of m' has been changed from — to +, 
for the reason already given. 

Reactive Power Required for Phase Control in Long Lines. — 

The mechanism of phase control, and the amount of reactive 
power, required at any given load to maintain any constant 
predetermined values of supply and receiver voltages, are readily 
understood from an examination of the equations applicable to 
the case. For the long line these equations are developed below: 

The general vector equations of the transmission-line circuit 
are Eqs. (372) and (373). They are^ 

Es = ErA ItB) 

L = IrA + ErC\ 

Using the complex notation of Eqs. (374) and (375), and writing 

Receiver current = Jr = rli — ir /2 
Supply current == /« = «/i +i«l 2 
Supply voltagef — E^ — Ei + jE^ 

the above equations become 

El +jE2 = Er(ai + jaa) + {rh — jrl2){hi +jb2) supply 

vector volts (454) 

h +jh = (rh — jrl 2 )(ai +ja 2 ) + Er(ci + ^Ca) supply 

vector amp. (455) 

Since the receiver power factor is to vary as required to keep 
both receiver and supply voltages constant, it is desirable to 
solve for rh in Eq. (454) in terms of the constants of the line, 
the constant voltages and the active load current rh- From 
Eq. (454) the numerical values of the component supply voltages 
are 

El = Erai + rhbi + r /252 volts (456) 

E 2 ~ Er€L2 "f" — rl^^l VOltS. (457) 

Squaring Eqs. (456) and (457), and adding, 

~ E\(ci^ + U2) + 2 Er r/l(Ul 5 l + 02&2) 

+ 2Er rh(aib 2 - a*6i) + (rl\ + + 6D. (458) 

^ If transformer impedances are to be included with the line constants, the 
derived constants Ao, Bo, Cq and Do should be used in these equations. 
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Dividing Eq. (458) through by 5f + 5j and rearranging, yields 


rll 


+ Er 


(oi6x + atbi) * 

J 


r. 


+ rJ2 + 


EriOL’ihi — 0^2^^!,) 


b\ + bl 


bf+bl 


(459) 


This is the equation of a family of circles, there being one circle 
for each pair of constant values of E, and Er chosen (compare 
with Eq. (446)). For any given constant supply and receiver 
voltages E, and Ef, the circle defines the reactive current rh 
required for any assumed value of active load current Ji- 
When solved for r/x, Eq. (459) becomes 


r _ — Er(ai 6 * — oafei) 

2 1.2 I 1.9 ~ 


bl + bl 


4^ 


lb\+bl 

= —Er'm + y/ — (r/i + Eriy 
where 

<ii6i (tj)i 


E^ r T I Ericiibi + 0*5*) "I* 
+ ‘ bl+bl J 


I = 


m — 


bl + bl 

(iib2 — (libi 

'~bi + br 

1 

(bl + bl)i ■ 


(460) 

(461) 

(462) 

(463) 
(4641 


The coordinates of the center are 


and the radius is 

Since 

and 


rh = -Erl (465) 

rli = —Ertn (466) 

R = E,n. (467) 

P, = Errli = receiver true power (468) 


Qr — Errli = receiver Tcactive power (469; 


by substituting forr/iand rli in Eq. (460) their appropriate equiv- 
alents, and dividing through by Er, the power circle is obtained. 
It is 


I 7? rOr ? P?”® 


(470) 
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The coordinates of the center are —l,—m and the radius is 

Equation (470) is the fundamental equation of phase control, 
for it determines the amount of reactive power required to main- 
tain a chosen ratio of voltages for any given receiver load P,. 
Equation (459) is an exactly similar relation in terms of the 
component receiver currents. 


Example , — An example will serve to illustrate the use of these equations. 
Assume a 250-mile, three-phase line, transmitting a maximum load of 46,000 
kw., or 16,000 kw. per phase, at an assumed constant-load power factor of 
85 per cent lagging. The receiver voltage is 89 kv. to neutral, and the 
construction of the line is such as to yield the following derived line 
constants : 

ai = 0.8702 
a2 = 0.0282 
bi = 41.15 
hi = 186.7 
Cl = -1.26 X 10'« 

C2 = 125.7 X 10-^ 


It is required to find the connected synchronous reactpr capacity required 

at the receiver to maintain the constaftt supply and receiver voltages in the 

ratios of 0.8, 0.9, 1.0, 1.1 and 1.2. The amount of capacity required is to be 

determined for both no-load and maximum-load conditions. 

Equation (470) will be put into more convenient form for numerical work 

by multiplying it through by 10®, Performing this multiplication and solv- 

• r ^ v l^OOOQr . , , 

mg for the quantity -r — yields 

Er 


l^OOOQr 


[WEfn^ ri,0(}0Pr ,T 

l,000m + - L "eI" 


or, expressing Pr and Qr in kilowatts and kilovolt-amperes, and Et and Er in 
kilovolts, 


where 



(471) 


= 1,000/ =1.124 

m' = 1,0007« * 4.41 

n' = l,000n = 6.23 

El = (89)» = 7,921. 


At maximum load of 15,000 kw. per phase, 



At zero load. 




VOLT AOS CONTROL OF TRANSMISSION LINES 175 


Substituting the above values of the oonstants in Eq. (471), and solving 
for Qr for each of the assumed values of the ratio Em the values given 
in the following table are obtained: 

Table 10 


(1) 

Pr 

receiver 
kilowatts 
per phase 

(2) 

E$ ~h Er 
assumed 
ratio 

(3) 

Bln'i 

El 

receiver reac- 
tive kilovolt- 
amperes re- 
quired 
per phased 

(6) 

Ql 

load reactive 
kilovolt- 
amperes 
per phased 

<6) - (^) - <6) 

synchronous 

reactor 

reactive 

kilovolt-amperes 
per phased 

15,000.0 

0.8 

17.60 

-11,960 

+9,290 

-21,260 

0.0 

0.8 

17.50 

- 3,010 

0 

- 3,010 

16,000.0 

0.9 

22.15 

- 6,340 

+9,290 

-15,630 

0.0 

0.0 

22.16 

-f 1,270 

0 

+ 1,270 

15,000.0 

1.0 

27.36 

- 1,110 

+9,290 

-10,400 

0.0 

1 0 

27.35 

+ 6,620 

0 

+ 5,620 

15,000.0 

1.1 

33.09 

+ 3,880 

+9,290 

- 6,410 

0.0 

1 1 

33.09 

+ 9,740 

0 

+ 9,740 

15,000.0 

1 2 

39.38 

+ 8,630 

+9,290 

- 660 

0 0 

1 2 

39.38 

-f 13, 940 

0 

+ 13,940 


1 Plus signs indicate lagging and minus signs leading kilovolt-amperes. 


The load reactive kilovolt-amperes, given in column (5), are; 

Load reactive kilovolt-amperes 

Qi, = Pr tan Br 

= 15,000 X 0.6196 
= 9,290 kva. lagging, 

while the reactive kilovolt-amperes required of the synchronous 
reactor are found from (4) and (5), as indicated. 

For synchronous reactors having equal ratings as generators of 
leading and lagging reactive kilovolt-amperes, the minimum capac- 
ity in reactors is required when the ratio of E, -r- Er — 1.06, 
approximately. The capacity in reactors required with this ratio 
is approximately 7,700 kva. per phase or 23,100-kva. total. 

Power-circle Diagrams. — The circle diagrams corresponding 
to the above analytical solution are now readily drawn. Such 
circles are shown in Fig. 66. They are a great aid in visualizing 
the line performance. They serve not only as an important 
check on the accuracy of the analytical work, but, if a sufficiently 
large scale is used, they may readily serve as a convenient sub- 
stitute for the analytical solution of long line problems. 

Since laggin g quadrature currents are usually represented as 
negative quadrature quantities, while leading quadrature cur- 
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rents are shown as positive quantities on the quadrature or 
Y-axis, the corresponding reactive kilovolt-amperes will be 
similarly represented. Thus, lagging reactive kilovolt-amperes, 
while appearing in the table with a positive sign prefixed, will 
be shown in the circle diagram as negative quantities. The 
reverse will likewise hold for leading reactive kilovolt-amperes. 



Fig. 66. — The minimum .synchronous reactor capacity for transmission lines 

To do this requires that the sign of the ordinate to the center 
of the circle be also reversed. So, instead of the coordinates of 
the center appearing as — T and — m', they will be taken as — 
and for the power circles, and as —/Jri and for the 

current circles in all diagrams where they appear. 

The power circles for different ratios of supply to receiver 
voltages are concentric. The radius of the circle for Et, -^.Er .= 
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1 is n', while for any other circle the radius is proportional to the 
ratio assumed; that is, 

Radius = n' X ratio of voltages. 

Minimum S3mchronous Reactor Capacity. — For any fixed 
receiver voltage, the synchronous reactor capacity, required to 
maintain constant voltages at both ends of the line for all loads 
between zero and maximum values, is a variable depending upon 
the ratio E, Er, of the voltages. That ratio which requires 
the minimum reactor capacity, other things being equal, is the 
most economical ratio to use. This ratio may be found by 
plotting the algebraic sums of the pairs of values of Q' - 5 - 1,000 
for no load and for maximum load and for a given ratio of E, -s- Er, 
as a function of the ratio. Where this curve crosses the axis of 
E, -j- Er will determine the minimum capacity of reactors, assum- 
ing that the reactors have equal ratings as generators of leading 
and lagging kilovolt-amperes. If the reactors are designed for 
any other ratio of lagging to leading reactive kilovolt-amperes, 
as, for example, 60 per cent lagging and 100 per cent leading, 
then the required values of column (6) Table 10 should be 
weighted in the ratio of 6 to 10 before the sum is taken and the 
results are plotted. 

That exactly similar diagrams may be drawn for the approxi- 
mate short-line circuits is obvious. 

The same results may be conveniently obtained graphically 
from the diagram of Fig. 66 by interpolation. For reactors 
having equal ratings as generators of leading and lagging reactive 
kilovolt-amperes, the correct ratio is found by locating the circle 
for which the intercept, on the Y-axis at no load, is equal to the 
Y-intercept between the circle and the load line at maximum load. 
For a 60 per cent reactor, for example, the rating, as a generator 
of lagging kilovolt-amperes, is 60 per cent of its rating when gen- 
erating leading kilovolt-amperes, hence the above intercepts, for 
this case, should be in the ratio of 6 to 10 for the most economical 
ratio of voltages. 

In the example given, the most economical ratio of voltages, 
for a 100 per cent reactor, is found to be 1.055, as indicated in 
Fig. 66. 

If desired, the optimum ratio of E, t- Er may be found analyti- 
cally as illustrated in the problem of Chap. XVI. 
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MECHANICAL DESIGN 

SPAN WITH SUPPORTS AT EQUAL ELEVATIONS 

The Design of Mechanical Structure/ — The burden of this 
chapter, as indicated by the title, is to consider the transmission- 
line span, consisting of two supports and a cable suspended 
between them. To begin with, the theory will be developed for 
the case which assumes the points of attachment of the cable to 
the two supports to be at equal elevations. The case of the span, 
with supports at unequal elevations, will later be discussed as 
an extension of the theory previously developed. 

Suspended Cable a Catenary. — It is well known that a per- 
fectly flexible cord or chain of uniform structure, suspended 
between two supports at equal elevations, and acted on by the 
force of gravity only, lies in a vertical plane and assumes the form 
of curve called the catenary. The conductors of a transmission- 
line span very closely fulfil the above described conditions, for 
while the conductor is not entirely inelastic, yet the length of span 
is great as compared with the conductor diameter, so that what- 
ever stiffness the conductor may possess has little effect in deter- 
mining its position in space. 

In the discussion of theory which follows, it will be assumed that 
the following conditions are fulfilled: 

1. The suspended cable is a cylindrical solid. 

2. The suspended cable is of uniform texture. 

3. The suspended cable is perfectly flexible. 

4. No external force except the force of gravitation acts on the 
cable. 

5. The axis of the cable will assume the form of the catenary. 

Let the curve taken by the cable be represented by the curve 

P 1 OP 2 of Fig. 67. Since the mass is uniformly distributed along 
the axis of the cable, and the active gravitational forces are pro- 

^ Kirsten, F. 'K., “Transmission Line Design,’* Tram., A, I. E. E.^ p. 
736, 1917 ; University of Washington Engineering Experiment Station Bull. 
17. 


17H 
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portional thereto,' in a simn having supports at equal elevations, 
ther6 must exist a condition of S 3 ^metry of the Shape of the curve 
PiOPi, with respect to a vertical plane, midway between the 
points Pi and Pt and perpendicular to the straight line PiPj. 
This plane will be selected as the reference plane YY. The point 
of maximum deflection of the cable from the straight line PiP* 
must lie in this plane. A horizontal plane tangent to the curVe 
PiOPt at the point of maximum deflection is chosen as the refer- 
ence plane XX. Thus 0, the point of maximum deflection of the 
cable, is the origin of the coordinate axes. 



Fig. 67, — Conductor suspended between supports at equal elevations. 


Notation. — ^Letters and symbols, used in the following discus- 
sion and in reference to Fig. 67, are as follows: 

I = half distance between Pi and P 2 , or half tower spacing. 
5 = half length of suspended cable. 
w = weight per unit length of suspended cable. 

X and y are the rectangular coordinates of the point P. 

s = the length of cable between 0 and P. 
dSf dx and dy are increments of s, x and 2 /, respectively, which, 
at the limit zero, will bear the relation {dxY + {dyY = 
{ds)\ 

H = tension in the cable at the point of maximum deflection. 
T 2 = tension in jbhe cable at the point of support P 2 . 

T == tension in the cable at P, whose coordinates are x and y, 
a — angle between T and the X-axis. 

Derivation of Equations. — Herein it is assumed that all stresses 
normal to the cross-sectional area, at any point of the cable, are 
concentrated on the axis of the cable and act in the direction of 
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the tangent to the axis at that point. Thus the slope of the curve, 
at any point P, is also the slope of the line of action of the tension 
T at that point. 

The conditions for the equilibrium of the half span require 
that the vector sum of the forces acting be zero. The three forces 
in question are the horizontal tension H, the vertical load ws, 
and the tension If the point of support were moved to any 
other point such as P, the conditions for equilibrium would then 
require that 

T2 = (472) 

From the triangle of forces, it is also apparent that 


WH 

H 


= tan <x 


and since T is tangent to the curve at P 

dy . 

~ = tan a 
ax 


dy _ ws 


(473) 

(474) 

(475) 


Since H is constant for a given span with given loading and at 
fixed temperature, and since the weight per foot of cable, w, is 
likewise constant under like conditions for any given material, 
one may write 

" - ' (« 6 ) 


where c does not vary with x and y. The constant c is evidently 
the length of cable whose weight is equal to the horizontal tension 
//. 

Substituting Eq. (476) in Eq. (475), 


Since 

or 


dy ^ s 
dx c 


(dsy = (dxy + (di/)^ 

dy_ l{ds\^ 
~dx ~ yjKdx) ^ 


(477) 


(478) 


by substituting Eq. (477) in Eq. (478), it follows that 


8 

c 



1 


(479) 



MECHANICAL DESIGN 


181 


or 

cds 

^ 

By substituting in Eq. (480) 

s = c sinh u 

and 

ds = c cosh u • du 
and integrating, it is found that 

X — cu + k (481) 

k being the constant of integration. 

Since c and k do not vary with the constant k is seen to be 
zero, whence 

X ^ cu 

= c sinh-^ ^ (482) 

or 

s = c sinh ^ (483) 

and the length of the cable, in a half span, is the value of Eq. 
(483) when x == / 

or 

s = r sinh ^ (484) 


From Eq. (475), by substituting c — H w 

dy ^ s 
dx c 


(485) 


Substituting the value of .s from Eq. (483) in Eq. (485), 
and transposing dx, 

dy ^ c sinh ^ ^ (486) 

whence, by integration, 

y — c cosh “ + ^2 (487) 

where k^ is again the integration constant. 

To determine the value of k^y note that for y = 0, x = 0 and cosh 

X 

~ = 1, whence A :2 = — c. 
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Finally, then, 

y = c (cosh - — 1), (488) 

c 

The deflection or sag y has its maximum value when a; = Z, the 
half span length, so the maximum sag is 

d = max . y = c(cosh ~ — 1). (489) 

c 

jj 

From Eq. (472), by substituting c = ^ and solving for s. 

Substituting the value of s from Eq. (490) in Eq. (483), putting 
X == I and solving, 

— = c cosh -• (491) 

w c 

Since the maximum tension occurs at the point of support 
where a; = Z, the value of T 2 = max . T, is 

“-ill’ = ccosh^- (492) 

w c 

Summary of Equations. — The important equations, upon which 
the solution of problems in span design depend, are those defining 
the length of cables, the sag and the tension. For convenience 
they are summarized below: 


X 

s = c sinh - 
c 

(493) 

y c (cosh - — 1) 
c 

(494) 

T r 

- = c cosh -• 
w c 

(495) 


In the above equations, 

X = projection upon a horizontal plane, of the distance between 
the point of maximum deflection and point P. 
c = length of cable whose weight is equal to the horizontal 
tension H. 

T = tension at point P 
w *=s weight per unit length of cable 

x, 8, y and c are all expressed in the same linear units, which is 
also the unit that is used with w. 


expressed in same units. 
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Solution of Problems. — These last three equations show the 
concepts s, y and T -i- w to he hyperbolic fuiictions of x and c, 
so that their magnitudes could be computed directly if both x 
and c were the given quantities in a problem of span design. 
Usually, however, c is not given since it is in reality a more or 
less fictitious concept, and the solution of span problems, with any 
two of the remaining concepts given, is accomplished by trial 
methods. 

In order to avoid the loss of time incurred by such methods, 
Chart I has been devised from which, with any two of the five 
concepts given, the remaining three may be found at once. The 
chart is laid out on the basis of the decimal system to permit of 
easy interpolation. (Chart I is found in the pocket at the back 
of the book.) The quantities x and c, which form the hyper- 
bolic argument, are the abscissas and ordinates, respectively, 
of the s, y and T w curves. 

Interpolation on Chart I. — It can be demonstrated that any 
straight line, passing through the origin (point O), is divided into 
intercepts of equal lengths by a set of hyperbolic curves, the indices 
of which vary in arithmetic progression. For instance, the 
curves indexed y = 0.1, ?/ = 0.2, y = 0.3 . . . y = 0.9, y = 1.0 
have indices which increase progressively by 0.1, and, in conse- 
quence, any straight line passing through the origin will be divided 
by these ten curves into ten equal intercepts. It follows, then, 
that, if each intercept of this straight line were again divided 
into ten equal lengths, the division points would be points 
on the curves y = 0.01, y = 0.02, y = 0.03 . . . y — 0.99, y = 
1.00. The same reasoning holds true for interpolation between 
the curves y = l, y = 2, 2/ = 3, = . , y = y — \0 and 

of the last set ?/ = 10, ?/ = 20, y = 30, y = 40 . . . y = 90, 2 / 
= 100. Similarly, this system of interpolation is correct for 
the s and the T w curves. 

In order to be able to accomplish quick and accurate decimal 
subdivision of any length of line, it is suggested to trace Fig. 68 
on transparent cloth or paper for use on Chart I. Any one of the 
parallel lines in Fig. 68 is divided into ten, or a multiple of ten, 
units of equal length. 

Example of Interpolation , — It is desired to interpolate for s, y 
and T ly a point P, the coordinates of which are c = 550, x = 
54. 

Through point P draw a straight line to the origin 0. That 
this line PO is actually subdivided into equal sections by the 
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curves indexed in arithmetic progression is most clearly shown 
by the intercepts between the curves. The intercepts OA, ABj 
BC and CD, of the straight line formed by the curves y = I, 
y = 2, y = 3 and y = 4, are exactly equal in length. The same 
holds true of the intercepts formed by the s and T ^ w curves. 

By placing Fig. 68 on the chart so that the two outside radiat- 
ing lines pass through points E and F and the parallel lines are 
at the same time parallel to line EF, point P is interpolated 
directly and corresponds to the magnitude 5 == 54.1. 

Placing Fig. 68 so that the two outside radiating lines pass 
through points G and H and the parallel lines are parallel to GH, 
T -ir w is read directly and is found to be 553. 

In a similar manner, y is read directly and found to be 2.65. 

Chart I is independent of any fixed, conventional unit of length, 
weight or force, and may be used with equal precision for the 



Fig. 68. — Interpolation diagram. 


English foot-pound system or the decimal centimeter-gram 
system. 

The use of the chart will now be illustrated by the solution of 
two representative examples. 

Example 1. — number of 40-ft. poles are to be used for supports of a 
line consisting of No. 00 hard-drawn, bare, copper wires. The points of 
support on the insulators are 30 ft. above the ground level when the poles 
are installed. The minimum clearance of the wire to the ground is to be 
20 ft., and the tension on the wire at the point of support is not to exceed 
2001b. 

What is the maximum permissible spacing of poles? 

The weight per 1,000 ft. of wire is 402.8 lb. 
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Solution, — If the pound is chosen as the unit of force and the foot as the 
unit of length, w * 402.8 -4- 1,000 = 0.4028, and T w ^ 200 + 0.4028 « 
496.6; 2/ =* 30 - 20 = 10. 

By interpolation between curves T w 400 and T w ^ 600, curve 
T w ^ 496.6 is drawn. The intersection point of this curve and the curve 
y « 10, has the abscissa x « 98^3, which is half the pole spacing in feet. 

Hence the maximum permissible pole spacing is 2 X 98.3 « 196.6 ft. 

Example 2. — A 1^-in. steel cable is to span a river. The foundations 

for the anchor towers on both shores are 10 ft. above the water level and a 
distance of 2,000 ft. apart. The maximum tension on the cable is not to 
exceed 70,000 lb. Weight of cable is 4,700 lb. per 1,000 ft. Clearance 
between cable and water surface is not to be less than 60 ft. 

Wliat is the minimum height of anchor towers? 

What is the length of cable between points of support? 

What are the vertical and horizontal components of the tension on the 
points of support in the plane of the suspended cable? 

Solution. — Half the tower spacing is 1,000 ft. In order to bring this value 
within range qf Chart 1, the unit of length will be chosen as 20 ft. Hence 
X = 1,000 4- 20 = 50. For the same unit of length, w = 4,700 X 20 4- 
1,000 = 94. Therefore T -i- w = 70,000 4- 94 = 745. This value is within 
range of the chart. If this value had exceeded the range of the chart, a unit 
of length greater than 20 ft. would have had to be chosen. 

Between the curves T 4- ly = 700 and T 4- ly ~ 800, a short length of 
curve, T w — 746, is interpolated near the line x = 50. The point of 
intersection of this curve with the line a; = 60 has the ordinate c = 742. 
Now, a straight line is drawn from the origin through point j; = 50, c » 742, 
and this point interpolated on the straight line for y and for s. 

Interpolation between curves 2/ = 1 and ?y = 2 yields y = 1.68. Inter- 
polation between s — 50 and 5 = 60 yields 8 == 50.1. Hence, 

Maximum deflection — y = 1.68 units = 33.6 ft. 

Length of cable = 2s = 2 X 50.1 units = 2,004 ft. 

Minimum height of anchor tower = 33.6 + 50 — 10 = 73.6 ft. 

Vertical component of tension on point of support = 2,004 4- 2 X 4.7 = 
4,720 lb. 

Horizontal component of tension on point of support in plane of cable = 
cw - 742 X 20 X 4.7 = 69,748 lb. 

Approximate Equations for Sag-tension Calculations. — For 

short-span calculations where the sag is only a small percentage 
of the span, the error, made by assuming the curve of the sus- 
pended cable to be parabolic rather than to be that of a catenary, 
is negligible. For spans of ordinary sags, the approximate equa- 
tions applying to the parabola are probably sufficiently accurate 
up to spans of perhaps 800 ft. in length. For longer spans the 
error increases quite rapidly. It will therefore be desirable to give 
the approximate equations which are ordinarily used for short- 
span calculations, and to show wherein the approximations lie. 
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The three principal equations for the catenary, representing 
exactly the conditions prevailing in the suspended cable, have 
already been derived. They are given by Eqs. (484), (488) and 
(495). 

Since the total vertical stress is that due to the weight of the 
cable in a half span, the following relations also hold: 


The vertical stress is 



V — ws = wc sinh 

c 

(496) 

and the 

horizontal stress is 



H = 



= wc^ cosh^ ^ — sinh® - 
\ c c 

(497) 


= wc. 


Remembering that 



c 0 + 6c» + 120c^ 5,040c» + ' ' ’ 

(498) 


cosh g - 1 + 2c* + 24c* 720c« + ' ’ ’ 

(499) 

and that 

< 



C == H -i- w 

(500) 


the approximate relations given below are readily found. 

From Eq. (483), using the first two terms of the series only, 
Length of cable in a half span is 


5 = Z + approximately. (501) 


From Eq. (489), using only the first two terms of the series, 

Maximum sag, d = approximately. (502) 
Solving Eq. (502) for H yields 

wl^ 

Horizontal tension, i? = ^ approximately. (503) 


Substituting the value of H from Eq. (503) in Eq. (501) yields 
the value of S in terms of deflection. 

Length of cable in a half span is 


S = Z + 


2d^ 

3Z ^ approximately. 


(504) 


Equation (504), solved for d, yields the sag. It is 


Maximum sag, d 



Z), approximately. 


(505) 
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The vertical stress, equal to the weight of cabte in a half span, is 
found by inultipl 3 ring Eq. (504) by w; whence - 

ID 

Vertical stress, V = approximately. (606) 

The maximum stress is the vector sum of the vertical and hori- 
zontal stresses; i.e., 

T™ = V\ (507) 

Squaring Eq. (503), < 

■ (508) 




Squaring Eq. (506), 


4d* 


72 




{91* -f + id*). 


(509) 


Since d is small as compared with I, and f^is negligible as compared 
with I*, the last two terms of Eq. (509) may be neglected ; whence 

cii274 


and 


4d^ 


{l^ + 4d2) 


+ 4d^y approximately. 


(510) 


The most useful approximate equations may thus be summarized : 

2d2 


Length of cable in half span, = Z + 


3Z 


Sag at any point, y = 
Maximum sag, d = 


2 1 


wx 

2H 

wP 


(511) 

(512) 


2H 

wl^ . , 

= approximately. 

Since for small sags T and H are approximately equal. 


Maximum sag, d — — 1) 

Horizontal stress, H = 

Vertical stress, V — + 2d*) 


Maximum tension, T„ 


wl 


VP + 4d*. 


(513) 

(614) 

(515) 

(516) 
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A number of semigraphical methods/ for calculating approxi- 
mately the quantities desired in span design and based upon the 
above equations, have been devised. None of these will be given 
here, although the equations have been derived to show wherein 
the approximations lie. 

Average Tension in Cable between Points of Support. — From 
Eq. (495) the tension, at any point P, is given by the relation 

^ = c cosh (517) 

w c 


By the well-known rule for obtaining the average value of a 
variable, the average value of the ratio T w is 


and since 


T 

av. — = 
w 


X 


r; cosh * • dx 
c 


X 


ds 


ds = c cosh 




T 

av. - = 

w 


cosh 2 d 
c 

c sinh ^ 


X) 


- — r,mh + ?1 

2 sink * L I cj 


X 

c 


cosh + 

c • u ^ 
sinh 

c 


(518) 


Equation (518) will be found useful when considering the influ- 
ence of changes in temperature and loading upon the tension and 
sag in a cable. 

The Problem of Span Design. — The problem presented for 
solution in span design may be stated somewhat as follows: The 
cable in the span must be so strung that during times of severest 
load conditions, which occur at minimum temperature and under 
the assumed worst conditions of ice and wind loads, the tension 
in the cable will not exceed the maximum, allowable value. 

^ Imlay, L, E., “Mechanical Characteristics of Transmission Lines. 
Span Formulae and General Methods of Calculation, “ Elec, Jour.j pp. 53 to 
67, February, 1925. 
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This value is usually assumed at from 75 to 100 per cent of the 
elastic limit for the cable in question. (Further information 
on this point may be found in the handbooks.) 

Since, however, the cable is presumably to be strung on the 
supports during fair weather, and certainly without being sub- 
jected to conditions of maximum wind and ice loads, it is neces- 
sary to predetermine the effects of both changes in temperature 
and changes in loading upon the tension in the cable and upon its 
sag. An increase in temperature of the cable causes it to elon- 
gate, thus increasing its length, reducing the tension and increas- 
ing the sag. An increase in loading causes an increase in tension, 
an increase in length, and an increase in sag. The designer must 
be able to pass from one condition of load and temperature to 
any other condition of load and temperature, and to determine 
what the tension, length and sag of the cable will be under any 
set of circumstances. More particularly, his problem is to 
provide the construction foreman with charts from which he may 
proceed to draw up the cable to predetermined tensions or sags 
(depending upon which is used as the controlling factor) at known 
temperatures. These tensions must be such that, under the 
worst load conditions assumed, the added tension due to the 
increased load will not bring the total tension in the cable to a 
value in excess of the maximum tension originally allowed for the 
cable. Likewise, the sag under maximum load and maximum 
temperature under which such load may exist (32° F.), must be 
known so that sufficient clearance to ground may be provided for. 

Classes of Loading. — The maximum loadings which are 
assumed in the calculation of sags generally vary with the severity 
of climatic conditions, and, to some extent, with the judgment of 
the designing engineer. Standardization of assumed loadings 
has been proposed, and certain types of loadings have been 
suggested. These, however, are intended and are used as guides 
rather than as standards to which all designs should conform. 
Assumptions as to loadings for a given locality should be based 
upon a careful analysis of local weather conditions. 

In the suggested standards for loading given below, the wind 
pressures, per foot of cable, are computed on the basis of the 
projected area of a foot length of cable. This is numerically 
equal to the conductor diameter in feet when there is no ice 
load, or to the conductor diameter plus twice the given thickness 
of ice, when an ice load is present. In all cases, it is assumed that 
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the wind load acts in a horizontal plane and is normal to the 
direction of the span. 

Three types of loadings have been suggested by the Joint 
Committee on Overhead Line Construction of the National 
Electric Light Association, as follows: 

Class A Loading, — A wind pressure of 15 lb. per square foot of pro- 
jected area of bare conductor plus the dead weight of the conductor. 

Class B Loading . — wind pressure of 8 lb. per square foot of projected 
area of conductor covered all around with ice H thick, plus the dead 
weight of cable and ice load. 

Class C Loading . — wind pressure of 11 lb. per square foot of pro- 
jected area of conductor covered all around with ice % in. thick, plus 
the dead weight of cable and ice load. 

Another group of three loadings has been suggested by the 
National Electrical Safety Code. These are offered as appro- 
priate loadings for the corresponding territorial belts, as indicated 
on the outline map of Fig. 69. 



They are: 

Heavy Loading , — ^A wind pressure of 8 lb. per square foot of projected 
area of conductor covered all around with ice ^ in. thick, plus the dead 
weight of the cable and ice load. Assumed minimum temperature 0® F. 
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Medium Loading , — A wind pressure of 8 lbs. per square foot of 
projected area of conductor covered all around with ice j in. thick, 

plus the dead weight of the cable. 

Light Loading , — wind pressure of 12 lbs. per square foot of pro- 
jected area of bare conductor, plus the dead weight of the conductor 
only. The ice loading is assumed to be zero. 

Wind Velocities and Pressures. — Transmission-line spans are 
designed to withstand considerable wind loads, in addition to the 
weight of the cable itself, and such sleet or snow loads as it may 
reasonably be expected to accumulate. It is entirely out of the 
question, however, to design such structures to withstand winds 
of the highest recorded velocities. Even if such designs were 
possible, it would probably be uneconomical to employ them. 
Aside from these exceptional storms, the worst condition prevails 
when the cables are covered with ice, a high wind is blowing, and 
the temperature is low. Lowest temperatures, highest wind 
velocities and snow loads do not occur simultaneously, however. 
Snow or sleet loads usually accumulate during calm weather. If 
later the temperature should fall and wind velocities should 
increase, the load on the structure would reach its greatest value. 
Very high winds would probably remove much of the snow or 
sleet load, and thus keep the total load from increasing further. 

The wind loads which the designer assumes should take account 
of the above considerations. Data on wind velocities for any 


Table 11. — Wind Velocities and Pressures 


Velocity, miles per hour 

Pressure in pounds per square foot 

Indicated 

Actual 

Projected area 
of cylinder 

P « 0.0025F* 

Flat surface 

velocity 

velocity = V 

p = o.oo4y* 

10 

9.6 

0.23 

0.4 

20 

17.8 

0.8 

1.3 

30 

26.7 

1.7 

2.7 

40 

33.3 

2.8 

4.6 

50 

40.8 

4.2 

6.7 

60 

48.0 

6.8 

9.2 

70 

55.2 

7.6 

12.2 

80 

62.2 

9.7 

15.6 

90 

69.2 

12.0 

19.2 

100 

76.2 

14.6 

23.2 

110 

83.2 

17.3 

27.7 

120 

90.2 

20.3 

32.6 
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given locality may be obtained from the United States Weather 
Bureau. From such data, covering a period of years, the designer 
may judge what velocity it is safe to assume. 

The wind velocities, as furnished by the government, are indi- 
cated velocities. The true velocities are related to these as shown 
in Table 11. Here are also shown the corresponding pressures 
per square foot of projected area on round conductors, and the 
pressures per square foot of jSat surfaces. For flat surfaces the 
pressure is 

P = 0.0041'^ lb. per square foot (519) 

where V is the velocity in miles per hour. For smooth cylindrical 
surfaces the pressure, per square foot of projected area, is one-half 
the above value, that is, the constant of Eq. (519) is 0.002. 
For stranded cable H. W. Buck found the constant to be 0.0025. 
Hence, for stranded cable, 

P = 0.0025F^ lb. per square foot. (520) 

Influence of Changes in Temperature. — Within a certain 
range of temperatures, a given length of cable will change its 
three dimemsions practically in direct proportion to the amount of 
temperature change. This range more than covers the extreme 
range of weather conditions to which transmission spans are sub- 
jected. Accordingly, the length of a conductor may be expressed 
as a function of the temperature by the well known formula 

= 6*0 [1 +a(t - ^o)] ’ (521) 

where 

So = length of cable at any given initial temperature. 

St = length of cable at the final temperature. 

to = the initial temperature. 
t == the final temperature. 

a = the coeflScient of expansion for the particular material 
in question. 

While, as intimated above, not only the length of the cable 
changes with changes in temperature, but also its cross-sectional 
area and its weight per foot, yet the total changes in the latter two 
quantities, over the range of temperatures experienced, is so 
small, that, for practical purposes, they may be neglected.^ 
In the following discussion, therefore, it will be assumed that the 
weight per foot and the cross-sectional area are constants, and that 
the length only changes with changes in temperature. 

^ For a discussion of theory, in which those variables are taken into 
account, see F. K. Kirsten, University of Washington Engineering Experi- 
ment Station* BvlL 17- 
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Influence of Changes in Tension. — If the tension at any point 
in the cable were proportional to the product of « and a change 
in temperature would not effect the tension, but, according to 
Eq. (491), 

T wc cosh ^ 
c 

whereas, by Eq. (483) 

6* = c sinh 

c 

Hence, a change in length, caused by either a change in tempera- 
ture or a change in loading, is accompanied by a change in tension 
at every point in the catenary. 

The condition 

X 

T = wc cosh 

c 

is always realized during each minute step in this change, how- 
ever, the constants in the equation being x and w. 

For all stresses below the elastic limit of the cable in question, 
the strain in the cable is proportional to the stress. This relation 
is expressed by Hookas Law as follows : 

- .^1 + (522) 

where 

So = length of cable under initial tension 
St = length of cable under final tension 
To = initial tension 
T = final tension 

A = cross-sectional area of cable (assumed constant) 

E = modulus of elasticity for the given cable. 


Since the strain is proportional to the stress, the total change in 
the length of the suspended cable is proportional to the change in 
average tension along the cable; or 


where 


St = So 




1 


^ To , av T 

E A E A 


~ the average initial tension 
^yT = the average final tension. 


(523) 


Influence of Ice and Wind Loading. — In order to provide for 
the safety of a span, due allowance must be made for the possi- 
bility of the accumulation of additional load on the cable, due to 
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the formation of sleet and snow on the conductor. Furthermore, 
since wind pressure is likely to increase the load on the cable at 
any time, an allowance for wind pressure should also be made. 
The worst condition of loading is evidently that brought about by 
the simultaneous action of the increased sleet load, together with 
a wind load acting at right angles to the direction of the span and 
effective on the increased cable diameter due to the accumulated 
sleet. 

The result of the superposition of ice and wind load upon the 
weight of the cable itself is to greatly increase the tension and sag 
in the cable, and to cause the plane of the cable to be deflected 
from the vertical in the direction of the wind by an angle such 
that 

tan $ — wind pressure, pounds per foot of cable 

(dead weight + weight of ice load) lbs. per foot of cable 


w + i 

where 

i = weight of ice load per unit length of cable 
p = wind pressure exeAed normal to the direc- 
tion of span on unit length of cable with 
ice load 


expressed 
in the 
same 
unit. 


The sag in the vertical plane then becomes equal to the total 
deflection in the inclined plane times cos 6, while the deflection 
horizontally is the total deflection in the inclined plane times sin 
6. Unless otherwise stated, where sags are mentioned, the 
total deflections in the plane of the resultant force are given. 

The resultant force, per unit length of cable and under condi- 
tions of combined wind and ice load, acts downwards in the 
plane of the deflected cable, and has the value 

Wi = [(to + iy + P®]*. (525) 

All of the factors which affect the suspended cable under 
varying conditions of loading and temperature have now been 
considered, together with the theory required to translate these 
influences into changes of length, tension and sag in the curve of 
the suspended cable. It remains only to summarize the results 
in concise mathematical form for convenient use in the solution 
of such problems as ordinarily arise in span design. 

Let it be therefore required to find all possible catenaries that 
may be described by a cable under any possible condition of 
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loading and* temperature. The characteristios of the cable 
are made available from the following dat£i> assumed to be 
furnished: 

w = weight per unit length of cable assumed constant at all 
A = cross-sectional area of the cable temperatures. 

E = modulus of elasticity. 
a = coefficient of linear expansion. 

Tm = maximum allowable tension for the cable. 

From the records of the local weather bureau, maximum and 
minimum temperatures and wind velocity to be assumed in 
making calculations, may be estimated. These are 
ti = minimum assumed temperature at which sleet and wind 
loads exist simultaneously. 
t 2 = maximum assumed temperature of conductor. 

V = maximum assumed wind pressure, per unit of area normal 
to the direction of wind. 

Catenary Covering Conditions at Minimum Temperature. 
Cable under Ice Load and Wind Pressure. — Subscripts 1 refer 
to the above described conditions at minimum temperature t\. 
Under the conditions described, the cable is assumed to be stressed 
to its maximum allowable tension at the points of support. By 
Eq. (491), the maximum tension is 

mmx. Ti = wiCi cosh — (526) 

Cl 

As already pointed out, the amount of the allowable maximum 
tension is known from available data, and, since Wi may be cal- 
culated for any assumed ice and wind loads, Eq. (526), may be 

tie 

solved for any assumed values of 

If the ice covering on the cable be assumed to be a units in 
uniform thickness, then the volume of ice per unit length of cable 
is 

Volume of ice per unit length = 7ra(d, + a) (527) 

where is the diameter of stranded cable used. 

The weight of ice per unit length of cable is 

i = UTa{dt + a) (528) 

where u is the weight per unit volume of ice. 



196 


ELECTRICAL POWER TRANSMISStON 


The force, exerted by the wind on unit length Of cable with 
ice envelope, is 

p = v{ds + 2a). (529) 

The result, given in Eq. (529), is based on the assumption that the 
wind pressure on a unit length of the conductor is equal to that 
which would be experienced by its projected area on a plane 
normal to the direction of the wind. 

Assuming that the wind pressure acts in a horizontal plane 
and in a direction normal to the direction of the span, the total 
resultant weight, per unit length of conductor in the inclined 
plane and by Eq. (525), is found to be 

== {[^ + uiraidtt + a)p + v^{da + 2ay\^. (530) 

By substituting the value of Wi as calculated from Eq. (530), 
in Eq. (526), the values of Wi, corresponding to any 

•C 

number of assumed values of may be calculated. 

ByEq. (526), 

vJx Ti . X 

^ = i, Qosh " f 

Wi Cl 

X . . X 

and, since for any assumed values of the quantity cosh — may 

be found from tables, the value of ci itself is readily computed. 
The corresponding values of length of cable are obtained from 
Eq. (483), by which 

«i = Cl sinh — (531) 

Cl 

while, from Eq. (488), the sag is 

yi = ci^cosh ^ (^2) 

which may readily be transformed to 

2/1 = - Cl. (533) 

Equations (526), (531), and (532) or (533) completely deter- 
mine the catenary under the conditions of minimum temperature 
and maximum loading and serve as the starting point in span 
design. It will presently be shown how the equations of the 
catenaries, for any other possible condition of loading and for 
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any other temperature, are derived, using these equations, 
together with Eqs. (521) and (522) as the basic i*elations. 

Catenary Covering Any Condition of Loading and Any Tem- 
perature. — If the temperature of the conductor could increase 
without at the same time altering the tension in it, the elongation 
of the conductor would be proportional to the temperature change. 
Thus, assuming that the temperature increases from the mini- 
mum value <1 to any other value <«, but that the tension does not 
change, the new length of conductor becomes 

«; = si[l + a«„ - ti)]. (534) 

Owing to the change in temperature, however, a change in 
tension takes place throughout the conductor, beginning with 
the initial value „ Ti at minimum temperature, and ending with 
some other value. Furthermore, if the change in temperature is 
great enough, that is, if the final temperature lies above the 
freezing temperature, the ice load will drop off, and a further 
change in tension will take place due to the change in loading. 
The load may also change due to the dying down of the wind 
even at temperatures below freezing. But, in any case, if the 
final loading per unit length of conductor is w„ and the average 
tension corresponding to the new conditions of loading and tem- 
perature is „ Tn, the initial and final conditions must separately 
satisfy Eq. (518). Therefore, initially 


and, finally. 



(535) 


(536) 


Due to the change in tension which has been ihduced either by 
change in loading or change in temperature, or both, a further 
change m length of the cable takes place, as determined by Eq. 
(523). That is, the length s», under final conditions of tempera- 


ture and loading, is 

Sn 




,r.Tn \ 

EA ) 


(537) 
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or, since, from Eq. (483) 

s„ = Cn sinh — > (638) 

Cn 

= + (539) 

The substitution of Eqs. (534), (535), and (536) in Eq. (539) 
yields the equation from which the catenary under the final condi- 
tions of temperature and loading may be calculated. 

Making these substitutions yields 


Cn sinh - = si[l + a(tn — ii)] 
Cn 


1 - 


CiWi 

2EA 


I cosh ^ 

Cl 


+ 


X 

Cl 


sinh 


Cl 


\ Cnj 


(540) 


sinh 


Cn ^1 

^ ” X 

Cn 

cosh — 


1 a(tn — <i) 

« 

tCi6'i 

2EA 

1 + a(tn ^l) 





X 


X . 1. 

sinh 


Cl 


Cl 


+, 


tCnSl 

2EA 




cosh — 

Cn_^ l_ 

X • t ic 

sinh - 

Cn Cn 


= Fn — Gn + Hr\ 


X 


cosh 

_ L 

X . U 

Sinh — 
Cn C 


(541) 


(542) 


where, to simplify the notation, the following abbreviations are 
made: 


Dn = 1 + a{tn — h) 


N = 


Pi = 


Si 

2EA 

cosh 


Cl 


X 

Cl 


+ 


sinh 


Cl 


(543) 

(544) 

(646) 
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Thus, in Eq. (642), 


B? SlDn 

(646) 

Gn = WxPtNDn 

(547) 

Hn = WnNDn. 

(648) 


Recapitulation. — In the design of a span, the engineer must 
guarantee (a) that the tension in the suspended cable will not 
exceed a predetermined safe value when subjected to the maxi- 
mum loading and minimum temperature conditions; and (b) 
that the clearance of conductor to ground will never be less than 
a given predetermined amount. 

The first requirement is met by the use of Eq. (526), in which 
the maximum tension xn*x is the maximum safe stress on the 
cable, and Wi is the total resultant unit loading on the cable, 
including weight of cable, weight of ice load and wind load nor- 
mal to these. The second requirement must be satisfied from an 
investigation of the vertical sag of the cable under the extreme 
conditions. A little reflection will disclose what these extreme 
conditions are. 

Minimum and Maximum Sags. — It is evident that the mini- 
mum vertical sag occurs either when the temperature is minimum 
and the cable is free from wind and ice loads, or when, at mini- 
mum temperature and maximum loading, wind pressure deflects 
the cable from a vertical plane. If, at minimum temperature, 
the cable receives its maximum assumed ice load and, at the same 
time, is subjected to its assumed wind load, the tension in the 
cable is increased and the cable is stretched due to the increased 
tension. Since the distance between supports remains fixed, 
the stretch in the cable gives rise to an increased sag. If the 
loading now remains unchanged but the temperature increases, 
the cable is ftirther elongated. But as the temperature rises 
and the cable elongates, the tension is diminished and the cable 
tends to shorten due to the lessened tension. For all materials 
now used as transmission-line conductors, however, the increase 
in length, due to any increment of temperature increase, is greater 
than the corresponding decrease in length which accompanies 
the associated decrement of tension. These two conflicting forces 
thus actually result in an elongation of the cable. If the tem- 
perature rise should continue indefinitely and the total load on 
the cable did not change, a condition of maximum sag would be 
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found at the highest temperature at which the ice load could 
exist, that is, at 32 ° F. Thus, the sag of the cable with maximum 
load and freezing temperature must be found, since it may prove 
to be a critical condition. This sag is found from the equation 

Vm = c„^cosh ^ — 1^ 

X 

after — has been evaluated from Eq. (489) for tn = 32° F. and 

Cn 

Wn - Wi. 

The sag found in this way will be measured in the plane of the 
resultant force, unless, as is sometimes done, it be assumed that, 
at freezing temperature, the wind has died down to a negligible 
value, but that the snow and ice load may have increased to an 
amount such that the total load per unit length of cable remained 
unchanged- The sag would then be in a vertical plane. In 
any case, if Pm is the sag in the plane of the resultant force, the 
vertical component of sag is given by the equation 

max. Vv ~ max. V ^ 

where 

max. Vv == the vertical component of sag 

and 

6 = the angle which the plane of the resultant deflec- 
tion makes with a vertical plane. 

As soon as the temperature rises above 32° F., the ice load and 
a large part of the wind load vanish, resulting at once in decreased 
deflection. If the temperature should now increase to its maxi- 
mum, the deflection will again increase to a new maximum, which 
may be either smaller or larger than the deflection at freezing 
point and maximum load, depending upon the relative magnitudes 
of ice and wind loading existing at the freezing point, and upon 

the maximum temperature. Solving Eq. (541) for the value of - 

On 

corresponding to tn = maxf and Wn = w (assuming no wind load 
to exist at the maximum temperature), the value of the sag at 
maximum temperature may be found from the equation for 
sag, namely, 

Vn = Cn^COSh y 

Critical Catenary. — A comparison of the deflection at maximum 
temperature, with the deflection at freezing temperature and 
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maximum load, will determine which sag is the greatest. The 
catenary having the greatest deflection is called the critical 
catenary. In warm climates the critical catenary will tend to 
exist at the maximum temperature, whereas in cold climates it is 
likely to be found at the freezing point. The diameter of the 
cable used is also a factor in the determination of the critical 
catenary, as are also the wind and ice loadings assumed. The 
smaller the cable diameter the greater is the ratio of the com- 
bined unit length wind and ice load to the weight of a unit length 
of the cable itself. Accordingly, in a given locality the critical 
catenary may occur at the maximum temperature for a large 
cable, and at the freezing point for a smaller cable. It is there- 
fore desirable to calculate the deflections for both conditions in 
order to be certain which one it is that controls. 

X 

Method of Solving Eq. (641) for While Eq. (541) appears 

Cn 

rather cumbersome and difficult to manipulate, yet when viewed 
in the light of its more simplified form, as given in Eq. (542), 
and not losing sight of the fact that the problem to be solved is 
a very complex one, the relative simplicity of the solution will 
become apparent 

The solution of this equation is easily and rapidly obtained by 
the use of the curves of Chart II, which is found in the pocket on 
the inside of the back cover. The curve indexed 


gives values of the magnitude 


for arguments of a; c ranging from 0 to 0.25. 
indexed 


0.0001 X 

represents magnitudes of 
H X 


cosh - . 

X , ,x 

sinh - 
c c 


X 

cosh - . 

'+ ‘ 


X 

c 


sinh ~ 
c 


The curve 



202 


ELECTRICAL POWER TRANSMISSION 


for the same range of the arguments, and 0.0001. Corre« 
spending curves, for values of H ranging from 0 to 0.0002, are 
indexed 0.00001, 0.00002, . . . 0.00019, 0.00020. A straight 
line, normal to the axis of a; -5- c is divided into equal lengths by 
these curves indexed in arithmetic progression. Consequently, 
direct interpolation may be effected along such lines perpendic- 
ular to the axis of a; c. 

For all positive arguments, the ratio of the hyperbolic sine to 
the argument is always greater than unity. By subtracting 
unity from this ratio, the two sets of curves of Chart II are 
located nearer the axis of x -r- c. The equation is again balanced 
by subtracting unity from the constants. Hence, for convenience. 
Eq. (642) is changed in form to 

sinh - 

1 = F„-G„ + H„ 

X 
Cn 


cosh 


Cn 


X 

Cn 


sinh — 


- 1 . 


Supposing Fn = 1.002821, Cr„ = 0.000525 and Hn — 0.0000315, 
then , 

Fn-6n - I = 0.002296. 

The magnitude 


H„ 


cosh — 

^ + 

X 

Cn 


sinh 


Cn 


= 0.0000315 


cosh 

X 

Cn 


+ 


sinh 


Cn 


is given by a curve interpolated between curves indexed 0.00003 
and 0.00004 for any argument x -i- Cn between the limits 0 and 
0.25. The value 0.002296 added to an ordinate of this curve 
must, according to the above equation, be an ordinate of curve 


sinh - -1 - 1. 

Cn Cn 


Hence, the correct argument x -r- c„, which gives the same length 
of ordinate for the curves 


and 






- 1 


0.002296 + 0.0000315 


cosh — 



X 

Cn 


+ 


1 


sinh — 
c» 
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can be found by marking the length 0.002296 on the straight i 
edge of a sheet of paper and by moving the point marked on 
the sheet along the curve 0.0000315, keeping the straight edge 
perpendicular to the x Cn axis, until the other point touches 
the curve 



The straight edge in this position indicates, on the x c axis, the 
value 0.1294, which, if substituted for aJ -f- Cn in the above 
equation, will satisfy this equation. 

The curves of Chart II have been drawn with great care from 
hyperbolic functions computed accurately to the required number 
of decimal places. With a little practice in interpolation, the 
argument of Eq. (542) can be found accurately to the fourth 
decimal place. Values of 

cosh - 
c 

X 

c 

with a given argument, can be read directly to the sixth decimal 
place from the curve bearing this index. For most practical 
design problems, the degree of accuracy possible with the use 
of the chart is more than ample. 

If greater accuracy is required than can be obtained by direct 
reading of Chart II, this chart may be magnified to any desired 
degree by the use of the tables (Appendix C) of hyperbolic 

X 

functions of calculated accurately to the tenth decimal place. 
The functions 

sinh " 

— ^-1 
X 

c 

and 

cosh - . 

— 5 - + -^ 

X • X 

- sinh - 
c c 


0.0001 
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are tabulated so that small portions of a chart similar to Chart II 
may be quickly drawn with ordinates of any desired magnitude, 
and used for the solution of Eq. (542), with much greater preci- 
sion than can be obtained by the use of Chart II only. Chart II 

cc 

should be used to determine the approximate value of - to the 

third decimal place. From the tables two or three values, 
greater and smaller than x -J- c, should be plotted for the functions 

sinh ^ 

--l&ndH 

X 

c 

upon coordinate paper with ordinates of a magnitude which will 
yield the desired precision. Since greatly magnified, short por- 
tions of these curves appear to be almost straight lines, the 
intersection point of the curves may be very accurately located. 

Temperature-tension Stringing Charts. — The construction 
engineer should have a means of quickly finding the required 
stringing tension for any temperature and for the loading corre- 
sponding to the weight of conductor alone. The stringing ten- 
sion, as already explained, should be such that under minimum 
temperature and maximum loading the cable will not be stressed 
beyond its maximum safe allowable value. Information as to the 
proper stringing tension should be available for all lengths of 
spans which may be required in the construction, and for all 
temperatures likely to be encountered while the construction 
work is in progress. 

In order to supply this necessary information, the curves which 
the conductor takes at each of a number of different temperatures 
should be computed for each of a number of values of the argu- 
ment a; c. The range in the argument should be great enough 
to embrace all of the span lengths required. Data for curves of 
stringing tensions T vs. a; -J- c, and corresponding sags y vs. 
X -h Cy are computed for a limited number of different tempera- 
tures. The range covered by the extremes in temperature 
should, of course, include all temperatures likely to be encoun- 
tered during construction. Curves are then drawn for the 
constant temperatures chosen. Tensions and sags for other tem- 
peratures may be found from the curves by interpolation. The 
charts, consisting of tension and sag curves vs. span lengths. 


cosh 

X 

c 


+ 


sinh 


± (F - G - 1) 
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similar to Fig. 70, are referred to as the temperature^enaim strings 
ing charts. 

The use of the theory developed in this chapter will best be 
understood by applying it to the solution of a definite, illustrative 
problem. Such a problem is stated in the following example. 


Example — A 500,000-cir mil copper cable is to be suspended from 
supports at equal elevations m spans of lengths lying between 200 and 1,200 
ft (Loading and other constants are as given in the tabulation of specifica- 
tions and constants ) It is required to compute the data for and to furnish 
a temperature-tension stringing chart to include the following curves’ 
(a) cable under maximum load at 32® F ; (b) cable without ice or wmd loads 
at 10®, 30®, 60® and 100® F 

Solutwn — In solving the problem it will be convenient first to tabulate, 
m systematic order, all of the required data pertaining to it, as illustrated 
in Table 12, entitled Specifications and Constants, for the 500,000-cir. mil 
copper cable 


Tabll 12 — Specifications and Constants 

500,000-Cir Mil, Stranded, Copper Cable 


1 

Mini mum temperature 

In * 1 

-10® F 

2 

Freezing temperature 

In “ 

+ 32® F 

i 

Maximum temperature 

In ** j 

+ 100® F 

4 

Ice loading (thickness all around cable) 

a 1 

0 5 in 

'j 

Wind pressure normal to span (pounds per square foot) 

V 

10 

b 

Weight of ice (pounds per cubic inch) 

u 

0 0332 

7 

Modulus of elasticity 

E 

16 000,000 

8 

Cocfiicient of linear cxpinsion 

a 

9 22 X 10 * 

9 

Flastic liimt, stranded, copper cable (pounds per square inch) 

T. 

28,350 

10 

Weight of copper (pounds per cubic inch) 

W 

0 327 

11 

Cable area in cii cular mils r 

cir mil 

500 000 

12 

Number of strands 


37 

13 

Number of layers around central wire 


3 

14 

Circular mils per strand (11) — (12) 


13 513 513 

15 

Diameter of stiand in inches — \/ (14) — 1,000 


0 11625 

16 

Outside diameter of ruble in Indies — [2 X (13) -j- 1] X (15) 

d. 

0 81 375 

17 

Diameter of equivalent solid rod = \/(Tl ) 

d 

0 70711 

18 

Area of equivalent solid rod “ 1(11) X 10 * X ir] — 4 

1 

0 3927 

19 

Area of strand in square inches *= [(14) X 30 ® X ir] — 4 


0 0106135 

20 

Elastic hnut per strand in pounds ■» (19) X (9) 


300 8927 

21 

Elastic limit of cable in pounds » (12) X (20) 


11,133 02 

22 

Maximum allowable tension assumed » 0 75 X (21) 


8 349 76 

23 

Total modulus of elasticity for cable = (7) X (18) 

Ei 

6,283 200 

24 

Weight per foot of cable alone * (18) X 12 X (10) 

w 

1 541 

25 

Cubic inches ice load per foot of cable »» 12ir[((16)-|-2o)*— 




(16)2] 4 


24 764 

26 

Ice load per foot of t able in pounds =» (25)u 

t 

0 822 

27 

Wind load per foot of cable in pounds = (5) X [(16) 4* 3ol 




-r 12 

P 

1 511 

28 

Total resultant load m pounds per foot of cable « [(ie + 0^ 





U 1 

2 804 
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Next assume a number of arguments, as in coliunn (1) of Table 13, of 
sufficient range to cover the spans desired. From the tables of Appendix 
C, column (2) readily follows. Since 

T m - WiCi cosh — > 

Cl 

in which equation all quantities except Ci are now known, Ci of column (3) 
may be computed. The corresponding half-span lengths in column (4) are 


X ^ ^Xci 
Cl 



200 400 600 800 lOOO 1^0 

Zx = Tower Spacing in Fec+ 

Flo. 70. — Temperature-tension stringing chart for 500,000-circular mil copper 
cable. (See columns 18 and 19 of Tables 16 to 18.) 

and the length of the loaded cable, for each assumed argument, is 

«i * Cl sinh — 

Cl 

as in column (5). If desired, the sag under the condition of maximum load- 
ing and minimum temperature may also be found from the equation (532) 

yi = ci^cosh^ - 1^ • 



Table 13. — Catenary at Minimum Temperature 
Cable under Maximum Loading Conditions 
Data and working equations 

T ^ X 


I 
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0.12 0.992843 2 , 957.08 354.850 355.702 1.002401 16.706772 2.83058 46.8358 
0.14 0.990279 2 , 949.45 412.923 414.273 1.003269 14.332549 3.29667 40.1799 
0.16 0.987335 2 , 940.68 470.509 472.519 1.004272 12.553584 3.76017 35.1927 
0.18 0.984016 2 , 930.79 527.542 530.396 1.005410 11.171467 4.22074 31.3181 
0.20 0.980328 2 , 919.81 583.962 587.863 1.006680 10.067155 4.67805 28.2223 




Table 14, — Catenary at Freezing Point 

Cable under Maximum Loading Conditions 
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» The sags given in this and succeeding tables are in the plane of the resultant force. The sag in the vertical plane is obtained for the above table by 

. ^ wind load per foot of cable _ 1.511 _ « ^ 0 ^= 

multiplying the given eaga by cos « = 0.8427, where tan» = (,ce load + weight of conductor) per foot of cable 2:363 ~ 

For tables 15 to 18 inclusive the resultant force is in the vertical plane, since wind load is assumed to be zero. 



Table 15. — Catenary at — 10°F. 
Cable without Ice or Wind Load 
w = 1.5410 
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Table 17. — Catenary at 60°F. 
Cable without Ice or Wind Load 
t£7 = 1.5410 
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This sag is usually not of particular interest, since it does not represent a 
critical condition, except in the case of supports at different elevations. 
In this case the minimum sag may have to be investigated to determine 
whether uplift on the lower support may not occur at minimum temperature. 

The remaining columns (7), (S) and (9) of Table 13 are constants of Eq. 
(542), which are used in the calculation of the remaining curves, and are 
tabulated here for convenience. 

Prom the data already computed and tabulated in Tables 12 and 13, and 
with the use of Eq. (542), the remaining curves are all easily calculated. 
The method is exactly the same for all curves. It will therefore be sufficient 
to illustrate this method as applied to the data of Table 14. 

By subtracting 1 from each member of Eq. (542), which is the abbreviated 
form of Eq. (641), this equation becomes 


sinh 


Cn 


Cn 


- 1 = F„ - G«n - 1 4 " 


cosh — 

Cn 


From Eqs. (543) to (545), inclusive, 

Dn “ 1 “h Ct(tn — <l) 


N = 


Si 

2EA 

cosh- 


Ci 


X 

Cj 


Cn 


sinh- 

Cl, 


-f ■ 


sinh 


CnJ 


Whence, by Eqs. (546), (647) and (548), 



Gn = WiPiNDn 
Hn = WnNDn. 


From these equations, columns (7), (8) and (9) of Table 13 and columns 
(10), (11), (12), (13) and (14) of each of the other tables, representing 
catenaries for various loadings and temperatures, are readily computed. 
Column (15) in each case is obtained from the chart by the method already 
explained under the heading, Method of Solving Eq. (541) for a; -5- Cn. 
Once the new arguments x -i- Cn have been found, columns (16), (17), 
(18) and (19) follow from the relations given below: 

Cn = a; -f- (a; -r- Cn) 

cosh — obtained from tables of hyperbolic cosines 


T “ WnCn cosh 

Cn 


(16) 

(17) 

(18) 
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where Wn is the particular total loading, per unit length of cable, appropriate 
to the catenary in question. 



The curves of Fig. 70 are the graphs corresponding to the computed 
values set down in columns 18 and 19 of the above mentioned tables. 

PROBLEMS 

1. A 0000 medium hard-drawn, copper cable is to be strung on poles along 
a level right-of-way. The points of attachments ot conductors to insulators 
are 42 ft. above ground, and the minimum permissible clearance of conduc- 
tors to ground is 30 ft. The conductor tension at the supports under 
stringing conditions must not exceed 1,400 lb. What is the maximum 
allowable distance between supports? What is the length of cable between 
supports? 

2. The line of Problem 1 crosses an inlet. At the place of crossing the 
minimum available span is 800 ft. The minimum allowable clearance 
between cable and water is 40 ft. Allowing the same tension as before, 
what is the required height of the point of conductor attachment above 
water level? What is the sag at the middle of the span? What is the 
length of cable in the span? 

3. Calculate and plot the temperature-tension curve and the sag curve 
at 100® F., for a 250,000-cir. mil, stranded, copper cable for which the 
following data apply. Make calculations covering spans up to 800 ft. for a 
level right-of-way. 

Cable diameter = 0.576 in. 

Weight of cable per foot == 0,772 lb. 

Ice load assumed at maximum loading = 0.6 in. all around cable. 

Minimum temperature at which ice load exists = — 10® F. 

At maximum load and minimum temperature of —10® F., the wind load, 
assumed at right angles to line, and acting on ice-covered cable, is 10 lb. per 
square foot of projected area. 

Maximum allowable tension in cable = 4,200 lb. 

Modulus of elasticity E = 12,000,000 per square inch. 

Coefficient of linear expansion = 9.22 X 10”®. 



CHAPTER XI 


MECHANICAL DESIGN 

SPANS WITH SUPPORTS AT UNEQUAL ELEVATIONS 

Spans with Supports at Unequal Elevations. — Where the trans- 
mission-line right-of-way passes through very hilly or moun- 
tainous country, the length of span is frequently determined more 
by the limited choice of possible tower locations than by the condi- 
tions of maximum economy, which are discussed in a succeeding 
chapter. The roughness of the country and the greatly restricted 
number of suitable tower sites make it frequently necessary to 
construct spans in which there is a considerable difference in 
elevation of the points of attachment of a given conductor on 
adjacent towers. In general, the method followed in the design 
of such spans is similar to that followed for spans with points of 
conductor attachments at equal elevations. In addition, how- 
ever, the designer must be assured that under conditions of 
minimum sag the conductors do not exert an upward pull upon 
the towers. The tension in the conductors will be unequal at 
adjacent towers, as will also the vertical distances from the 
points of support to the lowest point on the suspended conductors. 
A simple method of finding these required quantities will be 
outlined.^ 

Theory Outlined. — In Fig. 71, let ADoRo be a catenary repre- 
senting a conductor supported at A and at Bo, two points whose 
elevations differ by 6o units, and let the length of span be a. 
The conductor is to be strung so that (a) when under maximum 
loading and minimum temperature conditions the tension at A 
will not exceed the maximum allowable tension assumed for the 
conductor; (b) when under minimum sag the conductor will not 
exert an upward pull on the tower at JSq. This condition is 

^ Smith, G. S., ‘‘Transmission Line Design. Mechanical Design of Spans 
with Supports at Unequal Elevations,'* presented before the A. I. E. E. Pacific 
Coast Convention 1926; also University of Washington Engineering Experi- 
ment Station, Bull, 29. 
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fulfilled by the stipulation that the lowest point Do, on the curve, 
must at all times lie between Do and A, 

In Fig. 71 if the catenary ADqBo be extended to the point Co, 
having the same elevation as A, a catenary is obtained which is 
symmetrical with respect to the Y-axis through the lowest point 
Do. For this curve, the half span length is Xo and the maximum 
deflection is yo. All quantities, such as tension, deflection and 
length for the symmetrical curve, may be computed by the 
methods already described for spans with supports at equal 
elevations. Remembering that distances a, x and Xo etc., are 
measured horizontally between supports, it is apparent that at 

any point on the curve 
distant x units from Do, 
the point of maximum 
sag on the symmetrical 
curve, the deflection is 
given by Eq. (488), as 

y = c^cosh ^ 

where the constant c, for 
any given conditions of temperature and loading, is the ratio 
H -5- w for that set of conditions. If the half span length Xo, of 
the symmetrical curve ADoCo, were known, the distance a;', from 
the point of maximum deflection to the nearest support, could 
readily be found, for 



Fig. 


71. — Catenaries for spaiib with 
ports at unequal elevations. 


sup- 


x[ = a — Xo, (549) 

Once Xq is known, the maximum deflection of a symmetrical 
catenary whose span length is 2x^y is available from the equation 

Vo = ^o^cosh — 1^ (550) 

and since 

^0 = 2 / 0 “ Vo (551) 


the difference in elevation of the two supports is expressible in 
terms of the two symmetrical catenaries having the span lengths 
2xo and 2a:i. The problem, then, is to find these span lengths. 

Interpolation for xo . — The values xo and xo of the half span 
lengths for the long and short spans of the corresponding symme- 
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trical catenaries may readily be found by interpolation from 
plotted values of the relation 


if the range of arguments is so chosen as to embrace the argument 
corresponding to the desired value b — bo. The following para- 
graphs will make the truth of this statement more apparent. 

Consider a large number of catenaries similar to the one 
already described, some having spans longer and some shorter 
than 2xq. Let the conductors representing these curves be all 
alike, let them all be strung to have the same maximum tension 
under conditions of minimum temperature and maximum loading, 
and assume that all of them have undergone the same changes of 
loading and temperature. 

Of this series of catenaries ADiCi is one that is a small amount 
shorter, and AD 2 C 2 one a small amount longer than ADqCo- 
For these curves the maximum sags are 



cosh 

cosh 


Xi 

Cl 

X2 

C2 



(552) 


for the symmetrical catenaries of span lengths 2xi and 2 x 2 , 
respectively, and 



cosh 

Cl 

cosh 

C2 


0 

0 


for the symmetrical catenaries of span lengths 2x' and 2x^, 
respectively, by Eq. (488). The above values of half span 
lengths are related as in Eq. (549) ; that is, 


Xj = a — Xi 
x' = a — X 2 


(553) 


Since and JS 2 are the points of attachment, the differences in 
elevation between .points of attachment on the two supports for 
the conductor ADiC\ and AD 2 C 2 are, respectively. 


bi = 2/1 - y[ 


b2 = 2/2 - y'r 


and 
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An inspection of the Fig. 71 clearly shows that 

62 > ^ bi 

•C 

and hence it follows that, by assuming a number of arguments ~ 

and computing the corresponding values of b from Eq. (651), 
the value of 60 may be found by interpolation if the series of 

^ Xq 

arguments chosen includes values both larger and smaller than — . 

Co 

The differences b are plotted against their corresponding values 
of Tm, c or X, and the values of xi, co and To, etc., corresponding 
to the curve ADoBo^ readily follow. The method described will 
be illustrated by an example. 

Example , — A 600,000-cir. mil copper cable with the constants and sub- 
jected to the loadings and temperature conditions described in the example 
on page 205, is suspended from supports 600 ft. apart. The difference in 
elevations of the points of suspension is 40 ft. It is required (a) to find the 
tension at the highest support for each temperature and loading; (6) to find 
the corresponding maximum sags, and (c) to test the results of the solution 
to see whether under minimum sag conditions there is an upward pull on 
the lowest support. (If an upward pull exists the maximum tension may 
be reduced or the span may be redesigned for a smaller difference in eleva- 
tion between supports.) 

Solution . — The given data and working equations are 
a = 600 ft. x' — a — X 

ho = 40 ft. 2 /' = c ^cosh ” 

The symmetrical spans (spans with supports at equal elevations), have 
already been computed for lengths up to nearly 1,200 ft. for this particular 
conductor. The results of these calculations are given in Tables 12 to 18 
inclusive. From these tables the already known values of Xi, c and y of 
Eq. (652) are copied and set down in columns (21), (22) and (23) of 

•C 

Table 19, for the corresponding values of — . From Eq. (553) the values of 

Cl 

x' in column (24) follow. After computing columns (25) and (26), the 
values, of j/' in column (27) and h in column (28), are readily calculated. 
These values of h are next plotted against x, c, T and y of columns (4), (16), 
(18) and (19), respectively, and the values corresponding to 6o = 40 ft. are 
read off and tabulated as in Table 20. 

It will be observed that the vertical sag is at no time less than 40 ft., and 
hence no upward pull will ever be exerted on the support. 

Stringing Conductors. — If the cable is to be strung by the use of 
a dynamometer, the tensions of Table 20 will furnish the required 



Table 19. — Supports at Unequal Elevations 
Span = 600 ft. 

6o = 40 ft. 
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For the loaded cable at 32® F., the values of y and yi represent sags in the plane of the resultant force. 

For the loaded cable at 32® F., the values in the table are computed values of (y — y') multiplied by (cos 6 = 0.8427). 
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stringing data. On the other hand, if sag is to be the basic 
criterion, two methods are open: (a) The cable may be suspended 
from its insulators and allowed to sag until the distance 
of Fig. 72 is equal to the value of yo in column (28) of Table 19, 
for the temperature at the time of stringing, (fe) The cable may 
be sagged until the distance AA^ == BB[ is such that the line of 

sight A'Bq (parallel to ABq) is tan- 
gent to the cable. The point Z)' is 
located at the intersection of a ver- 
tical line, midway between supports, 
with the catenary, and is taken as 
the lowest point on the curve. 
This is not strictly accurate, but 
the error made by this assumption 
is so small as to be entirely negligible 
here. The value of A A' may there- 
fore be easily calculated for 



Fio. 72. — Determination of string- 
ing sag. 


whence 


Va = ci 




cosh 




AA^ = 


2/a - 


2 * 


(554) 


Table 20 


Values of x, c, Tm and y, corresponding to ho — 40 ft.. are obtained from 
plotted curves using h of column (28) as the independent variable, and 
each of the quantities sought as the dependent variable. 


Temperature and load 

U'o 

Co 

To 

Vo 

32° F., cable loaded 

523.8 

2,838.9 

8,094 

40.8 

— 10° F., cable only 

506.9 

3,109.2 

4,852 

41.4 

30° F., cable only 

499.4 

3,004.8 

4,692 

41.8 

60° F., cable only 

494.4 

2,922.7 

4,568 

41.9 

100° F., cable onlv 

488 0 

2,831 6 

4,428 

42 3 


PROBLEM 

The difference in elevation between two adjacent supports in a 700-ft. 
span, of the line in Problem 3, Chap. X, is 45 ft. It is assumed that the 
tension at the highest support under maximum loading conditions, the snow 
load, wind load and all other pertinent data, are as given in the problem 
above mentioned. Calculate, for a temperature of 110° F., (o) the tension 
at the highest support; (6) the sag yo} (c) the length of cable in the span. 





CHAPTER XII 


ECONOMICS OF SPAN DESIGN 

The Most Economical Tower Spacing. — In the design of im- 
portant lines, and particularly for lines or sections of lines built 
over more or less level country where spans of uniform length are 
possible, it is essential that the designer make a careful investi- 
gation to determine the length of span which will require mini- 
mum total capital outlay. In very rough country where tower 
locations and lengths of spans are frequently determined within 
narrow limits by the nature of the terrain, the principles of 
maximum economy, here discussed, will naturally be applied with 
greater difficulty. As will be observed from a close study of the 
problem, the span length of greatest economy is not a sharply 
defined one on either side of which costs rise rapidly; but, rather, 
there is a considerable variation in span length over which total 
costs change rather slowly. Therefore, if so required to suit the 
contour of the right of way, the span may be varied consider- 
ably in length from the one found to be most economical, without 
seriously affecting the cost. 

Economic Principle. — The principles underl3dng the problem of 
finding the most economical tower spacing may be stated as 
follows: It is assumed, as is usually the case, that the minimum 
permissible clearance between conductor and ground is fixed, 
either by state law or otherwise. This is the fundamental datum. 
Furthermore, in any span the minimum clearance occurs when 
the deflection is maximum. The latter condition, in turn, is 
defined by the critical catenary. 

Thus, with a fixed ground clearance to begin with, the height of 
the individual support increases with the length of span, whereas 
their total number decreases. The total cost of the supports is 
equal to the number of units required times the cost of a unit. 
With increasing length of span, therefore, the cost of the individ- 
ual unit is increased on account of its greater height and the 
greater strength required, while the number of units is, of course, 
diminished. The most economical spacing to use is the one for 
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which the total cost of supports is a minimum; that is, it is a 
spacing such that, if increased by a small increment, the total 
increased cost for all support, due to the increased cost of a unit, 
will be exactly equalled by the total reduction in cost resulting 
from their decreased number. 

Methods of Attack. — Cut and try methods are frequently 
followed in estimating the most economical tower spacing. 
When this method is used the costs of the several separate items 
which go to make up the total cost of the unit, such as insulators, 
foundations, towers, cost of erection, etc., are separately esti- 
mated for each of a number of assumed lengths of span. Curves 
for each of these variable cost items are then drawn with cost 
expressed as a function of span length. A total cost curve, made 
up by adding the ordinates to the separate curves, is then con- 
structed. The minimum point on this curve locates the most 
economical length of span. 

In the analysis which follows, instead of the out-and-try method, 
a mathematical solution of the problem is offered. This method 
has the advantage of ease of manipulation, and of furnishing results 
which may readily be incorporated into a mathematical study of 
the greater problem having to do with the economics of design 
involving the line as a whole, as considered in a subsequent chapter. 

Basis for Mathematical Solution.^ — The method by which one 
may proceed to a mathematical statement of the problem is 
suggested by the discussion under the caption entitled ‘‘Economic 
Principle, together with a consideration of cost items that enter 
into the total cost of the supports and how they vary. 

The total cost of a tower structure may readily be segregated 
into various items of cost. For the purpose in hand, the follow- 
ing list of items is used : 

1. Cost of tower at place of erection 

2. Cost of erection of tower 

3. Cost of lease or purchase of tower site 

4. Cost of foundation installed 

5. Cost of location and inspection of support 

6. Cost of insulators at tower location 

7. Cost of placing insulators and cable. 

In order to make a solution for the most economical tower spac- 
ing it is desirable to separate the above items of cost into two 

^ Kibsten, F. K. University of Washington Engineering Experiment 
Station, Bull, 17. 
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groups, one of which is a function of the tower spacing only, and 
the other of which varies both with the tower spacing and the 
height of the tower. The total cost will then be expressed in 
mathematical form in terms of these two groups of cost items. 
The first question to be answered is, into which class does each of 
the above items fall? 

Item 1. — The weight of the tower is proportional to the maxi- 
mum cable stress for which it is designed. For a given stress, an 
increase in the height of the tower increases its weight in propor- 
tion to the square of its height. Since the cost of the tower is 
proportional to its weight, the amount of item 1 is in direct 
proportion to the square of the height of the tower. 

Item 2. — The given stress for which the tower is designed prac- 
tically fixes the weight per unit length and the lengths of its 
structural members. Hence an increase in the height of the 
tower increases the number of its structural members, and, 
consequently, the cost of erection, in direct proportion to the 
square of its height. 

Item 3. — Since in practical tower design the ratio of the height 
of the tower to the width of its base is a constant, the area of the 
tower site and therefore the cost of its lease or purchase will also 
vary in direct proportion to the square of the height of the tower. 
(Where an entire right-of-way is purchased, this item should be 
omitted.) 

Item 4. — The cost of the foundation is directly proportional to 
the tension for which the tower is designed and is practically 
independent of the height of the tower. 

Items 5, 6 and 7. — These items are independent of the mechani- 
cal features of the towers and are constants for given transporta- 
tion rates and market conditions of materials and labor. The 
magnitude of item 6 is practically proportional to the transmission 
voltage and is fixed for a given transmission voltage. 

Equations Derived. — ^Let 

L = length of the transmission line 
2x = tower spacing 
h = height of tower 
ki == minimum clearance of cable to 
ground 

y = maximum deflection of the cat- 
enary formed by the cable. 
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The number of line supports is, then, 


Number = ^ 

and the height of the support is 

h == ki + y 

The total cost of the line supports is 


Cost = No. (h^k2 + fcs) (557) 

where 

h%2 = sum of items 1, 2 and 3 
fca = sum of items 4, 5, 6 and 7. 

Substituting Eqs. (555), and (556) in Eq. (557), 

Cost = (558) 

Substituting for y in the above equation its equivalent from 
Eq. (488), 

Cost = ki + c ^cosh j + fcaj. (559) 

For a minimum or maximum cost the derivative of Eq. (559) 
with respect to x must be equal to zero: 


d(Cost) _ ci 
dx “ ^ 2 


2k2C cosh ^ sinh ^ k2C^ cosh‘^ ^ 2k2C sinh ^ 
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+ 2kix sinh ^ — 2kic cosh ^ + 2kic — kl — (560) 

C C n/2 

X 

But a; = c X hence 

0 — 6^(2- cosh - sinh ^ — cosh^ ^ — 2 - sinh ^ + 2 cosh - — 1^ 

\ c c c c c c ^ ) 

+ 2cfci ^ sinh ^ — cosh ^ + 1^ — fc? — (561) 
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Simplifying, 

c*( cosh - — 1 

\ c 

+ 2cA:i^* sinh * — cosh ^ ^ 

from which 


)(■!' 


sinh - — cosh - + 1 
c c 


) 




ki(- sinh - — cosh - + 1^ 
\c c c ) 


(' 


sinh - — cosh - + 1 
c c 


cosh 1 

c 


)(^-” 

+ fc?(%i 


sinh' -> cosh 
c 


sinh — cosh 
c 


) 

:+>) 


^cosh ^ sinh * — cosh * + 1^ 

Simplifying Eq. (563), 

ki sinh ^ — ^cosh ® — 1^ j 
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(cosh 1 - 
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2® sinh® - ( 
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(*x®sinh®)’ 


^cosh * ~ 1 


(cosh ® - 

1 


(563) 




(564) 


For a given clearance ki of the cable to ground, and a given 
hyperbolic argument, Eq. (564) contains only one variable, the 
ratio ki k^. In practical line design the possible range of this 
ratio usually falls within the limits 500 and 2,500. 

The Most Economical Span ^ as a Function of Conductor 
Diameter d ,. — From Eq. (564) the minimum cost of tower may 
be found if the positive sign before the radical is used. For a 
given ground clearance ki and a given ratio kz -4- kz, this equation 

X 

yields the value of c for any assumed argument Since c is 
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X 

given as a function of - it follows that the corresponding tower 
c 

spacing 2a; = 5 is also known as a function of c. Thus, from 
Eq. (564), curves may be plotted giving values of c as a function 
of S = 2a;, for any assumed values of ground clearances ki and 
any ratios ks -5- k^. For each ratio ks -f- k 2 chosen, there is a 
family of curves; an individual curve results for each assumed 
value of ki. Such a set of curves, applying to stranded, copper 
cables, is illustrated in the graphs marked 1, 2, 3, etc., of Fig. 73. 
By assuming values of ki and kz k^ of a range sufficient to 
cover any conditions likely to be encountered in practice, a single 
set of curves will suffice for any problem likely to arise. In 
these curves it must be remembered that 2x represents the most 
economical span for the corresponding values of c, fci, and 
kz * 2 . 

If now, on these curves, there be superimposed another set of 
curves relating the values of c and 2a;, pertaining to the critical 
catenary for each conductor size of a given conductor material, 
a ready means is provided fqr finding the most economical span 
corresponding to any conductor size and for the material repre- 
sented. The intersection points of the two sets of curves deter- 
mine the spans of maximum economy for the various conditions 
and conductor sizes. The values of c and 2a; for the critical 
catenary (the catenary at 100° F. is taken as the critical condition 
in the work here discussed), are computed by the method already 
discussed in the previous chapter and there illustrated for a 500,- 
000-cir. mil, copper cable. 

Since the circular mil area of a cable is expressible as a function 
of the overall cable diameter; that is, 

cir. mil = cP 

= eg (1.15)2 

where the constant 1.151 represents approximately the ratio of 
outside diameter to the diameter of the equivalent solid rod for 
stranded cables in sizes above 250,000 cir. mils, the second set of 
curves of Fig. 73 may be indexed in terms of cable diameters, and 
the intersections of the two sets of curves may be used to evaluate 
the most economical span as a function of That is, by plot- 
ting the corresponding values of S and ds obtained from the inter- 
sections, a graphical relation between conductor diameter and 
most economical span is obtained. This relation is then reduced 
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to mathematical form by writing an empirical equation to fit the 
curves over the range covered by the investigation. 

As a basis for much of the work of the chapter, computations 
were made from the results of which a large number of curves 



similar to those of Fig. 73 were drawn. The computations 
covered the three conductor materials, aluminum, copper and 
steel for cable sizes between 250,000 and 2,000,000 cir. mils, 
inclusive. The calculations were repeated for ground clearance 
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between 25 and 50 ft. for each 5-ft. interval, and for ks -r- *2 
ranging between 500 and 2,500, taken at intervals of 500. From 
the intersections of the two sets of curves (similar to Fig. 73) 
resulting from these calculations, an empirical equation was 
derived for the most economical tower spacing, as discussed in 
the succeeding article. 

Equation of Most Economical Tower Spacing. — An investiga- 
tion of the most economical tower spacing has been carried out 
by the method above outlined, for aluminum, copper and steel 
cables. Curves for composite cables, such as steel-core alumi- 
num and copper-clad steel cables, have not been calculated. 
For the cables considered, a great number of intersection points 
were computed for ks -i- k^ ratios varying from 500 to 2,500, for 
ground clearances fci of from 25 to 50 ft., and for cables varying 
from 0.5 to 1.7 in. in outside diameter. The curves were plotted 
with S as abscissas and d* as ordinates. By making a careful 
analysis of these curves, it was found that they could be very 
closely approximated by a rectangular hyperbola of the form 

(d, + ks){k^ ^ S) ks (565) 


where /be, /by and ks are constants for a given curve. Solving 
Eq. (565) for the most economical span yields 


S = 


kijd n + fee ) ~ ks 
ds + /be 


(566) 


From Eq. (566) the most economical span may be found for 
any conductor size, once the constants are known. 

The constants kr and ks of Eq. (566) have been evaluated for 
copper, aluminum and steel and for the ranges of ks k 2 and k\ 
mentioned above. Those for aluminum and copper are available 
from the curves of Plates II to V, inclusive. These plates are 
found at the end of the chapter. 

The constant ks is independent of A^i, and of the ratio ks -i- k^y 
but has a different value for each conductor material. The 
values of ks are 


= +0.20 for aluminum 
= —0.15 for copper 
= —0.30 for steel 


(567) 


The maximum error, involved in the use of Eq. (565), is less 
than 1 per cent for values of d« between 0.6 and 2 in. The equa- 
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tion will still fit the curve closely for values below 0.6 and above 
2, but additional constants kt, kt and k^ are required. 

The Most Economical Tower Height. — A study of the maxi- 
mum sags, for the critical catenaries, corresponding to the spans 

Table 21. — Maximum Catenary Deflections (in Feet) for Most 
Economical Tower Height 


ki 

Con- 

ductor 

material 

Conductor diameter d« 

Average 

cable 

deflec- 

tion 


0.999 

1.153 

1.289 

1.412 

1.525 

1.631 


A1 

12.70 

12.90 

12.72 

12.73 

12.72 

12.70 



500 

Cu 

12.70 

12.72 

12.73 

12.09 

12.66 


12.69 



Fo 

12.78 

12.68 

12.65 

12.60 

12.64 

12.58 




A1 

16.32 


16.32 

16.4] 

16.36 

16.33 



1,000 

Cu 

16.33 

16.35 

16.40 

16.40 

■Mia 

16.42 

16.34 



Fe 

16.35 

16.36 

16.32 

16.28 

16.25 

16.29 




A1 

19.50 

19.52 

19.19 

19.54 

19.52 

19.47 


to 

01 

1,500 

Cu 


19.51 


19 53 

19.58 

19.54 


li 


Fo 

19.47 


19.65 

19.60 

19.61 

19.62 




A1 

22.37 

22.31 

22.33 

22.42 

22.38 

22.34 



2,000 

Cu 

22.38 

22.35 

22.39 

22.40 

22,37 

22,37 




Fe 

22.34 

22.42 

22.44 

22.45 

22.42 

22.45 





24.95 

24.93 

24.98 

24.95 

24.98 

24.96 



2,500 


25.00 

25.00 

24.98 

24.97 

24.99 

25.03 

24.98 




24.96 

24,96 

25.02 

25.04 

25.04 

26.06 




A1 

13.73 

13.96 

13.77 

13.78 

13.75 

mi 



500 

Cu 

13.75 

13.79 

13.82 

13.76 

13.71 


13.74 



Fe 

13.78 

13.72 

13.68 

13.62 

13.58 

Ih 




A1 

17.02 

17.08 

17.00 

17.11 

17.00 

17.00 



1,000 

Cu 

17.02 

17.01 

17.09 

17.11 

17.07 

17.11 

17.03 



Fe 

17.00 

17,03 

17.02 

16.97 

16.91 

16.97 




A1 

19.91 

19.98 

19.91 

20.03 

19.96 

19.92 


o 

CO 

1,500 

Cu 

19.96 

19.92 

19.97 

20 02 

19.09 

20 00 

19.97 

11^ 


Fe 

19.90 

20.02 

20.03 

20.01 

20.02 

20.02 




A1 

22.64 

22.58 

22.62 

22.68 

22.63 




2,000 

Cu 

22.63 

22.60 

22.03 

22.64 

22.66 

22.68 

22.66 



Fe 

22.60 

22.68 

22.72 

22.73 

22.74 

22.76 




A1 

25.10 

25.10 

25.10 

25.05 

25.09 

25.08 



2 , 500 

Cu 

25.10 

25 09 

25.10 

25 10 

25.12 

25.20 

25.11 



Fe 

25.09 

25.08 

25.14 

25.18 

25.16 

25.20 




A1 

14.96 

15.12 

14.94 

15.03 

14.96 

14.94 



500 

Cu 

14.96 

15.00 

15.00 

14.97 

14.94 

15.00 

14 . 94 



Fe 

14.97 

11.95 

14.89 

14.85 

14.81 

14.83 




A1 

17.90 

17.97 

17.89 

17.98 

17.93 

17.88 



1 ,000 

Cu 

17.90 

17.87 

17.95 

17.98 

17.95 

18.00 

17.92 



Fe 

17.90 

17.95 

17.92 

17.88 

17.85 

17.89 




A1 

20 63 

20,00 

20.58 

20.07 

20.60 

20.54 


w 

1,500 

Cu 

20.63 

20 55 

20.61 

20.66 

20.63 

20.63 

20.63 

n 


Fe 

20.58 

20.67 

20.69 

20.09 

20.69 

20.69 




A1 

23.12 

23.06 

23.10 

23.17 

23.12 

23.08 



2,000 

Cu 

23.12 

23.10 

23.11 

23.12 

23.11 

23.11 

23.13 



Fe 

23.06 

23.13 

23.15 

23.19 

23 19 

23.20 




1 A1 

25.33 

25.44 

26.39 

25 39 

25 41 

25.42 



2,500 

Cu 

25.40 

25.43 I 

25.41 

25.39 

25.42 i 

25.48 

25.43 




25.41 

25.43 

25.49 

25.51 

25.50 1 

25.53 
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Table 21. — {Continued) 


ki 

Con- 

ductor 

material 

Conductor diameter d» 

Average 

cable 


ki 

0.090 

1.153 

1.289 

1.412 

1.525 

1.631 

deflec- 

tion 



A1 

16.23 

16.35 

16.23 

16.35 

16.28 

10.23 



500 

Cu 

16.26 

16.28 

16.31 

16.32 

16.29 

16.32 

16.25 



Fc 

16.27 

16.25 

16.23 

16.18 

16.12 

16.17 




A1 

18.92 

18.96 

18.90 

19.00 

18.93 

18.89 



1,000 

Cu 

18.93 

18.86 

18.96 

19.00 

18.98 

19.01 

18.95 


Fo 

18.92 

18.99 

19.00 

18.95 

18.96 

19.00 




A1 

21.39 

21.40 

21.44 

21.48 

21.44 

21.38 


o 

1,500 

Cu 

21.45 

21.40 

21.40 

21.45 

21.42 

21.43 

21.44 

11 

Fp 

21.39 

21.46 

21.50 

21.49 

21.49 

21.51 




A1 

23.77 

23.71 

23.71 

23.78 

23.75 

23.71 



2,000 

Cu 

23.77 

23.76 

23.77 

23.75 

23.73 

23.78 

23.77 


Fe 

23.75 

23.80 

23.84 

23.84 

23.85 

23.86 




AI 

25.91 

25.93 

25.91 

25.88 

25.90 

25.91 



2,500 

Cu 

25.92 

25.93 

25.90 

25.99 

25.91 

25.99 

25.95 


Fp 

25.90 

25.96 

26.02 

20.06 

26.01 

26.04 




Al 

17.60 

17.68 

17.58 

17.70 

17.67 

17.57 



500 

Cu 

17.60 

17.60 

17.61 

17.09 

17.63 

17.06 

17.66 



Fe j 

17.62 

17.06 

17.65 

17.58 

17.55 

17.57 




Al 

20.08 

20.09 

20.05 

20.15 

20.08 

20.02 



1,000 

Cu 

20.08 

20.10 

20.02 

20.10 

20.14 

20.10 

20.09 


Fp 

20.02 

20.10 

20.14 ! 

20.12 

20.10 

20.15 




Al 

22.38 

22.41 

*22.33 

22.42 

22. 38 

22.36 


iO 

1,600 

Cu 

22.39 

22.35 

22.40 

22.40 

22. 3S 

22 . 38 

22.40 

II 

Fp 

22.35 

22.42 

22.43 

22.46 

22.43 

22.48 




Al 

21.51 

21.53 

24 . 50 

21.58 

24.51 

21.52 



2,000 

Cu 

21. 5S 

2 1 . 58 

21.53 

24.51 

21.. 56 

24.56 

24 . 59 


Fp 

24.50 

24 . 53 

24.60 

24.55 

21.65 

21.65 




Al 

20.58 

20.62 

26.55 

20.50 

20.05 

20.64 



2,500 

Cu 

20.00 

20.02 

26., 'jH 

20.58 

20.00 

20.66 

26.61 


Fp 

26.59 

20.58 

26.64 

20.08 

20.01 

26.64 




Al 

19.00 

19.00 

18.96 

19.08 

18.90 

19.00 



500 

Cu 

19 02 

18 00 

19.04 

19.10 

19.04 

19.09 

19.04 



Fp 

19.02 1 

19.07 

19.11 

19.05 

19.07 

19.05 




Al 

21.28 

21.29 

21 . 32 

21 . 32 

21.27 

21.21 



1,000 

Cu 

21 . 30 

21.24 

21 . 20 

21 . 20 

21.20 

21.28 

21 . 30 


Fe 

21.21 

21.35 

21.38 

21.37 

21.38 

21.42 




Al 

23.48 

23.38 

23.41 

23.45 

23 . 43 

23 . 39 



1,500 

Cu 

23.43 

23 . 42 

23.41 

23 . 40 

23.43 

23.42 

23.45 

II 

Fp 

23.42 

23.48 

23.50 

23.52 

23.. 53 

23.55 




Al 

25.40 

25.48 

25.47 

25.45 

25.48 

25.47 



2,000 

Cu 

25.48 

25 . 48 

25.47 

25.45 

25 . 47 

25.51 

25.49 



Fp 

25.48 

25.48 

25.53 

25.50 

25 . .53 

25.57 




Al 

27.32 

27.41 

27.36 

27.36 

27.42 

27.45 



2,500 

Cu 

27.33 

27.43 

27.39 

27.38 

27.42 

27.45 

27.40 



Fe 

27.42 

27.35 

27.43 

27.46 

27.41 

27.42 




of maximum economy as found from Eq. (566), reveals the fact 
that, for any given ratio of fcs and value of fc], the maximum 
deflection of the critical catenary is approximately constant 
for all conductor sizes and all conductor materials lying within 
the limits covered by the investigation. 
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In order to substantiate this rather remarkable conclusion, 
an investigation was carried out covering conductor sizes of from 
500,000 to 2,000,000 cir. mili, for each of the three conductor 
materials mentioned, in which the maximum sags were deter- 
mined for the most economical spans under critical conditions, 
and for each of a number of assumed ratios of fcg h and ki. 
The maximum temperature assumed was 100® F., at which tem- 
perature the critical catenary then exists. The results of this 
investigation are given in Table 21. The data here recorded 
were obtained by first finding the span of maximum economy 
in the manner already explained, and then reading from the 
critical catenary,^ of the corresponding conductor size and 
material, the defiection corresponding to this span. 

It is thus possible to express the maximum deflection of the 
critical catenary in terms of the ratio kz -f- kz and fci, regardless 
of conductor size or material. This has been done in the curves 
of Plate I. 

Since the height of tower, to the point of attachment of the 
conductor, is equal to the required minimum ground clearance 
plus the maximum deflection on the critical catenary, it follows 
that the height of tower corresponding to the most economical 
span, or the most economical tower height is given by the equation 

K = ki + max.^ (568) 

where 

he ~ most economical tower height measured from base of 
tower to point of conductor attachment. 
ki = minimum, allowable, vertical ground clearance. 
m&x.y = deflection of the critical catenary at center of the most 
economical span. 

To illustrate the significance of the foregoing statements, the 
most economical spans and the most economical tower heights 
are computed below for aluminum and copper conductors of 
random sizes and for given assumed values of kz -5- k 2 and fci. 

Example , — ^Let fcg -J- ^2 = 1,500 and = 30. It is required to find the 
most economical span S, and the most economical tower height K, for the 
following conductors: 

1,000,000-cir. mil, aluminum cable for which da = 1.153 in. 

500,000-cir. mil, copper cable for which d, — 0 . 816 in. 

1 Data for the critical catenaries of all conductors falling within the scope 
of the table are found in University of Washington Engineering Experiment 
Station Bidl. 17. 
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Solution , — From Plates II to V and from Eq. (567), the constants kt, k^ and 
ksy for the chosen values of kz -ir kz and ku are 

For aluminum conductor 

fee = “1-0 . 20 
kr = 968 

kz = 425 

For copper conductor 

kt = -0.15 
k7 = 832 

kz = 112.5 

Substituting these values in Eq. (566), for each conductor, yields the most 
economical spans as follows: 

1,000,000 cir. mils aluminum S = 654 ft. 

500,000 cir. mils copper S = 662 ft. 

From the critical catenaries for these conductor sizes and materials, and 
for the spans foimd, the maximum sags are found to be 

max.2/ — 20 ft. for the aluminum cable 
max.y = 19.9 ft. for the copper cable 

Turning now to Plate I, it is found that the maximum sag 
given by the curves for the values kz ^ — 1,500 and fci = 

30, is 20 ft. This checks the results of the calculations. 

By Eq. (568), for the above values of ^3 -5- k^ and fci, the most 
economical tower height is 

he = 30' + 20' = 50 ft. 

for any size conductor and any conductor material within the 
range covered by the discussion, that is, for aluminum and coppei* 
conductors in sizes between 250,000 cir. mils and 2,000,000 cir 
mils so long as fca A ;2 = 1,500 and ki = 30. 

Estimating Value of k^ k ^. — It will be recalled that the eco- 
nomic study of this chapter is based on the segregation of tower 
line costs into seven items as given on page 222. By Eq. (557) the 
total cost of line supports may be expressed in terms of these 
items by 

Cost = ^o,{h^k 2 + hji) 

where 

N^o. ~ total number of line towers (all towers assumed 
to be alike). 
k = height of tower. 

^2 = (item 1 + item 2 + item 3) h^, 

fcs = sum of items 4, 5, 6 and 7. 
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Thus, in order to estimate what the values of the constants 
and kz will be, it is necessary to secure, from the manufacturer, 
cost data on towers designed for a definite conductor tension, 
voltage and height. From such data the constants for another 
height, voltage and tension may be estimated if no data are 
available. The process of making such estimate will be illus- 
trated by an example. 

Example . — What arc the most economical tower spacing and tower height 
for a l,000,000-(jir. mil, copper cable strung to a maximum tension of 16,700 
lb., insulated for 220 kv. between conductors, and having a minimum ground 
clearance of A*i == 30 ft.? 

It is assumed that, as a basis for making estimates, there are available cost 
data for a 150-kv. tower line in which the tension of the conductors was 
6,000 lb. and the towers were 37 ft. high. These data for the latter are as 
follows : 


1. Cost of towers at place of erection $350.00 

2. Cost of erection of towers 70.00 

3. Cost of tower site 15.00 

4. Cost of foundation 270.00 

5. (’’ost of location and inspection 25.00 

6. Cost of insulators at tower site 80.00 

7. Cost of placing insulators and cable 20.00 


Solution . — Using th(' above data as a basis, the costs for the proposed 
line are estimated as follows: The maximum tension for the proposed line is 
16,700 lb., whereas the tension for the line to which the above data apply is 
only 6,000 lb. Since the tower cost is proportional to the tension, the 
estimated cost of the n(^w towers is 

~6^W^ X $350.00 = $975.00, approximately. 

Likewise, the costs of the foundations are proportional to the tensions, 
whence the estimated cost of the new foundations per tower is 

X S270.00 = $750.00, approximately. 

o, UuU 

If the number of paralle^ strings, per conductor attachment, remains 
unchanged, the cost of insulators is roughly proportional to the voltage, 
whence the covst of insulators per tower for the new line is 

X 80 = $117.00, approximately. 

The remaining items of cost remain approximately unchanged. 
The constants fci, ki and ks of Eqs. (556) and (557) may now be 
found. They are as follows: 
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ki SB 30 ft. by conditions of the problem. 
k 2 = sum of items 1, 2 and 3 for the new coiistruction, divided 
by the square of the height of the point of cable support 
above the tower footing. Thus, 

, 975 + 70 + 15 


= 0.774 

kg = sum of items 4, 5, 6 and 7 
= 750 + 25 + 117 + 20 
= 912 

and 

I . I 912 , 

fcs . — Q ~ 1(178. 

It will be observed that the important items are 1, 4 and 6, 
and that the final result would not be greatly different if all 
others were neglected entirely. In the present instance, the use 
of these three items only would yield 

kn -i- ki = 1,210, approximately. 

With the use of Eq. (566), (567) and (668) and the curves of 
Plates 2 and 3, the most economical span and tower height readily 
follow, as in the illustrated example already given. They are 

S = 683 ft. 

max.?/ =18.1 ft. 

h, = 48.1 ft. 

PROBLEMS 

1. For a given tower line the ground clearance of the attached conductors 
is 35 ft. The ratio kz ^2 is 2,000. What is the length of the most 
economical span for a 350,000-cir. mil, copper cable, whose diameter is da ~ 
0.682 inch? What is the most economical tower height for type A tower? 

2. The costs items 1, 4 and 6 of a certain 165-kv. tower line, designed for 
a maximum tension of 8,000 lb. and for a height of 40 ft. to the point of 


conductor attachment, were as follows: 

а. Cost of towers at place of erection $420 . 00 

б. Cost of foundations 300.00 

c. Cost of insulators at tower site 75.00 


Other items of cost may be considered as independent of tension and voltage. 
Estimate the most economical tower height, the most economical span and 
the maximum sag for a 110-kv. line having a ground clearance of 30 ft., and 
which is designed for a maximum tension of 6,000 lb. on towers. 




soo 
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CHAPTER XIII 


THE MOST ECONOMICAL VOLTAGE AND CONDUCTOR 

DIAMETERi‘2 

Given the location of the project, the load to be transmitted 
and the distance of transmission, the problem of designing a long 
line divides itself naturally into three parts; namely 

1. Determination of the most economical voltage and conduc- 
tor size. 

2. Selection of the most economical tower designs and spans, 
together with the proper design of span from a mechanical 
standpoint. 

3. Choice of synchronous reactors for line regulation, and the 
calculation of the electrical performance of the line. 

The second of these three items has already received some 
attention in Chaps. XI and i[II. Much of this will serve as a 
prerequisite to the present chapter. The first item, namely, 
the formulation of a method by which the most economical 
voltage and conductor diameter may be found, is the burden 
of the present chapter. 

While the design of important transmission lines is usually 
placed in the hands of experts of wide experience whose judgment 
may frequently come to their assistance where rational methods 
fail or do not exist, there is always danger in relying too much 
upon judgment which cannot be verified by careful engineering 
calculations. And, strangely enough, the very part of the problem 
of calculating the design of a transmission line, where the careful 
application of the underlying scientific principles is of first impor- 
tance, is the place where greatest uncertainty usually exists, 
namely, in the calculation of the most economical voltage and 
conductor areas for a given project. 

Many have contributed towards systematizing and rationaliz- 
ing the general procedure in transmission-line design, and much 

^ ^‘Transmission Line Design II. The Line of Maximum Economy,” 
A. I. E. E., Jour., 1925, Kirsten, E. K., and E. A. Loew; also University of 
Washington Engineering Experiment Station Bull. 32 

2 “Economy in the Choice of Line Voltages and Conductor Sizes for 
Transmission Lines.” Jour. A. T. E. E. Aug. 1928, p, 561. By E. A. Loew. 
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has been accomplished in the way of supplying solutions to the 
various problems encountered,, particularly in reference to items 
2 and 3 above. While the procedure with reference to these 
items is quite clearly established and well defined, the same is not 
true of item 1. The solution here is somewhat more involved, 
and, while the underlying laws are simple enough, their proper 
application is quite difficult. Here the usual procedure has 
followed the method of trial and error, and in the final analysis, 
much was left to the uncertainty of the engineer's judgment. 
The object of the present chapter is to rationalize the entire 
procedure as affecting item 1, so far as is possible, and to 
provide a method of solution that is based on scientific laws, 
and in which possible errors, such as are likely to result from 
placing too great a tax upon the designer’s judgment, are reduced 
to a minimum. 

In the past it has been the common practice to treat the elec- 
trical and the mechanical features of the line separately as though 
they were quite unrelated quantities. The size and the material 
of the conductor were first determined, often by a false application 
of Kelvin’s law, in which no consideration of the most suitable 
line voltage, of the cost of high-tension equipment, or of tower 
structures entered. Following this, the proper number of towers, 
their height and weight necessary to support the conductors, with 
the required ground clearances, were calculated. Usually the 
operating voltage of the line was more or less arbitrarily fixed, 
and the choice of conductor material gave evidence not so much 
of an intimate knowledge of the economic laws involved as of the 
relative efficiencies of the sales departments of the conductor 
manufacturers. This procedure has resulted in the construction 
of lines which do not give maximum service at minimum cost, 
although Kelvin’s law has apparently been applied in making 
the design computations. 

This chapter undertakes to give the engineer a systematic 
method of attack upon the problem of finding the most economi- 
cal voltage and conductor diameter, so that he may be assured of 
supplying the required service at minimum cost. 

V Kelvin’s Law and Its Modification. — The determination of the 
most economical size of conductor is based on the well-known 
principal stated in Kelvin’s law. The statement of this law 
has been somewhat modified since it was first proposed, but, 
even in its modified form, it is now sometimes improperly inter- 
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preted. The law was first stated by Sir William Thompson 
(Lord Kelvin), in 1881, but was later modified by Gisbert Kapp 
into the following more exact form: '^The most economical 
area of conductor is that for which the annual cost of energy 
wasted is equal to the interest on that portion of the capital outlay 
which can be considered proportional to the weight of copper 
(conductor) used/' The term interest used in the above state- 
ment of the law should be interpreted to mean interest and 
depreciation. 

The law as stated assumes the line voltage to be fixed; that is, 
the relative economy of conductors of different sizes is to be com- 
pared on the basis of an assumed voltage. When a problem in 
power transmission is first attacked, however, the voltage is 
usually as much an unknown as is the size of the conductor to be 
used. A proper choice of conductor size must accordingly be 
intimately interlinked with a choice of the most suitable trans- 
mission voltage. The problem^ therefore^ is to find that conductor 
which, when used with the most economical voltage, will fulfill the 
requirements of KelvMs taw,^ 

The truth of this statement is supported by the following 
argument. If a fixed loss in the line conductors be assumed, the 
cross-sectional area of conductor required to transmit a given 
amount of power is inversely proportional to the square of the 
transmission voltage. As the voltage is increased, the invest- 
ment in line conductor is reduced. One cannot go on increasing 
the voltage and reducing the size of conductor indefinitely, 
however, because a definite limit is set by two controlling economic 
conditions. The first limit is set by the fact that for every vol- 
tage and conductor spacing, other factors being assumed con- 
stant, there is a definite size of conductor which is the minimum 
that may be used. Any further reduction in size will give rise 
to corona loss from the conductors and will tend to cause incip- 
ient sparking or flashovers, thus endangering the line insulation. 
A second limitation resides in the fact that, as the voltage is 
increased, the total investment, in the equipment, required to 
handle a given amount of power increases very rapidly. This is^ 
particularly true of transformers, switches, lightning arresters 
and insulators. When that point is reached, beyond which any 
further increase in voltage will entail an increase in annual fixed 
charges, on high-tension and line equipment, greater than the corre- 
sponding decrease resuking from a reduction in size of line conductor. 
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there is no further advantage in increasing the voltage. At the point 
thus determined, the most economical voltage and the most economical 
conductor size are both found. 

Items of Cost Affecting Choice of Voltage and Conductor. — The 
final choice of conductor will not necessarily be based on the 
above considerations alone. Other conditions which may affect 
the size of conductor are regulation, charging current and the 
cost of auto-transformers required for linking the line with 
established systems operating at different voltages. Where 
synchronous reactors are installed to take care of line regulation, 
due consideration must also be given to the interdependence of 
the operating voltage and synchronous reactor capacity required 
for a desired regulation. 

Hence the question, as to what voltage should be used on a 
transmission system carrying a given amount of energy, can only 
be answered correctly after investigating all cost items of the 
line and of its operation which are a function of the voltage, as 
intimated above. Some of these items are: Heat loss, insulators, 
transformers, high-tension oil switches and disconnecting switches, 
lightning arresters, housing space for high-tension apparatus, 
synchronous condenser capacity, tower dimensions, etc. 

In the following analysis the above items are grouped under 
six main headings, namely 

1. Load distribution. 

2. Line conductors. 

3. Conductor supports and line insulators. 

4. High tension apparatus and housing. 

5. Regulation. 

6. Coordination of existing systems to new project by tie 
lines. 

Load Distribution. — Since the conditions, pertaining to the 
generating station or stations feeding a transmission line, as well 
as to the load served, are so variable as to make each line a sep- 
arate and distinct problem, differing in some features at least, 
from every other line, no general rules can be laid down for esti- 
mating the amount of power to be transmitted over the line, 
which will apply with equal force to all lines. Each project 
must be studied separately in the light of all the facts available, 
and from these an estimate may be reached of the service which 
the lines should render. In certain sections of the country, where 
waterpower is abundant, transmission of power is usually 
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associated with its generation in hydroelectric plants. In fact, 
a considerable percentage of our principal power transmission 
projects are fed largely from plants of this kind. A method of 
estimating the load of a proposed line, based on plants of this 
kind, will therefore serve to illustrate the procedure for a large 
number of lines, and, perhaps, at the same time, suggest a suit- 
able approach to the problem of finding the required duty of 
most others. 

а. Rated Ultimate Capacity of Generating Machinery, — The 
basic data, for the designer of a waterpower project, are the total 
energy obtainable par year from the generating machinery at 
the power site, together with the curves indicating its probable 
distribution from week to week throughout the year. These 
data are obtained from a careful study of the stream-flow meas- 
urements taken over a period of years, and a study of the water 
storage possibilities for the proposed development. The method 
of analyzing these data need not be considered here. With a 
given maximum elevation of the storage dam, and with a knowl- 
edge of the conditions of flqw into, and the amount of storage 
available in the storage reservoir, a fairly close estimate of the 
ultimate output of the generating station can be made. 

The capacity of the generating machinery, however, depends 
not only upon the average amount of energy obtained by averag- 
ing the total available yearly energy over the period of one year, 
but it also depends upon the distribution of the daily demand at 
the receiving end of the transmission line over the hours of the 
day. Since the load demand of the distribution system usually 
fluctuates over a wide range during the day, and since this varia- 
tion differs from day to day and from month to month, the gen- 
erating machinery must have enough capacity to supply the 
maximum annual peak instead of the average daily demand. 
Where auxiliary plants are provided to supply the peak demand 
of the distribution system, the required capacity of the generators 
at the power house is more nearly equal to the average yearly 
demand. 

б. Load Factor, — The ratio, of the average daily power demand 
for the year to the maximum or half-hour peak demand upon 
the generators for the year, is called the average half-hour, yearly 
load factor of the power station For western coast cities this 
factor usually lies between 40 and 65 per cent, depending upon 
the nature of the load connected to the distribution system. 
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c. Distribution Curve . — The load factor can only be approxi- 
mated by the designer after a careful study of the probable, 
ultimate, daily load distribution from past records of the dis- 
tribution system. From this study the total ultimate capacity, 
in kilovolt-amperes of the generating station is obtained by divid- 
ing the average daily energy available by 24 times the load factor. 
If the maximum daily peak demand is of short duration, the 
generating machinery may be operated under an overload for 
that period, thereby increasing the load factor. 

Having determined the average daily load distribution of the 
existing distribution system, the average, daily distribution curve 
for the ultimate system, including the new development, may be 
found by multiplying the ordinates of the original curve (kilo- 
watts) by a constant, of such magnitude that the area under 
the new curve, in kilowatt-hours, represents, for the ultimate 
system, the average daily supply from all power sources feeding 
the system in question. The constant is quickly determined by 
integrating the given load-distribution curve with the planim- 
eter and dividing the average daily energy yield of the generat- 
ing system by this integrated area in kilowatt-hours. The 
capacity of the generating machinery is found by multiplying 
the maximum ordinate of the derived curve by the ratio of the 
maximum peak of the year to the maximum peak of the average 
day. Other considerations, as auxiliary plants, peak load, power 
delivered over tie lines from other systems, concurrence of high 
water conditions with maximum peak load demands, etc., may 
modify the determination of the generating capacity considerably 
and must be studied separately for each individual project. 

Root-mean-square Oowatts and Average Heat Loss in the 
Line. — Having derived the average daily distribution curve for 
the year, it is now possible to determine the ^^root mean square'^ 
of the average load. The root mean square of the average load 
is that quantity which, if supplied continuously throughout 
the year, would give rise to the same total heat loss in the line 
conductors as is dissipated in them under actual operating condi- 
tions. Since the heat energy dissipated in the line conductors is 
proportional to the square of the line current, assuming constant 
voltage and power factor, the line loss at any moment is propor- 
tional to the square of the power transmitted, and the average 
line loss for the year is proportional to the average square of the 
power transmitted, hour by hour throughout the year. The 
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r.in.8. average load is then found by taking the square root of 
the average square of the ordinates to the mean daily load curve 
for the year. 

Figure 74 shows in full line a typical mean daily load curve 
for a western community. The ordinates can be drawn to 
any arbitrary scale representing kilowatts. From this curve 



Fig. 74. — R.m.s. kilowatts from average daily load curve. 

the (kw.)2 curve, shown dotted, is derived by squaring the ordi- 
nates of the kilowatt curve. Applying the planimeter to the 
latter curve and dividing the integrated area by 24 gives the 
average (kw.)^ for the day. As a check, the area below the hori- 
zontal dotted line should equal the area of the (kw.)^ curve. 
The square root of the average (kw.)^ is that amount of energy 
which, if transmitted continuously, will give rise to the same heat 
loss as the variable load actually transmitted under operating 




VOLTAGE AND CONDUCTOR DIAMETER 


247 


conditions. The quantity thus derived will he^after be called the 
root-mean^quare kilowatts, (669) 

Figure 74 shows that the r.m.s. kilowatts is a quantity greater 
than the average daily kilowatts. 

Line Conductors. — Under this heading should be collected all 
data pertaining to the conductors, which may be of value in find- 
ing the cost of the energy annually wasted as line loss, the annual 
charge against the first cost of conductor, and the influence of 
the mechanical features of the conductor upon the cost of the 
line towers. Since there is usually a choice of several conductor 
materials, as for instance, copper, aluminum and steel and also a 
choice of composite cables of steel-core aluminum, copper-clad 
steel, or of cables of special mechanical construction, such as 
hollow cables made up of a spiraled inner tube with cable strands 
spiraled on the surface of the tube, the electrical and mechanical 
characteristics of all cables which come into consideration should 
be obtained. 

The electrical characteristics of a given cable at once fix the 
line loss per kilowatt-hour per unit metallic section of the cable. 
The line loss is determined as follows: 

a. Energy Loss , — The total power wasted in the conductors 
of a three-phase line is 


where 


P = 3RP 


P = watts loss in the line. 

R = the total resistance of a single line conductor in ohms. 
I = equivalent average current in amperes which will give 
rise to the same heat loss per year as the integrated losses 
due to the actual current of the daily variable load. 


The energy wasted during the year is 
Watt-hrs. = Pt 

= 3 X 8,760ii!/2 watt-hrs. (670) 

and the value of the annually wasted energy is 

^ , 3 X 8,760i?PA 

Cort (571) 

= 26.28/2/*^ dollars 

where 

A = value of electrical energy at the receiving end of , 
the line, in dollars per kilowatt hour. 
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If a stranded conductor be used, remembering that its diameter* 
d, = 1.153d, where d, and d are the diameters of stranded con- 
ductor and equivalent solid rod, respectively, in inches, 

B - X 10- 

d, 

where 

p = resistance of conductor material in ohms per mil-foot 
L = actual length, in feet, of the lino conductor measured 
from the generating station to the receiving station 
along the catenaries formed in suspension. 

1.02 = A.I.E.E. resistivity factor introduced to take care of 
increased resistance due to stranding. 

Substituting Eq. (572) into (571), 

Cost = 35.64 X 10~^pLA^^ dollars. (573) 

Equation (573) gives the value of the energy lost in trans- 
mission in terms of two variables for a given conductor material. 
These two variables are the equivalent average current /, and the 
overall diameter of the cable in inches. If composite cables are 
used, the ratio, of the area of a circle drawn tangent to the outer- 
most elements of the surface layer of strands, to actual metallic 
section, is (1.1 53 )2 approximately, provided the stranding of these 
cables is the same as that of cables made of one kind of material. 
The constant p, however, must be the derived electrical resistance 
per mil-foot of some equivalent material which would yield the 
same resistance if made up into a cable of the same diameter as 
the composition cable. If steel is a part of the conductor, the 
resistance is a function of the frequency. Special attention should 
here be called to the fact that the constant 1.153 can only be used 
in connection with cables of standard stranding. The constant, 
for cables of special mechanical construction, such as hemp-core, 
tubular conductors and cables of special stranding, must be 
derived and is the ratio of the diameter of a circle enveloping 
the extreme outer elements of the cable to the diameter of the 
equivalent solid rod. It is important to state Eq. (572) in terms 

1 The ratio dt -t- d varies between 1.1508 and 1.1536 for the larger cables as 
shown on p. 61. The value 1.153 is taken as the correct value for the 
larger cables. 
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of the overall diameter of\he cable, as will f>e apparent from 
subsequent derivations. 

b. Fixed Chargee against Line Conductors . — ^The volume of 
the three cylindrical line conductors is 


V = 


ZirdiL , 

4 X 144 X (1.153)* 


(674) 


and the annual fixed charge against the conductor alone is 

Conductor fixed charge = dollars (575) 

lUU 

where 

Pi == per cent interest and depreciation 
B = cost of conductor material delivered, in dollars per 
pound. 

W = weight of conductor material in pounds per cubic foot. 
Substituting Eq. (574) in (575), 


Conductor fixed charge 


Sirdlp^BWl 

4 X 144 X (1.153)2 X 100 


dollars 


= 12.31 X 10-^ (KpiBWL dollars. (576) 


Equation (576) shows that the annual fixed charge against the 
conductor alone, for a given conductor material, is a function of 
the square of the overall diameter ci!«, which appears as the only 
variable. 

Conductor Supports and Line Insulators, (a) Types of Towers. 
For long-distance, high-potential lines, only two general types of 
towers need be considered by the designer, namely the single-cir- 
cuit and the double-circuit tower. Figure 75 shows the two types. 
Type A represents the single-circuit tower with the three con- 
ductors arranged horizontally on one crossarm, and type B 
the double-circuit tower with the two circuits arranged vertically, 
one on each side of the tower, supported by three crossarms. 
On the west coast of America, where timber is still plentiful, 
the wood-pole tower is still an economic temptation, but with 
the gradual increase in timber cost and an increasing demand for 
greater permanency of construction for important trunk lines, 
this type will soon vanish from the field of long-distance trans- 
mission; and, for that reason, is not considered here. 

(6) Comparison of Towers Type A and Type B. Mechanical 
Features . — For a given conductor clearance to ground, type B 




mechanical failure of one circuit on the double-circuit tower, a 
possibility which must be considered, the total tension of the 
remaining; three conductors acts as a twisting moment on the 
tower structure, whereas the total twisting moment for type A 
tower is that due to the tension on one conductor only. Hence, 
for the same conductor, the structural members of the double- 
circuit tower must be heavier than those of the single-circuit 
tower. The width of the line right-of-way is materially decreased 
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by using tower type J5, however, and this item mdy prove a most 
important factor in the choice between the two types. Another 
factor in favor of tower B is the need of only one ground cable 
which, when placed at the apex of the upper crossarm, furnishes 
protection against lightning disturbances for two circuits, 
whereas type A tower requires two ground cables located on the 
upper crossarm, as shown in sketch, so that the number of ground 
wires per line is four times as great for type A as for type jB. 
Very often only one cable is used for type A, but two cables are 
more desirable from the standpoint of reducing twisting moments 
on the tower structure and foundations, and distributing these 
moments over adjacent towers in case of conductor failures. 
The distribution of such stresses to adjacent towers, by the 
ground cable of type B tower, is less effective in relieving the 
tower structure, especially in case of failure of the upper con- 
ductors, in which case the stresses must pass through half the 
tower structure before they can be transmitted to other towers 
by the ground cable. 

c. Comparison of Type A and Type B Towers. Electrical 
Features. — It will be shown later that, for a given line voltage, 
the spacing between conductors is less for type B than for type A 
towers. Hence the inductance per phase is less and the capaci- 
tance greater than for type A. This may prove an advantage or 
disadvantage, depending upon the length of line and the character 
of its electrical load. For short lines of large capacity it is an 
advantage and for long lines of relatively small capacity it is 
likely to be a disadvantage. 

Due to the offset from a vertical plane of the center conductor, 
the tower B arrangement approaches equilateral conductor 
arrangement, and hence, the phase performance along the line will 
be more nearly balanced for the three conductors than for the con- 
ductor arrangement of tower A. The phase unbalance is further 
aggravated by tower A, inasmuch as the center conductor must 
pass through a closed iron circuit, giving rise to hysteresis and 
eddy-current loss, which, however slight, is entirely absent in 
tower B. 

Danger of insulator flashovers becoming short circuits between 
conductors is very improbable for type A towers, whereas these 
flashovers have a natural tendency to spread vertically, thus 
tending to aggravate the destructive effects of these flashovers 
for type B towers, 
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For very high potential lines on type B towers, repair work on 
one line may necessitate the shutting down of the other line also, 
to insure safety to the workmen. This would make the use of 
type A towers not only desirable but almost necessary. 

Type A tower lends itself very much better than type B to 
a step development of large projects if the magnitude of each step 
approximates the normal capacity of one line only. 

It is not desirable to use different types of transmission towers 
for parallel lines conveying the energy of a power source to the 
same distribution center, since, as explained above, the electrical 
characteristics of these lines would differ. 

From the above it is evident that the designer can arrive at 
the proper choice of tower type only after careful consideration 
of all factors involved, especially factors of cost; and the cost 
factors should be analyzed for both type A and type B towers 
before giving too much weight to the saving in right-of-way or 
to the desirability of least possible service interruption. The 
choice of tower type also influences the size of conductor required 
to carry a given amount of pqwer, as will be demonstrated in the 
subsequent discussion. 

d. Conductor Spucmgs . — The clearances which must be pro- 
vided between the conductor of a line, or between line and ground, 
are determined largely by considerations of electrical safety. 
Sufficient clearance should be provided to allow a reasonable 
factor of safety against sparkover betw(‘on conductors, or between 
any one conductor and the tower structure, under the worst 
weather conditions and with one conductor grounded. In 
regions where large birds may be the cause of electrical failure the 
separation of conductors should be sufficient to prevent the 
likelihood of short circuits from the wings of such birds. 

Where two circuits are strung on a single line of towers, th(' 
middle conductor is usually offset from the vertical plane contain- 
ing the upper and lower conductors. The offset is usually away 
from the tower and amounts to from 2 to 4 ft. This is done to 
prevent short circuits in a given span due to temporarily 
decreased clearances which might arise from the dropping of the 
sleet load from one or more conductors. The swinging of con- 
ductors due to the wind is not usually regarded as a serious prob- 
lem particularly with heavy conductors, since they swing together 
and maintain more or less constant clearances. The vertical 
clearances between conductors are usually somewhat less than 
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the horizontal. The spacing of conductors depends also some- 
v^hat upon the length of the span. The clearance between con- 
ductor and tower structure must take account of the possibility 
of the swing of the conductor with the wind. The probable angle 
of swing is estimated, and the clearances are chosen accordingly. 
While there is considerable divergence in the practice followed by 
different companies, the curves of Fig. 76 probably represent 
present-day average practice fairly well. 

c. Clearances to Ground . — Clearances of conductors to ground 
vary considerably with the location and. with the necessity for 
taking precautions. They should always be sufficient to avoid 



the possibility of harm coming to persons, or damage to property 
from the proximity of other electrical lines. Over highways, 
railways or waterways special precautions and greater clearances 
than ordinary are required. In open country from 20 to 25 
ft. is usually deemed sufficient. In some states clearances are 
specified by law. Recommended ground clearances as well as 
conductor spacings may be found in the National Electrical 
Safety Code. 

Factor of Safety . — The actual sparkover distance between 
conductors is approximately 1 in. per 10,000 volts. Most systems 
go so far as to provide for safe operation with one conductor 
grounded. For that emergency, the voltage between the remain- 
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ing conductors and the tower structure is not the voltage to 
neutral, but the full voltage normally between conductors. The 
grounding to the tower of one of the line conductors naturally 
decreases the electrical safety factor of the line insulation in the 
proportion of 1 so that, if the normal safety factor of 

the line be 6.5, it would be reduced to 6.6 -v- \/z or to 3.75 in 
case of the grounding of one conductor. Using a factor of safety 
of 6.5, for long lines under normal operation, will provide 6.5 in. 
of clearance for every 10,000 volts of operating potential. This 
will assure sufficient safety for transient potential waves of con- 
siderable magnitude. 

The choice of a safety factor of 6.5 is rather arbitrary, but seems 
to fit present practice very well, as shown by Fig. 76. The 
shaded area represents the extreme ranges of general spacing 
practice, as found from many present installations, and represents 
the maximum range as reported in the handbook of the Aluminum 
Company of America, on page 72. The conductor spacing curves 
for type A and type B towers were obtained by applying the 
safety factor 6.5 to both types^f towers in connection with actual 
sparkover distances under extreme wind defiections of the 
insulators. 

/. Empirical Equation for Spacing D . — Referring again to Fig. 
75, the minimum clearance of the conductor to the nearest tower 
member under maximum wind load on the cable is designated a. 
With the assumption that the maximum deflection of an insulator 
string is 30° from its normal vertical position, and that, for 
type A tower, the structural members which form the tower frame 
on each side of the central conductor are also inclined at an angle 
of 30° from the vertical, the spacing between adjacent conduc- 
tors is 


J5 = a -j- 


+ u\/3 


\/3 

= 3.31a for type A tower. 


(577) 


The diagram of type B tower shows the center conductor 
projected out a distance designated as Dh from the vertical plane 
which intersects the other two conductors. This is necessary in 
order to provide safe clearance near the middle of the cable span 
in case of unequal sleet loading of the three conductors. 

For the type B tower it is assumed that the ratio of the pro- 
jection upon a vertical plane of the actual conductor spacing D, 
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designated D„ to the projection of D upon a horizontal plane, 
designated Dk, is fixed as 3 1. Likewise, it is assumed that the 

slope of the upper member of the middle crossarm with respect 
to a horizontal plane is 1 3. From these assumptions, the 

spacing between adjacent conductors is 


But 


hence 




ZD 

Vi6 


2a 

“ V3 + 


X + 




D 

3\/ro 


D = 2.62a for type B tower. 


(578) 


Designating the operating voltage to neutral of the line by 
and allowing 10,000 -i- 6.5 volts per inch, 


a 


En 


in. 


1,538 


(579) 


Combining Eq. (579) with Eqs. (577) and (578), 


D = 0.00215£^n for type A tower 
D == 0.001 70£Jn for type B tower 


(580) 


Any other special arrangement of conductors, on towers dif- 
ferent from the general forms, shown by Fig. 75, may be similarly 
analyzed for a relationship of E and Z>, resulting, probably, in 
a change in magnitude of the constants of Eq. (580). 

g. Equivalent Spacing . — To equalize the electrical performances 
of all three phases of a transmission circuit, the conductors of 
which are unequally spaced, as exemplified by Fig. 75, it is 
necessary to provide a minimum of two complete transpositions, 
the transposition points dividing the line into sections of approxi- 
mately equal length. Additional transpositions may be desir- 
able or even required by law, in order to reduce to a safe working 
value inductive interference with adjacent telephone circuits. 
A circuit of unequal conductor spacings, thus transposed, will 
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perform like a three-phase circuit without transpositions, the 
conductors of which are equidistant from each other, i,e,, 
arranged so that lines through their axes form an equilateral 
triangle, provided that 

D' = X Z>2 yU), (681) 


where Di, D 2 and Da are the actual distances, center to center, 
of the three line conductors properly transposed, and where D' 
is the equivalent equilateral spacing of the same circuit without 
transpositions but yielding the same performance. The proof of 
this relationship is found in Eqs. (160) and (252). 

The equivalent triangular spacing, as applied to Fig. 75 is, 
therefore, 

D' = 


and 


= 1.260D for type A tower 

- = vx 

= 1 .238D for type B tower 


(582) 


h. Relation of Tram^mistiion Voltage and Conductor* Diameter . — 
It has already been stated that in a proper application of Kelvin’s 
law all items of cost, which enter into the completed project and 
whose values depend upon either the line voltage or the con- 
ductor area, must be considered. For convenient use in the 
solution of problems it is most desirable to express the law in the 
form of a mathematical equation in which the conductor diameter 
appears as an explicit function of the load to be transmitted. 
To do this requires the formulation of the mathematical law by 
which the voltage and conductor diameter, in an economically 
designed line, are or should be related. This is so because certain 
of the cost items in question, such as the cost of transformers, 
circuit-breakers, towers, insulators, and lightning arresters, are 
usually supplied by the manufacturer for a given operating volt- 
age. The law, of variation of cost with voltage for these items, 
is built up from the manufacturers’ quotations, as will be 
explained in greater detail later. The law of variation of cost may 
then also be expressed as a function of the conductor diameter 
as soon as the relation which should exist between conductor 
diameter and line voltage is known. 
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It was explained at the outset that, if the conductor diameter is 
assumed to be fixed, the line losses incident to the transmission 
of a given load over the line are a minimum, when the voltage 
impressed is the highest practical value, when the voltage 
is just under the critical disruptive value. Therefore, the basic 
assumption is made that for maximum economy all lines should 
he operated at an average voltage somewhat below the critical, dis-^ 
ruptive value for the conductor used, but yet as high as is practical. 

The interrelation of voltage and conductor diameter sought is 
expressed by the law of the corona (Eq. (287)) as follows: 

cEn = 2.3Q2m<igo8^^ logio ^ 

where 

eEn = the critical disruptive voltage to neutral in volts. 

mo = the irregularity factor. 

go = the dielectric strength of air at standard tempera- 
ture and pressure in volts per inch. 

= 53,600 volts (effective value) per inch. 

5 = the altitude factor. 

ds = the diameter of stranded conductor in inches. 

D' = the equivalent equilat'^ral triangular spacing 
between line conductors in inches. 

If the inverse of the ratio, critical disruptive voltage to actual 
line voltage, be represented by y, the relation between the two 
voltages may be expressed by the equation 

En = ycEn. (583) 

For short lines, where control of the generator excitation alone 
is largely depended upon to maintain constant voltage at the 
receiving end, y may have to be as low as 0.8 or 0.85 in order to 
maintain a suitable difference between actual line voltage and 
corona voltage at all loads. For longer lines or, in general, lines 
in which phase control is employed, 7 may well be 0.85 to 0.90. 

Substituting En from Eq. (583), the law of the corona becomes 

2D' 

En - 1.15l7mo0ro5d^,logio (584) 

For all practical long-distance transmission circuits the 
quantity 2D' da lies well within the limits of 100 to 1,000 and, 
consequently, the logarithm of this quantity is never less than 2 
nor greater than 3. Within this limited range, a graph, expressing 
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the relationship of the logarithm of 2D' -s- d, to the quantity 
2D' -5- d, itself, is almost identical with a parabola of the form, 

y = 2 + 0.034^^^- 



This statement may readily be verified by calculation as shown 
in Table 22. 


Table 22 


2D' 

d. 

, 2D' 

logic -5 - 

2 + 0.034^^'- 100 )^ 

100 

2.00 

2.00 

200 

2.30 

2.34 

300 

2.48 

2.48 

400 

2.60 

2.59 

500 

2.70 

2.68 

600 

2.78 

2.76 

700 

2.84 

2.83 

800 

2.90 

2.91 

900 

2.95 

2.96 

1,000 

3.00 

3.02 


The above table shows that the value y computed from Eq. 
(585) may be substituted for the logarithm of 2 jD' -f- da for all 
long transmission lines. 

Substituting y from Eq. (585) into Eq. (584) for the value of 
, 2D* 

logio 

1.15l7mo^o3d.[^2 + 0.034^?^' - lOo)* j (586) 

and, incorporating the relationships expressed by Eqs. (580) 
and (582), Eq. (586) becomes 

r Mn \n 

En = 2 + 0.034( - 100 j (587) 

where 

&9 = 0.0054 for type A tower 
= 0.00421 for type B tower. 

Letting 

Ajio = 1.15l7mogo5 

and solving Eq. (587) for En in terms of there results 

En » d.ki^[2 +67.7 X ± \/2+57.7XlO“6A;#fcio- 4.1l] 
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Tablb 23 



Tower type A 

t ' 

Tower type B 

Ua 

Difference 

Ub 

Difference 

0.35 

53,510 


51,330 


0.40 

62,540 

9,030 

59,950 

8,620 

0.45 

71,830 

9,290 

68,790 

8,840 

0.50 

81,320 

9,490 

77,780 

8,990 

0.55 

91,030 

9,710 , 

86,990 

9,210 

0.60 

100,930 

9,900 

96,340 

9,350 

0.65 

111,070 

10,140 

105,890 

9,550 

0.70 

121,390 

10,320 

115,590 

9,700 

0.75 

131,910 

10,520 

125,460 

9,870 

0.80 

142,620 

10,710 

135,470 

10,010 

0.85 

153,520 

10,900 

145,680 

10,210 

0.90 

164,580 

11,060 

156,020 

10,340 


where 

Va = fcio[2 + 3.1 3 X 10-^fexo + 

V(2 + 3.13 X lO^^feio)^ — 4.11] for type A tower 

(589) 

Ub = fcio[2 + 2 .43 X lO^^fcio + 

V(2 + 2.43 X 10“®fcio)^ — 4.11] for type J5 tower 

Equation (589) furnishes the proportionality factors relating 
the most economical transmission voltage and the conductor 
diameter for the types of towers in question. By means of Eq. 
(589), values of U were computed for various assumed values of 
the product m^yb, as listed in Table 23. To find U for any values 
of mo, 7 and 5, all that is required is to enter the table with the 
product mo75 and select the corresponding value of U* Values 


Table 24. — Altitude Correction Factor 


Altitude in feet 

a 

Altitude in feet 

a 

0 

HBESIIIH 

5,000 

0.82 

500 

0.98 

6,000 

0.79 

1,000 

0.96 

7,000 

0.77 


0.94 

8,000 

0.74 


0.92 

9,000 

0.71 


0.91 

10,000 

0.68 

3,000 

0.89 

12,000 

0.63 


0.86 

14,000 

0.58 











260 


ELECTRICAL POWER TRANSMISSION 


of the altitude correction factor 6, as given in the standard Hand- 
book, are found in Table 24. 

/. Reactance and Susceptance per Mile of Line Relatively Inde- 
pendent of Conductor Diameter and Line Voltage . — For transmis- 
sion lines which are so constructed that the separation between 
conductors is a straight line function of the voltage, as for 
exahiple in Eq. (580), and for which the impressed line voltage is 
proportional to the conductor diameter, as is assumed in the 
present discussion (Eq. (588), the inductive reactance and the 
susceptance per mile of line at a given frequency are both practi- 
cally independent of the diameter of the conductor used, provided 
the roughness factor mo and the altitude factor 8 do not vary, 
and that the operating voltage is always a constant percentage 
of the critical disruptive value. 

The truth of the above statement is readily verified. Let it 
be assumed that, for all lines under consideration, the voltage 
chosen is always 90 per cent of the critical value for the conductor, 
that the altitude is 1,000 ft., whence 8 = 0.96, and that the 
roughness factor is constant apd equal to 0.83. Then 

moy8 = 0.9 X 0.96 X 0.83 
= 0.717. 

From Table 23, for this value of moyS, Ua = 125,000 and Ub = 
119,000 in round numbers. 

By Eq. (133) the inductance per mile of one conductor is 

L = ^741.13 logic ~ + 80.47^ X 10-« henries 

and by Eq. (213) the capacitance per mile of one conductor to 
neutral is 

^ 0.03883 X 10-« - , 

(7 = - ~ farads. 

logioy 

The corresponding values of inductive reactance and suscept- 
ance at 60 cycles are • 

X = 377L 

and 

b = 377(7. 

For towers designated as types A and B, respectively, the 
spacings in inches are given by Eq. (580) as 
D = 0.00215^„ for type A 
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and 

D = 0.00170A'„ for type 

whence, for the spacings designated, the equivalent equilateral 
spacings, by Eq. (582) are 

D' = 1.260 D for type A 

and 

D' = 1.238 D for type B 

or, in terms of the impressed voltage to neutral, 

D' = 1.260 X 0.00215E„ 

= 0.002709E„ for type A 

and } (590) 

D' = 1.238 X 0.00170E„ 

= 0.002105E„ for type B 

By Eq. (588), 


whence 


and 


En = dM = 2rU 
E„ 


Ta = 


Tb = 


2Ua 


E„ 

2Ub 


for type A 


for type B 


(591) 


Substituting the values of Ua and Ub, for the assumed condi- 
tions in Eq. (591), and the values of r and D' from Eqs. (590) 
and (591) in the appropriate equations for x and b yields 


and 


X, = 377 X 10-» (741.13 log,,, 677.25 -f 80.47) 

= 0.821 ohm per mile at 60 cycles for type A 

Xb = 377 X 10-« (741.13 log,o 500.99 80.47) 

= 0.784 ohm per mile at 60 cycles for type B 


(592) 


Similarly, 


54 = 


377 X 0.03883 X 10-« 


and 


5b = 


logic 677.25 

= 5.17 X 1 0“* mho per mile at 60 cycles for type A 
377 X 0.03883 X lO'® 


logic 500.99 

= 5.42 X 10“® mho per mile at 60 cycles for type B 


(593) 
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For 25-cycIe lines the corresponding values of x and h are 

ft I oh™ per mile at 25 cycles for type A (594) 
Xb = u.oJ7 j 

and 

i"* ~ w !ft_« I mho per mile at 25 cycles for type B (595) 

While in practice the spacings will not always be those here 
assumed, yet for high-voltage lines they will usually not deviate 
greatly therefrom, and hence, for preliminary calculations, the 
values of x and b here given are quite satisfactory. 

j. Derived Line Constants . — For purposes of estimating, and to 
serve as a check upon calculated values of the derived line con- 
stants fli, Ua, bij 62 , Cl and ca, tables of these constants have been 
worked out for 63-cycle lines up to 500 miles for each of two 
conductor materials, namely, aluminum and copper, and for 
both types A and B construction. These tables are based upon 
the values of x and b derived above and upon values of resistance 
estimated from the conductor diameters and appropriate resistivi- 
ties. The tables are found ^in Appendix D. It is of interest 
to observe that the constants ai, 62 and ra are roughly pro- 
portional to the length of the line and are relatively indepen- 
dent of the kind of conductor material, and almost entirely 
independent of the conductor area, for the larger sizes of con- 
ductors especially. 

Tower Cost and Kelvin’s Law. — In order to write a complete 
mathematical expression for the economic relations involved in 
the generalized statement of Kelvin^s law it is necessary to 
analyze the cost of every item of expense incurred in the con- 
struction of the transmission line, and to pick out those which 
are functions of the conductor area. The annual charge against 
the latter is then to be expressed as functions of conductor 
diameter, if possible, and this expression is to be incorporated as 
a part of the general statement of the law. Since the cost of the 
transmission-line towers is an important one of these cost items, 
it will be investigated with this end in view. 

From Chap. XII on the Economics of Span Design, the 
validity of the following statements is apparent. 

1 . For a given material and a given cable diameter, there is 
only one tower spacing which yields minimum cost of tower. 
This has been called the most economical tower spacing. (596) 
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2. The most economical tower spacing is a function of the 

cable diameter, as shown by Eq. (566). (697) 

3. The most economical toWer spacing is different for different 

conductor materials as shown by the curves, Fig. 73 and Eq. 
(566). (598) 

4. The most economical height he of conductor support, is 

independent of either cable diameter or conductor material for a 
given ratio kz k^^ as shown on page 231. (599) 

The above statements are important considerations in the 
analysis which follows, and are here set down for future 
reference. 

Items of Tower Cost Analyzed. — The principal factors affect- 
ing the cost of towers are: 

1. Conductor Tension, and Wind and Snow Loads . — The tower 
must be designed to withstand the maximum conductor tension 
plus wind loads on its projected area acting horizontally, together 
with its own dead weight and assumed snow loads acting verti- 
cally. Of these loads, the tension is the principal one, and it is 
proportional to the conductor area, that is, to dj. 

2. Line Voltage . — As already pointed out, if a given factor of 
safety is used, the spacing of transmission line conductors is 
proportional to the line voltage. The effect of spacing upon cost 
is not a linear relation, however. Just as tower cost is propor- 
tional to the square of its height, so is a portion of its cost also 
proportional to the square of its spread. Hence, two towers, 
designed for the same tensions and the same heights, will yet differ 
in costs if designed for two different voltages, the higher voltage 
requiring the greater cost. Considering the insulators as a 
part of the line supports, this item too is a function of the line 
voltage. Since, however, for most economical design the volt- 
age is a function of ds, that part of the tower cost, including insu- 
lators and their hardware, which varies with the line voltage 
must be a function of d,. For the reasons given above, this cost 
varies in proportion to d^, where n is some number between 1 
and 2. 

3. Conductor Height . — For a given voltage and a given cable 
tension, the turning moment, about the base of the tower, is 
proportional to the tower height. Hence, the area of the 
individual member is proportional to the height, and the 
weight of the tower as a whole is proportional to the square of 
its height. ■ 
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The items into which the total cost of towers was subdivided, 
it will be recalled, are 

1. Cost of tower at place of erection. 

2. Cost of erection of tower. 

3. Cost of tower site. 

4. Cost of foundation installed. 

5. Cost of location and inspection of support. 

6. Cost of insulators at location of tower. 

7. Cost of placing insulators and cable. 

These itemiaed costs may now be used in evaluating the influ- 
ence of conductor diameter upon the cost of towers. The varia- 
tion in cost due to conductor tension and line voltage will first 
be considered. 

Influence of Voltage on Cost as a Function of — Since neither 
voltage nor tension greatly affects either items 3, 5 or 7, and 
since they are small and relatively unimportant in any case, only 
items 1, 2, 4 and 6 are here considered. 

In order to evaluate the sum of these cost items as a function 
of the line voltage, the following procedure is employed: 

Obtain from the manufacturer bids on both anchor and sus- 
pension towers of the types under consideration, as for example 
the single-circuit towers of type A and the double-circuit of type 
B, Bids should be requested for each typo of tower designed for 
each of three different voltages as, for example, 100, 150 and 200 
kv., all towers to be of the same height, say 45 ft., and all to with- 
stand the same tension per cable, say 6,000 lb. In addition to 
the above, two more sets of quotations should be obtained on 
similar towers of the same height (45 ft.), both designed for one 
of the above voltages, say of 150 kv., but built to withstand differ- 
ent tensions, say of 3,000 lb. and 9,000 lb. These data will 
serve as the basis for finding the desired relation of conductor 
diameter to voltage and tension. 

The conductor spacings, for towers of type A and for the above 
voltages, may be read directly from Fig. 76. The same figure 
also specifies conductor spacings and crossarm dimensions for 
towers of type B if general proportions as in Fig. 75 are used. 

The expression “height of tower,’^ as here used, means the 
elevation above ground level of the point of support of the 
Ibwest conductors or it is the minimum allowable clearance to 
grdilnd plus the maximum deflection of the critical catenary. 
For an anchor tower, it is the elevation above ground of the 
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lowest crossarm, and, for a suspension tower, it is the elevation 
above ground of the lowest crossarm minus the length of the 
insulator string. 

The number of insulators per string may be found by dividing 
the line voltage by the allowable volts per disc ; or, approximately, 


Number of standard suspension discs 


Line voltage 
17,000 


(600) 


Number of discs fqr 100 kv. 
Number of discs for 150 kv. 
Number of discs for 200 kv. 


6 For length of in- 
9 sulator string, see 
12 Fig. 75. 


Thus the manufacturer can be given full specifications for 
overall tower dimensions for both anchor and suspension towers 
of both types A and B for an assumed height of 45 ft. and a 
tension of 6,000 lb. 

Assuming that the most economical voltage will be used, it is 
expressable as a function of da. From Table 23, for an 
elevation of 1,000 ft. above sea level, for example, if the voltage 
is approximately 90 per cent of the corona forming value for the 
conductor used, the potential difference between conductors 
is 


E = 215,000d. for type A 

tower 


E = 205,000dfi for type B 

tower. 


From this relation, for type A towers. 



100,000 volts corresponds to d. 

= 0.465 

in. 

150,000 volts corresponds to 

= 0.698 

in. 

200,000 volts corresponds to d« 

= 0.930 

in. 

and, for type B tower, 



100,000 volts corresponds to d® 

= 0.487 

in. 

150,000 volts corresponds to d. 

= 0.731 

in. 

200,000 volts corresponds to d^ 

= 0.975 

in. 


It should be noted here that the number of insulators for an 
anchor tower is at least twice the number used on a suspension 
tower. It is more than twice that number if high-strength con- 
ductors are used in such a way that the mechanical strength of 
one standard string is not sufficient to carry the maximum con- 
ductor tension. In that case, two insulator strings are placed in 
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parallel. Due to the decreased dielectric strength of a parallel 
group of insulators below that of a single string, additional units 
must be added in series, such that a string of 12 insulators is 
increased to 14 when connected in parallel with another string. 
For preliminary calculations the assumption that the anchor 
towers each require twice the number of insulators required by 
each suspension tower, may be used. After the conductor size is 
finally found, more refined calculations should be made for finding 
the insulator requirements. 

After the cost data are obtained from the manufacturer and 
before final tabulation of the separate items is made as in Table 
32 page 343, all items of cost except 3, 5 and 7 are recalculated 
for the average support per line. This is done by using the 
relation 


Cost item for average support 


T 

Cost item for anchor tower cost item for suspension tower 

•/ a 



( 602 ) 


where T, = total number of suspension towers per line. 
Ta = total number of anchor towers per line. 


Item 6 should be taken to include the insulator hardware, as well 
as insulators. 

The cost of the average line support for each type of tower 
investigated is thus determined, (a) For each of three different 
voltages and a fixed tension; (b) for each of three different tensions 
and a fixed voltage. 

For the two circuit towers of type J8, the total cost is divided 
by two to get the cost per average support per line. From the 
relations given in Eq. (601), the conductor diameter da, corre- 
sponding to each price quoted, is available. The values 
obtained from Eq. (601) are plotted as abscissas against the sum 
of items 1, 2, 4 and 6 for the average tower per line as ordinates, 
and a straight line is drawn through the three points thus located. 
A straight line may not touch all three points, but since it is 
desired to express the cost as a function of dj, and it is known that 
the cost is proportional to where n does not differ greatly 
from 2, it is apparent that the quadratic law can be made to fit 
the actual curve fairly well over a limited range at least. Hence, 
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the straight line is drawn to coincide with a smooth curve through 
the three points in the region of the values of within which the 
value of da for the project in question is most likely to falL In this 
way the quadratic law will fairly well fit the curve over the 
desired range, and the degree of accuracy over the remainder of 
the curve is immaterial. 

The straight line thus drawn is equivalent to the parabola 
that would result were the cost plotted against the first power of 
da. The equation of the straight line is 

Cost items l+2 + 4 + 6of average support = kv + md] (603) 
where kv = that part of items 1 + 2 + 4 + 6 which is independ- 
ent of the line voltage, or conductor diameter, and is the intercept 
of the straight line on the cost axis. The constant m is the slope 
of the straight line, in terms of cost and d]. 

The above analysis shows how the influence of transmission 
voltage upon the cost of towers may be found. The constant m, 
it should be noted, is independent of the tension and of the 
height of tower, since the tension Ti and the height Ae are constant 
factors in the three costs used to locate 
the straight line. Thus m has the same 
value whether the tension is 5,000 lb. 
or 8,000 lb. per conductor; it depends 
only upon the line voltage. If quota- 
tions were obtained for the same three 
voltages but for each of two other con- 
stant tensions T 2 and ITs, the curves of 
cost vs. d] for the latter would be straight 
lines parallel to the curve for Ti. Thus, 
in Fig. 77, if Ti is the cost curve for 
tension Ti = 6,000 lb., T 2 and Tz would represent the correspond- 
ing curves for T 2 = 3,000 lb. and Tz = 9,000 lb. Since it is 
known that these lines are parallel it is unnecessary to have more 
than one point on each, once the slope is known. This point is 
obtained for each line from the quotations for towers built for 
the two additional tensions but for the same voltage as one of 
those specified for the data of curve Ti as already explained. 

Influence of Tension on Cost as a Function of da . — The influ- 
ence of tension on cost may now readily be found from the data 
already assembled, as soon as the relation between conductor 
area and tension is known for each of the conductor materials to 
be investigated. 



Fio. 77. — Tower costs 
as functions of conductor 
tensions. 
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The elastic limit, assuming stranded conductors, for aluminum 
and copper may be assumed in accordance with the data given 
in Chap. II as 


Aluminum Te = 14,000 lb. per sq. inch 

Chopper Te = 28,000 lb. per sq. inch 

Steel Te = 54,000 lb. per sq. inch 


(604) 


If it be assumed that the conductor may not be safely stressed 
beyond 75 per cent of its elastic limit, and that, for the sizes of 
cable considered, the ratio oi d may be taken as 1.151, then 
the relation between the maximum allowable tension Tm and 
outside cable diameter d, is 


,2 ^ 4X (1.151)2 _ 

« TT ^ 0.75 X 14,000 

= 16.1 X lO^-^Tm for aluminum 

r- - ^ X a. 151)2 n. 

TT 0.75 X 28;000 I (605) 

= 8.04 X for copper 

2 _ 4 X (1.15^* 

T ^ 0.75 X 54,000 
= 4.17 X lO'^^Tni for steel 


If, as is sometimes done, it is assumed that the conductor may 
be safely stressed up to its elastic limit, on the theory that, if so 
stressed, the conductor will simply stretch slightly to relieve the 
tension without injuring it, then the above figures may be 
increased by 33 per cent. The exact values to be used will 
vary somewhat with the judgment of the designing engineer who 
is responsible for the work. We are here concerned mainly with 
the principle involved rather than with the precise values to be 
used. 

In Eq. (605), for Tm may be substituted in succession the three 
values of tension for which bids on towers have already been 
obtained. These substitutions will yield the three corresponding 
values of conductor diameters for which these tensions are 
permissible, or the desired values of d\. 

Referring now to Eq. (603) and Fig. 77, it is apparent that 
each tension curve has a separate value of the intercept kvy while 
the slope is the same for all curves. Thus, kv varies with the 
tension but not with the voltage. From the three curves of 
Fig. 77, the law of variation of kv, with tension or with may be 
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found by evaluating kv for each of the three curves apid replotting 
these values, again using kv (costs) as ordinatestandd« as abscissas. 
From the argument already presented, it is apparent that these 
values of K are approximately proportional to dj. Hence, the 
new plot will yield a straight line as before, whose equation is 

kv kr + ndl (606) 

where Ar is the intercept on the kv (cost) axis and n is the slope 
of the new curve. By substituting the value of kv from Eq. (606) 
in Eq. (603), the cost of items 1 + 2 + 4 + 6, for the average 
support and as a function of conductor area, is found to be 

Cost of items l+2 + 4 + 6 = fcr4-(wi + n)d^. * (607) 

Evidently, kr is the same for all conductor materials, since it is 
independent of whereas the slope n, which is a function of the 
tension, has a different value for each material. Thus Eq. (607) 
takes account of the variation in tower cost which results from 
variations in voltage and tension. It must be remembered, 
however, that it was derived on the assumption of affixed height of 
tower. The influence, of tower height on the cost of tower, will 
now be considered to determine how, if at all, it should enter 
into consideration from the standpoint of economics. 

Influence of Tower Height on Cost as a Function of d], — Accord- 
ing to item 4 Eq. (599), the height of tower is fixed for a given 
ratio of fcs -j- ^ 2 , no matter what the size of d* or what the material 
of the conductor. By definition (Eq. (557)), for type A tower, 

fcs _ (Items 4 + 5 + 6 + IW -09^ 

k 2 (Items 1+2 + 3) ‘ 

An examination of these items and the way in which they are 
influenced by conductor diameter shows that the effect of cable 
diameter on the ratio kz -f- k 2 is very small since the items in the 
numerator and those in the denominator of Eq. (608), with the 
exceptions of the small items 5 and 7, are similarly affected. 
Since 4 + 6 is not greatly different in size from 4 + 5 + 6 + 7, 
the effect of the two small items 5 and 7 becomes quite negligible. 
Hence, considering the ratio practically independent of conductor 
diameter, arid since the height of tower is constant for a given 
ratio, regardless of conductor size or material, the height of tower 
does not enter as a factor to he considered in the economics of trans- 
mission-line design, * 
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For the double-circuit towers of Type fi, Eq. (608) needs 
slight modification. This tower carries its circuits in a vertical 
plane, and, from the standpoint of turning moments about the 
foundation, the pull of the line conductors may be thought of as 
being concentrated in a nearly horizontal plane passing through 
the point of conductor attachment on the middle crossarm. 
Therefore, the cost of the tower structure is not proportional to 
the square of its height measured to the lower crossarm, but rather 
to the square of its height measured to the maximum point on 
the middle conductor catenary. Hence, when using the general 
proportions of tower and the spacings, as shown in Fig. 75, the 
correct equations corresponding to Eq. (608) for the two types 
of towers are 



A/3 

JC2 


ft2(Items 4 + 5 + 6 + 7) . ^ ^ 

(Items 1 + 2 + 3) “ ‘S'!* 

(* + ®’Y(Items 4 + 5 + 6 + 7) 

(fcsTs f + 2 + 3j ® 


(609) 


(For Dv see Fig. 75 and page ^55.) 

For type A tower the value of ki^ the minimum clearance to 
ground, is assumed or specified by law. For the double-circuit 
tower, since the height is measured to the point of attachment of 
the middle conductor, a value k[ is used in place of ki where 


k[ = fci + 


(610) 


For example, for a 150 kv. line whose minimum clearance to 
ground is to be 28 ft., by Fig. 75 and page 255, 

QT) 

D. . - 0.M7I> 

and by Eq. (578), 

D = 0.001 7A’„ 

whence 

Z), = 0.947 X 0.0017 X 150,000 ^ ^3 
= 138 inches 
= 11.5 feet 

and 

A:' = 28 + 11.5 = 39.5 ft. 


Equation for Total Cost of Towers. — The total cost of the 
average line support may now be evaluated. The cost, as 
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influenced by tension and voltage, has already been expressed as 
a function of d] by Eq. (607). The height dt tower, as shown 
above, is not a function of dj. The height of tower does affect 
the cost of certain items in proportion to its square, however. 
The items thus affected are 1, 2 and 3. The cost of the average 
support should therefore be corrected by an amount equal to the 
difference between the assumed value of items 1+2 + 3 and 
the value found from the equation 

Corrected cost items l+2 + 3 = pX (Items 1+ 2 + 3) (611) 
where 

he = the most economical tower height 

and 

h = actual tower height for which costs were obtained. 

The difference between cost items 1+2 + 3, as per Eq. 
(611), and the assumed cost of these items is the correction factor 

k, = (Items 1+ 2 + 3)^^, - 1^. (612) 

Items 5 and 7 are independent of voltage, tension and height, 
and may be represented by the constant that is, 

fcs = Items 5 + 7. (613) 

Combining Eqs. (607), (612) and (613), the total cost of the 
average line support may be written 

Total cost of average line support = (m + n)d^ + fc (614) 

where 

k == kr + ki + kh. (615) 

Total Cost of Line Supports. — From Eq. (615), the total cost 
of line supports may be written, for 

L = total length of line in feet 

and, since = length of the most economical span in feet 

Total cost of line supports = ^[(m + n)d\ + A;]. (616) 

By Eq. (566), however, 

■ d„ + fce 
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Substituting this value of S in Eq. (616) yields the equation of 
tower cost as a function of conductor diameter. It is 

Total cost of lino supports = ^ 

The meaning of the constants in Eq. (617) are summarized 
below for convenience. They are 

m = slope of cost vs. d\^ from curves of Eq. (603). 
n = slope of cost vs. df, from curves of Eq. (606). 

= constant of Eq. (565), found from Plates II and IV, 
for aluminum and copper respectively. , 

kn == constant of Eq. (565), found from Plates III and V, ' 
for aluminum and copper, respectively. 

/Tft = constant of Eq. (565), having the following 
values; 

ke = +0.20 for aluminum 
/ce == —0.15 for copper 
A*6 — —0.80 for steel. 


Equation (617) is too complex in form to be of much use as 
an item to be incorporated in a general statement of Kelvin^s law. 
It was found that, for ranges of dg between 0.6 and 2 in. and for 
values of fci and ks -4- fra lying within the limits of Plates II to V, 
inclusive, the quantity 


[(m+ r^)dl + k]{dg + h) 

ki{d + ku) — k. 


(619) 


which is the cost of supports per foot of line, is very closely 
approximated over a considerable range by the simpler equation 
of the par.i,b )la 

Aldl + .V (620) 


where M and N are constants. 

The constants are found by computing the value of Eq. (619) 
for a number of values of d*, and the required values of k^ -r k^ 
and fci, and plotting the results on coordinate paper, using values 
from Eq. (619) as ordinates against dl as abscissas. The result- 
ing graph is approximately a straight line. Again, the line should 
be drawn so as to fit the curve best over the range of values 
within which the looked-for value of dg lies. The slope of this 
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straight line is ilf , and its intercept on the cost axis is N. The 
total cost of line supports then finally becomeet 

Cost of line supports = L{Md\ + N), (621) 

Tower Cost as a ^Factor in Kelvin’s Law. — Kelvin^s law 
embraces all factors of transmission-line cost which vary with 
the conductor area. The purpose of the above analysis of tower 
costs is to derive an expression in which tower costs are given as 
a function of conductor area, or dj, in order that that portion of 
such cost, which varies with the conductor area, may be taken 
into proper account in a mathematical statement of the law of 
economy. It is to be remembered also that three items or 
groups of items constitute the cost factors involved, namely, (a) 
the line conductors and ground cables; (b) line supports or towers; 
(c) high-tension transformers and other terminal apparatus. 

Of these three items, the costs of (a) and (c) can be very accu- 
rately expressed as a function of the conductor area. The evalua- 
tion of (b) is far more difficult and the results may be somewhat 
less satisfactory. Since it is only one of three items, however, 
and by no means the most important one, unavoidable errors 
or uncertainties that may be involved will not seriously affect 
the result. As a matter of fact, a good first approximation of 
conductor diameter is obtained by a solution of Eq. (635) neg- 
lecting the tower factor entirely. The value of thus obtained 
will of course be larger than the correct value. 

In Eq. (621) LMdl is that portion of the total cost of towers 
which varies with the conductor area, while the part LN is inde- 
pendent of conductor area. Thus, 

LMdl (622) 

is that part of the cost of line supports which must be embraced 
by Kelvin's law, and the yearly charge against this item, in 
interest and depreciation, must be added to the fixed charges 
against the line conductors as given by Eq. (524). The annual 
fixed charges against the line supports then is 

Tower fixed charges = (623) 

where pa is the per cent interest and depreciation chargeable to 
towers, expressed as a whole number. 

Cost of Ground Cables. — The function of the ground cables 
suspended from tower to tower above long transmission lines is to 
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provide protection against lightning surges and to transfer 
stresses to adjacent towers in case of the mechanical failure of a 
line conductor. These cables are generally made of steel and 
are clamped to the tower structure at its highest point so that 
this grounded steel catenary is situated /well above the trans- 
mission conductors. For type A tower, if one ground wire is 
used, its location should be midway between any pair of conduc- 
tors, so that the ground cable catenary may have the maximum 
clearance to the conductors. The best construction, however, 
from a mechanical standpoint, is the use of two ground wires as 
shown in Fig. 75. This minimizes eccentric stresses upon the tower 
structure. For type B tower only one ground cable is used, 
which is clamped to the apex of the tower top, as shown in Fig. 
75. Thus, one ground wire is sufficient for two transmission 
lines of the type B construction, giving adequate protection 
electrically, whereas two ground wires should be used for each 
transmission line of type A construction. 

From the standpoint of electrical protection, a very small 
ground wire would be sufficient and its size would largely be 
determined by analysis of itS mechanical loading at minimum 
temperature and at maximum sleet and wind load for the span in 
question; but if its duty is also to increase the rigidity of the 
suspension towers by transferring stresses to the anchor towers, 
in case of conductor failures, its size should be ample to not only 
support its own weight and normal loadings, but to also transmit 
the stresses upon the tower caused by the failure of at least one 
line conductor. 

Accordingly, since the cost of the ground cable is a function of 
the size of conductor, this cost should be estimated in terms of 
conductor area and should be included as an item in the mathe- 
matical statement of a generalized Kelvin^s law. By inspection 
of Eq. (605) the reader will notice that the maximum allowable 
stresses for aluminum, copper and steel arc in the proportion 1, 2 
4, respectively. This simple relationship is responsible for the 
following assumptions, which, although rather arbitrary, may 
form a convenient basis for the determination of the proper 
ground cable sizes to be used for long transmission lines, and an 
analysis of their cost as a function of conductor area. 

Assumption 1. — Steel cables when used as conductors in trans- 
mission circuits will be of such size that a mechanical failure of 
the line may be considered beyond the range of possibility 
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Hence, the ground cable may be made of the same size as the 
conductors proper, and it may be strung with the same maximum 
catenary deflection at the center of the span as the conductors. 

Assumption 2. — Copper cables when used as conductors are 
to be considered within the range of possible mechanical failure. 
Hence, if the ground wire be made of the same metallic cross- 
sectional area as that of the copper conductor, and if the ground 
cable be strung with a maximum catenary deflection equal to 
that of the conductors, the ground cable will be of sufficient 
strength to transmit to the anchor towers the stresses due to the 
failure of one conductor. This follows by reason of the fact 
that the steel ground cable is twice as strong as the copper and 
will therefore be able to carry its own dead weight and loading 
plus that of a copper cable of equal area. 

Assumption 3. — Aluminum cables when used as conductors, 
are to be considered within the range of possible mechanical 
failure. Hence, if th<' ground wire be made of half the metallic 
cross-sectional area as compared to the aluminum conductor, 
and if the ground cable be strung with a maximum catenary 
deflection equal to that of the conductors, it will be of suflicient 
strength to transmit to the anchor towers the stresses due to the 
failure of one conductor. 

Since the specific gravity of aluminum is less than half that of 
steel, the weight per unit length of catenary under extreme sleet 
and wind conditions at minimum temperature is approximately 
the same as that of a steel cable of half the cross-sectional metallic 
area. This fact lends additional support to assumption 3. The 
specific gravities of copper and steel are near enough alike to also 
strengthen assumption 2. The catenaries formed by the con- 
ductors and ground cables, if the sizes specified by the above 
assumptions are used, will, therefore, perform very nearly alike 
over the range of weather conditions and loadings to which the 
transmission line is exposed in a given locality. This will always 
insure proper clearances of conductors to ground, and the factors 
of mechanical safety will be practically alike for aluminum, 
copper and steel of both types A and B tower construction, 
thus permitting a fair cost comparison between these materials 
and tower types to be made. 

If two ground cables are used for type A tower construction, 
the combined metallic cross-sectional area of the two cables should 
be equal to that of the single ground cable for type A or B towers. 
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According to the foregoing assumptions the fixed charge against 
the ground wire, per line (Eqs. (574), (575), and (576)) is 
Ground cable fixed charge 


2.05 X 10-^d%ppeBr,WFe 
4.10 X 

1.03 X 10-^ d^sT^pFeBpeW^e 
2.05 X 10-^ dU^pPcByeWpe 


for aluminum 
for copper and steel 
for type A towers 
for aluminum 
for copper and steel 
for type B towers 


(624) 


Including in the conductor fixed charge that of the ground cable, 
Eq. (576) becomes 
Conductor fixed charge 

12.31 X 10-^ d%(piBW+ gPpMF, Wpe) (625) 

per cent interest and depreciation chargeable against 
the ground cable. 

cost of steel cable in dollars per pound, 
weight of steel in pounds per cubic foot. 

0.167 for aluminum conductors 1 type A. 
0.333 for copper and steel conductors j tower. 

0.083 for aluminum conductors | type B 

0.167 for copper and steel conductors J tower. 

High-tension Apparatus and Housing. — Owing to the greater 
amount of insulation required, the greater clearances necessary 
and the increased difficulty of manufacture, etc., the cost of high- 
tension apparatus increases rapidly with the operating voltage. 
This fact has an important bearing upon the choice of the most 
economical transmission voltage, and results, in the selection of 
a lower voltage than would be used, were these costs independent 
of the voltage. It is important also to observe that the total cost 
of the high-tension apparatus, required for a given project, depends 
only upon the kilovolt-amperes developed, and the voltage used, and is 
independent of the distance over which the power is to be transmitted. 
Accordingly, for a very short line, this item will have a very 
important influence upon the choice of the conductor diameter 
and transmission voltage, since it represents a relatively large 
percentage of all cost items which influence their choice, while in 
a very long line the cost of terminal apparatus will be a relatively 


where 

PFe = 

Bpe = 
Wpe = 

9 = 
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smaller part of these costs and will accordingly influence the 
choice of conductor much less. Expressed ih another way, it 
may be stated that the extent to which these cost items bear 
upon the selection of the most economical voltage and conductor 
diameter, is measured by the cost of high-tension equipment per 
mile of line, or is in inverse proportion to the length of line. 

In order to give proper weight to the cost of terminal appara- 
tus, as influencing the choice of conductor diameter and line 
voltage, the variation of costs 


jS'fep‘Do"'n Trans^rrrrers 
\X/ vl\/ \X/ vL \X/ 


vL 


of the required equipment is 
studied for a suitable range 
of line voltages within which 
the voltage of the project in 
question is known to lie. 

That is, the combined cost of 
all items of such apparatus is 
obtained from the manufac- 
turer for each, of say three 
voltages, covering the desired 
range and for the type of 
station layout to be used. 

Kelvin^s law, it will be re- 
called, is concerned only with 
such cost items as are a func- 
tion of the conductor area, 
i.e., a function of the diameter 
squared. Furthermore, it has 
already been shown that the 
relation which should hold 
between the conductor diam- 
eter and line voltage is given 
by the constant U, of Table 

23. We therefore have a means of expressing the cost of terminal 
apparatus as a function of and may introduce the variable 
part of this cost into a mathematical statement of Kelvin^s law. 

Method , — The procedure, suggested for formulating the law of 
variation of terminal apparatus and housing, as a function of 
the line voltage, is as follows: Make up a circuit diagram of the 
high-tension apparatus required for the project, as illustrated in 
Fig. 78. Most station layouts will be simpler and less costly 
than the one represented. Whatever type of layout is proposed 



Siep-Up Trans-fbrnters 


Fig. 78.- 


-Transmission line and station 
wiring diagram. 
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should form the basis of this investigation, however. Other types 
of layouts are shown in Figs. 80 to 83, inclusive. Since the size of 
the development is known to begin with, the number and rating 
of each unit is known, or may be decided upon, irrespective of the 
number of transmission lines, with the exception of the line 
circuit breakers, disconnecting switches and lightning arresters, 
if any. The ratings and number of line switches and the number 
of lightning arresters will obviously depend upon the number of 
transmission circuits. For reasons which will be developed more 
fully later, it is apparent that in the ultimate development of 
any project which is economically designed, the separate trans- 
mission circuits, between a given pair of generating and receiving 
stations, will not exceed two in number unless it should happen 
that the maximum power limit of the two lines should be exceeded 
by the load to be transmitted. In such a case, more than two 
lines would be required. Two transmission circuits may there- 
fore be assumed as the number required, unless conditions are such 
that a single circuit will answer. That is, if during times when 
the line is out of service, either due to failure or for the making of 
necessary repairs, the load can be economically supplied from 
other sources until service is re-established, a single line will prove 
to be more economical than two lines. In such cases a single 
line should be used. 

After having prepared the wiring diagram for the power station 
and lines, indicating the probable number of lines, a print of this 
diagram together with other necessary data as to the number of 
units of each kind, their kilovolt-ampere, rating, etc., is sub- 
mitted to the manufacturer, with a request for quotations on the 
required apparatus for each of several standard transmission 
voltages, covering the range within which the project will fall. 
These quoted prices are then tabulated and totaled for each of 
the voltages chosen. 

Cost of Wiring, Housing, Etc. — ^Estimates should next be made 
of the cost of structures required for the proper housing, support- 
ing and connecting the substation equipment. Under this head- 
ing are included the costs of wiring, foundations, supports for 
buses and other wiring, housing, if any, etc. As with the appara- 
tus itself, so here, for any given voltage these costs will vary 
considerably with the degree of complexity of the substation lay- 
out, and, to some extent, with the total kilovolt-amperes of sta- 
tion capacity. 
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For a given station layout, however, the total costs of the above 
items are a function of the line voltage used/' This is apparent 
from the fact that the amount of area, required to properly 
arrange and support the equipment, is proportional to the square 
of the line voltage, since, for a given factor of safety, the clear- 
ances necessary between transformers, buses, switches, etc., 
increase with the line voltage in two dimensions. The cost of 
the structures will therefore vary with 
Total Cost of Substation Equipment, Including Wiring and Hous- 
ing. — After the estimates of the above items of cost have been 
made for the chosen type of layout and for each of the assumed 
voltages under consideration, the totals obtained should be added 
to the totals for the apparatus itself. Assuming that this has 
been done, we now have a separate total cost for each of a num- 
ber of voltages. The next step is to plot these totals as ordinates 
against the squares of their corresponding voltages. Investi- 
gation will show that, through the points thus located, a curve 
approximating a straight line can be drawn; that is, the total 
cost varies approximately as the square of the line voltage over 
a considerable range of voltages (Fig. 79). Accordingly, a 
parabola of the form 

C = + kii (626) 

may always be found which will closely fit the curve of cost vs, 
voltage over the desired range of voltage, where 

C = total cost of terminal equipment, wiring, housing, etc. 
ki 2 = the intercept of the cost curve on the cost axis, represent- 
ing that part of the cost which is independent of line volt- 
age. 

= that part of the cost which varies with the line voltage 
and which must be considered in the application of the 
modified Kelvin’s law. 

E = the line voltage in volts. 

Such a curve of cost ws. E^, for a 50,000-kva. plant of the type 
shown in the diagram of Fig. 78, is the curve in Fig. 79. The 
costs for this curve were estimated for 88, 110, 132, 164 and 220 
kv. Inspection of this figure shows that while the straight line 
a fits the curve fairly well over the entire range of from 88 to 
220 kv., yet, if one knew to begin with that the project consid- 
ered would probably require a voltage of less that 154 kv., it 
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would be better to use the line b, while, for voltages above 132 
kv., the line c is more nearly correct. That is, the straight line 
should be chosen to fit the particular part of the curve which 
embraces the voltage of the project in question. 

It may be argued that the total cost of terminal apparatus, 
housing, wiring, etc., will not be correctly represented, over a 
wide range of voltages, by a parabola of the form given in Eq. 
(626) ; and that, therefore, the results obtained by using the vari- 
able part as a factor in Kelvin^s law, will be in error. 



It is true that, were the exponent 1.6 used instead of 2 in Eq. 
(626), the equation would usually fit the curve better over its 
entire range. It is not necessary for the purpose in hand, how- 
ever, that the equation should fit the curve throughout its entire 
length. Close agreement, over a range of sufficient length to 
include the voltages of the given project, is sufficient. The far 
greater simplicity, which results, together with the fact that 
accuracy in making the estimate is in no way sacrificed if one 
always selects the most suitable portion of the curve, is at once 
the reason and the justification for selecting 2 instead of 1.6 as 
the exponent of E in Eq. (626). 

Empirical Equation of Cost, Constants k'^ and ki 2 . — Equation 
(626) is the general form of the empirical equation of cost, the 
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constants of which have to be found. These are to be obtained 
from the straight line relations of Fig. 79. T'o the scale of the 
curve, fci 2 is the amount of the cost intercept while is the slope 
of the line. Thus, for the entire range of voltages from 88 to 220 
kv., using the line a, the constants are: 


fc/i = 14.3 X 10-“ 
ku = 195,000 


88 to 220 kv. 



Fios SO, SI S2 and 83, — Substation wiring diagrams of various degrees of 

eomplexity 


Similarly, for the lines b and r- 


fc/i = 16.2 X 10-“ 
kn = 170,000 
= 13.6 X 10-* 

ku = 216,000 


88 to 187 kv. 


132 to 220 kv. 
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100,000-kva. plant 

132 to 220 kv. 
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As already pointed out, the con- 
stants Ai/j and kn vary with the 
degree of complexity of the layout 
and with the kilovolt-amperes 
rating of the project. In order to 
make available approximate values 
of these constants for purposes of 
estimating, these constants were 
calculated from estimated total 
costs of substation equipment 
housing, etc., for circuits of four 
different types, as shown in Figs. 
80, 81, 82 and 83, and for total 
capacities of 50,000 and 100,000 
kva. The constants for each type 
and rating are computed for each 
of three ranges of voltage, as illus- 
trated in connection with Fig. 79. 
These constants are listed in 
I'ablc 25. 

Cost of Terminal Apparatus and 
Housing as a Function of Con- 
ductor Diameter. — Before the cost 
of terminal equipment and housing 
can be introduced as a factor in 
a mathematical statement of 
Kelvin’s law of economy, the cost 
must be expressed as a function of 
conductor diameter. This is read- 
ily accomplished, for, byEq. (588), 
the voltage to neutral is 

E„ = d.U 

whence 

EP = 3 ^:* 

= 3d.* (7*. 

Substituting this value of IP in 
Eq. (626) yields the desired equa- 
tion of cost in terms of conductor 
diameter. It is 
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Cost of terminal apparatus and housing = + kx^ 

- kiidl + *12 (627) 

where 

*11 - 3*;,J72. (628) 

The Annual Charge. — The only part of Eq. (627), which influ- 

ences the choice of conductor diameter and voltage, is the first 
term of the right-hand member. This item of cost is 

C' = *iid," (629) 

and the annual charge against this item is 

Annual charge against terminal apparatus and housing 

= Omp^kndl (630) 

where 

Pa = weighted average percentage (expressed as a whole 
number) applicable to the total cost of terminal 
apparatus and housing, to take care of the annual 
interest and depreciation on this item. 

Equation (630) may now be incorporated in a mathematical 
statement of the generalized law of economy. 

The final equation, which includes all of the factors to be con- 
sidered, and which balances the selling value of the annually 
wasted energy in the line against the annual fixed charges on all 
items whose costs vary with the conductor diameter or voltage, 
may now be set down. 

Kelvin’s Law Involving All Cost Factors. — From Eq. (625), 
the annual fixed charge against the conductor is 

12.31 X 10-HlLipiBW + gp^eB^.W^,) 

and from Eq. (623), the annual fixed charge against the line 
supports is 

OMp^BMdl 

and from Eq. (630), the annual fixed charge against the housing 
and apparatus is 

0.01p8)i:lld^ 

The total annual fixed charges, against all factors which make up 
the cost of a transmission line, and which are a function of the 
conductor size, are 

12.31 X 10r^d]L(piBW + gpp,Bf,Wf,)+0.01piLMdl 

-f- O.OlpjAiiid* 
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and these charges, according to Kelvin’s law, must be equal to 
the value of the annually wasted energy of the line, which from 
Eq. (573) is 

35.64 X 

Equating the above two statements 

35.64 X 10- = 12.31 X + gpr.B^.W,^,) 

’ + O.OlpiLAfd," + O.Olpsfciid* 

and from this, 

+ 280.6jW 2M + 280.6p.,*^- jy. (631) 


Multiplying the left and right members of Eq. (631) by three 
times the left and right members of Eq. (588), respectively, 


3AV - Mtul 3.45(pifiTF + gv,.B,eW,,) 


+ 280.6/J2M + 280.6p,, (632) 


And, from Eq. (632), 

/ r.m.s. volt-amperes per line 

31.05(piBir+^p^,B^,ir,,+2,525^7>2. 


PzM +p 




(633)* 


Assuming that, with the proper synchronous reactor equipment 
connected, the average power factor, along the whole length of 
the line (for r.m.s. load), is represented by cos d, Eq. (633) may 
also be written 


di — 

r. m.s. kilowatts per line X 1,000 | 

.^^^|31.05(piBir+(7p,cB, .lf^.)+2,525^P2M+p3^^ j I y 

(634) 

* In modified form, this equation was first used by F. K. Kirsten in 1916. 
The term involving the terminal apparatus was later added by the author. 
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Equation (634), expressed in general terms and simplified form, is 


where 


d. 


J 


17* cos* 6 
pA 


(r.m.s. kilowatts per libe)* 
^ [J(F +G + H)]‘ 


(636) 


Factor involving the value of the elec- 
trical energy dissipated as heat in the 
line conductors of one line. 


F = 31.05(piBTf 

+ gpFeBFeWpe) 


I Factor involving the cost of the line 
I conductors of one line. 


G = 2,525p!M 


Factor involving the cost of that part 
of the line towers per line, which is a 
function of the conductor diameter. 


ff = 2,525p3^' 


Factor involving that part of the cost 
of high-tension apparatus and housing 
per line, which is a function of the 
conductor diameter. 


Equation (635) is a mathematical interpretation of Kelvin^s 
law, as modified to include all of the factors involved. The 
conductor having the diameter as found from this equation, 
is the most economical conductor for the conductor material 
investigated, and the line with which it is used may be called 
the line of maximum economy. An inspection of this equation 
leads to several very interesting conclusions, among which the 
following are important : 

Conclusions from Economic Relations in Eq, (635). — 1. The 
diameter of the conductor, for the line of maximum economy, is 
practically independent of the length L of the line, except for 
relatively short lines. Since, for a given elevation, the voltage 
to be used is assumed to be proportional to the conductor diam- 
eter, it follows that the voltage used is nearly independent of 
the length of line. These conclusions follow since the only factor 
in the equation which involves the length of line is the factor H. 
H is inversely proportional to the length of line. Therefore for 
a very short line the cost of high-tension equipment has an 
important bearing on the conductor diameter, and the line volt- 
age, whereas, for a very ’long line this item tends to become a 
negligible factor. For very long lines the diameter of conductor 
and the voltage used are both determined largely by the kilovolt^ 
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amperes transmittedf and are roxighly proportional to the cube root 
of this quantity. 

This conclusion is well illustrated in the curves of Fig. 84. 
These curves were calculated from the equation for the most 
economical conductor diameter for certain reasonable assump- 
tions as to cost of towers, and are intended to illustrate relative 
magnitudes rather than exact values. Copper was assumed to 
cost 20 cts. per pound delivered, and energy losses were calculated 
on the basis of 4 mils per kilowatt-hour. It will be seen that for 
a load of 50,000 r.m.s. kw., the variation of the most economical 



Fig. 84. — Line voltage vs. r.m.s. kilowatts for lines of various lengths. 
Type A — copper. 

A « 0.004 
B = 0.20 


voltage is only about 3 per cent for a change in length of line from 
100 to 200 miles. For short lines the percentage variation is 
much greater, since the shorter the line, the more is the cost, 
and hence the voltage, influenced by the cost of terminal 
apparatus. 

2. Since the line losses are inversely proportional to the square 
of the conductor diameter, and since, as shown above, for long 
lines the diameter of conductor is approximately independent of 
the length of line, it follows from Eq. ^(635) that for the line of 
maximum economy, the losses per unit length of line should be 
directly proportional to the two^thirds power of the power trans-- 
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miUed. Or, for a given amount of power transmiUedy neglecting 
the factor Hy the total line losses should vary in direct proportion 
to the length of the line, Thle proof of this statement follows: 

Loss = SPR = constant X 
But, by equation (588), 

EI = constant X d] 

whence 

Loss = constant X 

If in Eq. (634) the power transmitted is the only variable, (and 
this is approximately true in very long lines), then 


and 


ds = constant X (kw)^ 

Loss ~ constant 7 ?^. 

= constant X (kw)^. 


Good engineering will therefore not permit one to assume a 
given percentage of line loss, independent of the length of line, 
as a basis upon which to determine other design features. This 
method of procedure is nevertheless frequently followed. To 
illustrate further: Given two lines of the same length, one of which 
transmits twice as much power as the other. For maximum 
economy, the permissible losses in the two lines should be in the 
ratio of 1 4- or the losses in the heavily loaded line should 
be about 1.59 times as much as the losses on the lightly loaded 
line. 

3. In Eq. (635) the sixth root of the quantity J{F + G + H) 
appears in the denominator of the expression, whereas only the 
cube root of the numerator is involved. It is apparent therefore 
that considerable errors may be made in estimating either of the 
factors Fy G or H without seriously affecting the accuracy of the 
result The factors F and H can usually be very closely esti- 
mated. Considerable latitude in the variation of G is therefore 
permissible. The factor /, involving the value of the wasted 
energy, influences the final choice of diameter to a greater degree 
than either of the factors F, G or Hy and should therefore be 
carefully estimated. For preliminary computations, approxi- 
mate values of these constants will suffice to arrive at a general 
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conclusion as to the size of conductor and the line voltage for a 
given conductor material. 

Figure 85 was prepared to illustrate the influence of the value A 
(selling price of energy) upon the most economical voltage. 
These curves show that if dependable results are to be had, care 
must be exercised in evaluating the selling price of energy. 

One other rather important conclusion may be drawn from 
curves such as these. A similar set of curves, drawn for a line of 
say 260 miles, would show that there is little real likelihood of 



Fig. 85. — ^Lme voltage vs. r.iii.s. kilowats for u 50-mile line and various values 

of il. 

economic conditions in the near future requiring transmission 
voltages in excess of 220 kv., where stranded conductors of the 
usual type are used. Figure 84 illustrates the same idea. The 
topmost curve in Fig. 85 is for steel-reinforced aluminum con- 
ductor. It was included to show the marked difference between 
the economical voltages for the two kinds of conductors. 

4. Since the loss of energy in the line is inversely proportional 
to the square of the line voltage, the theoretically correct con- 
ductor to use is the largest one which Eq. (635) will yield. Evi- 
dently, then, from consideration of Kelvin’s law as expressed by 
this equation, one is driven to the conclusion that the most 
economical development of any project requires that all of the 
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energy which is to be transmitted between a pair of generating 
and receiving stations, be delivered over a single transmission 
line, assuming that the power limit of the line is not exceeded. 

There are certain other conditions, however, such as the neces- 
sity for guaranteeing continuity of service, facilitating repair 
and replacements, etc., which make it practically necessary to 
construct a minimum of two lines. If, therefore, it he granted 
that, for reasons of practical operation, a minimum of two lines is 
necessary, it seems fair to state that there is no good reason for 
building more then two lines on any project between a given pair of 
stations, provided the voltages called for do not exceed values 
justified by the then existing state of the art, and provided fur- 
ther that the limits of the capacity of a single line are not exceeded 
and the question of reliability of service of two lines vs. more than 
two does not enter. It is important to note also that since high 
voltage and large conductor diameters go together, extra high- 
potential lines will also be lines of rugged mechanical design, 
having relatively large factors of safety. The important hazards 
due to ice and wind loajds will be reduced to comparative insignifi- 
cance in such lines, because they will represent a decreasing per- 
centage of the conductor weight as the conductor diameters 
increase. 

Regulation. — The problem of properly controlling the line 
voltage, for a wide range of load conditions, becomes increas- 
ingly complex and costly as the load on the line and the distance 
of transmission increase. The method of automatic line regula- 
tion, now in vogue is the idling of synchronous reactors at the 
receiver end or at other points of the line. The function of these 
machines is to adjust the load power factor so that the voltages 
at both ends of the line may be kept constant for all loads. 
Automatic voltage regulators, actuated by bus potential coils, 
operate on the fields of these synchronous motors to change the 
excitation so that the kilovolt-amperes output of the reactors 
varies from maximum kilovolt-amperes lagging at no load to maxi- 
mum leading at maximum line load. The former condition com- 
pensates for the condenser characteristics of the line at no load, 
and the latter compensates for the excessive lagging kilovolt- 
amperes of the load as it increases to a maximum, the usual 
load power factor being seldom greater than 0.8 lagging. This 
system of automatic regulation is the ‘‘constant- voltage, 
variable-power-factor system.^’ 
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The following discussion will have reference only to the con- 
stant-voltage, variable-power-factor system of regulation as 
applied to lines not exceeding 300 miles in length and carrying 
blocks of power not in excess of the natural power limit per line. 

An exhaustive study was made of required, synchronous con- 
denser capacities for constant voltages at the generating end and 
the' receiving end of lines varying in length from 100 to 300 miles 
and transmitting blocks of power up to the limit of practical 
operation. The conductors investigated varied from 250,000 
to 2,000,000-cir. mil, metallic cross-section, and the investigation 
covered three materials, namely, aluminum, copper and steel. 
The results of this investigation may be summarized as follows: 

1. The minimum synchronous reactor capacity required is 
almost proportional to the kilovolt-amperes carried by the line 
and varies between 40 and 60 per cent of the line kilovolt amperes 
depending somewhat upon the conductor diameter. 

2. The minimum synchronous reactor capacity required 
decreases somewhat with an increase in conductor diameter for 
the same load transmitted and for the same length of line. 

3. The minimum synchronous reactor capacity required 
increases somewhat with an increase in the length of line for the 
same load transmitted and for a given conductor diameter. 

4. The minimum synchronous reactor capacity required is 
practically independent of the conductor material for the same 
diameter, load transmitted and line length. 

From the above and from consideration of Eq. (635) it follows 
that the cost factors involving line regulation have little or 
nothing to do with Kelvin^s law. An increase in length of line 
will slightly increase the conductor diameter for maximum line 
economy. Hence, since the required minimum reactor capacity 
decreases slightly with increased conductor diameter, and increases 
slightly with increased line length, an increase of both conductor 
diameter and line length will not affect the minimum required 
reactor capacity to any appreciable extent. 

The correct method of procedure, in finding the most economi- 
cal conductor and voltage, is to omit consideration of the required 
synchronous reactor capacity and proceed with the solution of 
Eq. (635) without involving costs of automatic regulation 
requirements. 

Coordination of Existing Systems and N ew Project by Tie Lines. 

It often happens that the choice of voltage at the receiver end 
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of a line is strongly influenced by the voltage of existing lines 
with which the new project is to be coordinated. It is evident 
that, for long transmission lines, the transmission voltage is much 
higher than would be suitable for the distribution system which 
the lines feed. Hence, step-down transformers must be used 
between the line of the new project and the distribution bus. 
The same is true of possible tie lines if their operating voltages 
approach in magnitude that of the new project. The only 
object gained by equalizing the tie-line voltage with that of the 
new project is the possibility of interchangeability of transformers 
and certain other apparatus between the systems in cases of failure. 
This item, however, is often insignificant as compared with the 
factors of maximum economy which determine the choice of line 
voltage, and it should therefore not be given undue weight. In 
fact, as a first step, each line should be designed independently 
of any other line which happens to be tied to the same system of 
distribution in order to obtain maximum overall economy. 
Should there arise the necessity or desirability of interlinking 
different transmission systems outside of the distribution system, 
the use of auto-transformers may in the end be cheaper than the 
attempt to violate the requirements of Eq. (635) for each line, 
in an effort to equalize the transmission-line voltages for all 
interlinked projects. 


PROBLEMS 

1. Derive the empirical Eq. (585). 

2. A type B, double-circuit line carries 550,000-cir. mil cables of diameter 
0.855 in., for which the roughness factor wio = 0.8.3. If S = 0.96 and the 
line is to operate at 87 per cent of the critical voltage, what is the value of 
Ub^ What is the correct Ime voltage? Assume that the conductor spacing 
is given by Eq. (580). 
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3. To the scale of one unit = 3,000 kw., the ordinates to the average-day 
load curve for a community are given in the table below. 


A. 

M. j 


M. 

Time 

Number of units 

Time 

Number of units 

• 

12 

9.2 

12:30 

13.0 

1 

8.2 

1 

15.5 

2 

6.8 

2 

15.7 

3 

6.7 

3 

15.8 

4 

6.6 

4 

16.3 

5 

6.7 

5 

18.8 

6 

9.2 

6 

19.0 

7 

13.8 

7 

15.7 

8 

16.4 

8 

14.0 

9 

16.2 

9 

13.3 

10 

15.2 

10 

12.4 

11 

15.7 

11 

11.0 

11:55 

14.4 

11:55 

9.4 


Calculate the mean kilowatt lod(d and the r.m.s. kilowatt load. 

If the average annual load factor of the system is 66 per cent, what is the 
installed machine capacity? 

4. A load equal to that of Problem 3 is to be transmitted over a 126-mile, 
single-circuit line. The influence of the cost of ground cables may be 
neglected in calculating the most economical conductor diameter, and the 
constant G is 25,000. The elevation of the line is 900 ft. Assume: Cost 
of copper conductor = 18 cts. per pound; pi = pa = 10; selling price of 
power = $0,004; weight of copper = 660 lb. per cubic foot; 6 = 10.6; cos 
$ = 0.85; and substations corresponding in cost to type 3 will be used. 
Find the most economical copper cable diameter and the most economical 
line voltage. 

6. Assume all conditions the same as in Problem 4 except that the steel- 
reinforced aluminum conductor is to be substituted for copper. On the 
basis of average percentages of aluminum in the cross-section of the compos- 
ite cable, we may assume that the effective resistivity of the composite 
cable is p = 19.1, and that the weight per cubic foot of composite cable 
is 210 lb. Find the most economical voltage and conductor diameter for 
the aluminum line i^ the composite cable costs 34 cts. per pound. 




CHAPTER XIV 


VECTOR AND CIRCLE DIAGRAMS OF LINE 
PERFORMANCE 

Vector diagrams for the solution of both short and long trans- 
mission lines have appeared from time to time in electrical engi- 
neering literature. Those pertaining to short lines usually yield 
approximate results and cannot therefore be applied with accuracy 
to lines of great length. Many of those pertaining to long lines 
are based on approximations, the limits of which must first be 
carefully investigated in order to satisfy the designer of the degree 
of accuracy to be expected in a given problem. The series of 
diagrams^ given in this chapter are based on the exact equations 
of the long line developed in Chap. VIII, and contain no approxi- 
mations. They are extremely useful as an aid in picturing the 
performance of a line, as a check on the analytical solution of the 
various quantities involved, and, where a semigraphical solution 
is desired, as a means of greatly simplifying the work of predicting 
line performance over any desired range of load. All of the quan- 
tities usually desired, such as current, voltage, power, reactive 
power and power factor at both ends of the line, as well as line 
regulation, may readily be obtained. Since each diagram pre- 
sented is a graphical interpretation of the exact line equations, 
the limit of accuracy is set only by the accuracy of the drawing. 
Experience shows that accuracy to within 0.5 per cent is generally 
easily attainable for lines of any length. 

Diagrams are presented covering 

1. Operation with voltage control by generator excitation. 

2. Operation of a straight transmission line by phase control; 
i.6., the synchronous reactor capacity is all connected to the line at 
the receiver end, and the line has no intermediate taps. 

’ Loew, E. a., ^‘Vector Diagrams for Long Lines,” Elec. Worlds March 8, 
1924 


? 9 .^ 
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Basic Equations. — Throughout the following discussion the 
equations upon which the diagrams are based are the equations 
of current and voltage, namely, 

Ea = ErA + IrB 
L = IrA + ErC. 

While, in these equations, the constants A, B and C are used, 
referring to the line only, it is apparent that, if it should be desir- 
able to introduce the impedances of the raising and lowering 
transformers and to combine these with the line constants to 
form new constants of the composite line, this may be done in 
the manner suggested in Chap. VIII. One may go a step further, 
and, instead of considering as constant, the terminal voltage at 
the generator busses, one may assume a constant induced voltage 
in the generators themselves. The synchronous reactance of 
the generators would then be added to the reactance of the 
transformers at the supply end, and their sum would be combined 
with the line constants to produce the equivalent constants Aq, 
Bo, Co and Do, ^ 

Voltage Control by Generator Excitation. — This method of 
control assumes constant receiver voltage with supply-voltage 
variable, as pointed out in the discussion of the preceding 
chapter. 

a. Voltage Diagram , — If the supply- voltage vector be expressed 
in terms of its two components, its equation is 

Ea = El -f- E 2 (636) 

where 

El = ErA vector volts 

and 

Ez = IrB vector volts. 

If the receiver- voltage vector be taken as the zero or reference 
vector, and since, consistent with the above assumption, its 
length or size is constant, the component Ei is a vector of con- 
stant length and of fixed angle for all loads. Its length is the 
constant value 

El = Eryja\ + al volts (637) 

and its angle is the angle of A, that is, 


kOi = tan-> 

Oi 


(638) 
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The component £^2 is a variable vector, for it is a function of the 
variable receiver current Ir ] it varies both in length and in angular 
position. Its length depends upon the amount of the receiver 
current, and its angle upon the receiver power factor. 

The length of E2 is the product of the lengths of It and B, and 
its angle is the algebraic sum of the receiver power-factor angle 
and the angle of B, Since 

E2 = IrB 

*= (r/i — jrl 2 )(bi + jb 2 ) vector volts 
the size of the vector is 

Ei = S{rl\ + + b\) ( 639 ) 

and its angle is 

eB2 = tan~^ ~ — tan~^ — 

Oi ril 

= tan~^ ^ — cos“*^ (receiver power factor). (640) 

These vectors are shown in the diagram of Fig. 86. In this 
figure El = OMj E2 = MNy and Es == ON. If the receiver 
current remains constant, the vector E2 swings about M as a, 
center with changing receiver power factor. The positions which 
it would occupy at various power factors are indicated by the 
radial power-factor lines. On the other hand, if the power factor 
remains constant and the current only changes, the locus of the 
vector E2 is a straight line such as MN. Its angular position 
remains fixed, but its length changes. With constant receiver 
voltage, the kilovolt-amperes received varies directly as the 
current, and, by the addition of a suitable kilovolt-ampere scale 
as indicated, the magnitude and angular positions of all voltages, 
for any assumed load and power factor, may readily be obtained 
from the diagram. Figure 86, therefore, yields the generator 
voltage and the regulation. 

6. Current Diagram . — The vector diagram of currents results 
from the current equation for the line in much the same way as 
does the voltage diagram from the voltage equation. The 
supply-end current vector consists of the component current 
vectors 


1 1 Iy.A vector amp. 

1 2 = ErC vector amp. 


(641) 

(642) 
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Since the receiver voltage is a constant amount, the component 
vector Jj is constant in length and fixed in position for 

C = Cl + jC2 



and hence the length is 

h = c\ + cl amp. 


( 643 ) 


Fig. 86. — Vector diagram of voltages. Control by generator excitation. 
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and its angle is 

jfls = 0 + tan-i - 

Cl 

= tan-1 £*. (044) 

The component vector Ii is a vector of var 3 dng length and 
varying angular position, depending upon the receiver load and 
power factor. At a fixed power factor, it elongates when the load 
increases and contracts when the load diminishes. Under these 
conditions its locus is a straight line. On the other hand, with 
constant kilovolt-amperes in the receiver circuit, the length of h 
remains constant, but it swings through an angle with varying 
power factor. Its locus is now the arc of a circle. 

The length of /i is the product of the receiver amperes and 
the numerical value of the constant A ; its angle, with respect 
to the receiver voltage, is the algebraic sum of the angle of A and 
the receiver power-factor angle. For, since 

h = IrA 

= irl\ — jrh){ai + 302 ) vector amp. 

its length is 

Ii = V(r/i + rlDial + a|) amp. (645) 

and its angle is 

= tan~^ — tan" ^ 

tti rl 1 

= tan“^ — cos~^ (receiver power factor). (646) 
ai 

After the derived line constants have been computed it is a 
simple matter to construct the vector diagram of currents from 
the above equations. From it the supply current may be found 
graphically for any load and power factor. Such a diagram is 
shown in Fig. 87. 

In this figure, for full load at the receiver and 0.85 power factor, 
current lagging, the supply current is OQ', having the two com- 
ponents OB and BQ. At the same power factor but for varying 
receiver loads, the locus of this current is the straight line BQSy 
while, for full-Joad kilovolt-amperes and varying power factors, its 
locus is the arc of a circle, TQU, The angle idt of the current 
referred to the receiver voltage Er may be measured on the 
diagram. 
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Thus, from the current diagram the vector currents at the 
supply end may be found for any receiver load and power factor. 
From the voltage diagram of Fig. 86, the corresponding angle 
of the supply voltage is obtained. The difference between 
these two angles is the generator power-factor angle. From 
the known supply voltage, current and power factor, the genera- 
tor output may be calculated. The line loss, equal to the gen- 
erator output less the receiver input, readily follows. 



Fig. S7. —Vector diagram of supply currents. Control by generator excitation. 


Since the current and voltage diagrams are both referred to 
the receiver voltage as reference vector, the two diagrams may 
be superimposed, to good advantage, resulting in a composite 
diagram upon which the angle between the supply voltages and 
current may be measured directly. Such a diagram is shown in 
Fig. 91, for the case of a line operating with phase control. 

Voltage Control by Synchronous Reactors at Receiver Only. — 
By this method of control, constant voltages are maintained at 
both ends of the line, but both receiving-end and supply-end 
power factors vary with the loads, as shown in the discussion of 
the previous chapter. The vector diagrams of current and volt- 
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age for this case are not as simple as for the case just considered. 
They may be readily drawn on the basis of the theory considered 
below, however. These diagrams are exceedingly helpful as an 
aid to the better imderstandii^ of line performance under these 
conditions, besides offering a method by which accurate graphi- 
cal solutions may be made. 

a. Receiver-current Diagram . — When a line is operated with 
synchronous reactors at its receiving end to maintain constant 
voltages at both ends of the line, the locus of the receiver ciurent 
is the circle defined by Eq. (461). It is 

(rh + Erir + (rh + EmY = EW 

or 

Erm-^ y/E^nr-^ir-\- W- 

If the X-axis is used as the axis of the active currents rli and the 
F-axis as the axis of reactive currents r/ 2 , and if lagging currents 
(+ values of rh) be represented as negative, and leading currents 
(— values of as positive in the diagram, the center of the 
current circle has the coordinates 


X = —Erl 

y = ErM 


and its radius is 


R = E^n, 


The constants are defined by Eqs. (462), (463) and (464). 
are 


(l\bx ” 1 " (1^2 

- 


m 

n 


(i\b 2 — O2&1 

h\ + bl 

1 

VbfTbi 


They 


Such a diagram of receiver currents is illustrated in Fig. 88, 
for a particular ratio of Eg -7- Er- The receiver current at 100 
per cent load is the vector OF; its angle with respect to the receiver 
voltage is 

MF 

Or = tan-‘ ^ 
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and the receiver power factor (the power factor of the load plus 
the synchronous reactors) is 


cos dr 


MH 

~MF 


b, Receiver-^power Diagram , — It has already been explained 
that the receiver power diagram may be obtained from the cur- 
rent diagram by simply multiplying Eq. (460) through by the 
receiver voltage. A complete discussion of this diagram is found 
in Chap. IX. 



Fig. 88 , — Receiver current loci for ratios of -7- Er shown. Operation with 

pliase control. 


Voltage Control by Synchronous Reactors at Receiving End. — 

a, Sujyply-current Diagram . — This diagram is obtained from 
an interpretation of the current equation 

L = IrA + ErC 

== 1 1 1 2 vector amp. 

Considering the second component of current first, and using the 
usual notation 

I 2 = ErC 

= Er{ci + vector amp. 


(647) 
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Both Er and C are constants in this equation. Jj is therefore a 
vector of constant length and fixed angle, indep^dentoftheload. 
Its length is 

h = + ci) (648) 

and its angular position with respect to Er is 

idi = tan-‘ -* (649) 

Cl 



Fig. 89. — Supply current locus. Operation with phase control. 


as shown in Fig. 89. As compared with Ci, C 2 is a large quantity 
and is positive, while ci is always negative. The angle 162 
is therefore an angle slightly over 90® and approaches 90® as a 
limit as the length of line approaches zero. 

The supply current is the sum of the constant vector 1 2 
above and the variable vector h. The latter may be resolved into 
two components proportional, respectively, to the in-phase and 
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quadrature components of the receiver load current. Using 
the complex notation, 

Ji - IrA 

= (r/l — jrl2)(ai +ja2) 

= rIl(CLl jO'2) + rl2{Cl2 


= Isp + IsQ vector amp. 

where the vector 

(650) 

Isp = tIi{o/i + ja2) vector amp. 

has the length 

(651) 

Isp = r/i\/af + al amp. 

and the angle with respect to the receiver voltage of 

(652) 

6jp = -f- tan“^ - ** 

Oi 

Similarly, 

(653) 

IsQ = rl2(o/2 — jdi) vector amp. 

has the length 

(654) 

IsQ = rhVal + al amp. 

(655) 

and the angular position with respect to the rc^ceiver 

voltage of 


= -tan-‘“‘- (656) 

* 0/2 

From Eqs. (653) and (656) it is apparentthat vector /s© lags vector 
IsP by 90°. 

The locus of vector Isp is a straight line, since its angle tan^*^ 

Ui 

O 2 

is constant for all values of the vector; it is a line da = tan^^ - 

degrees ahead of parallelism with Er. This vector is to be added 
to / 2 . It is therefore drawn from B as an origin, making the 
O 2 

angle 6a = tan”"^ — with the line BD, the latter being parallel to 

Oi 

Er, The full-load value of rli is calculated from the known 
receiver load, or it may be taken from the receiver-current dia- 
gram. This value is multiplied by the numeric A = \/af -|- a| 
and is laid off as BG on the line OC, This represents the vector 
Isp for 100 per cent receiver load. Corresponding vectors for 
other loads are found by dividing the line BC into sections pro- 
portional to the load. 

It now remains to add the vector to the two component 
vectors OB and BG, It has already been shown that the locus 
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of the current r/i is a circle whose center has the coordinates 
y * Erin, X = —Erl. Since the length of is constant, it is 
apparent, from Eq. (650), that the locus of the supp ly curre nt is 
also a circle, its center having the coordinates E,m\/of + o| and 
— ErZVoi + wi th respe ct to the axes BC and BK, and its 
radius being E,ny/a\ + a|. With respect to the axes BC and 
BK, the supply current equation is obtained by multiplying the 
equation of the receiver current circle through by the constant 
Vof + c|. This operation yields 

Iso = —Ervi-y/al + o| 

+ VE,n^(a +a ) - + aj)i + E,l(o| +al)i] 


= —E,m,i + y/E^nii — (/«• + Erln)^ 
where 

hx = l\/ 0\ -f" (X\ 

niti = mV a \ + a\ 

rtsi = ^ V cl\ + a\ 


(657) 

(658) 


Having thus located the center and found the length of the 
radius, the circle may be drawn. At 100 per cent load the vector 
JsQ is GF ^ 

It will be observed that, with respect to the axes 6K and BC, 
this diagram is identical in form with the receiver-current dia- 
gram already discussed, the only difference lying in the scale 
used. The supply-current locus may therefore be found from 
the receiver-current diagram by simply changing the scale of the 
latter in the ratio of \/a\ + al 1, and transferring it to the 
axes BC and BK, By drawing lines perpendicular to BC through 
the various points representing different percentages of receiver 
input, and by extending them until they meet the arc KFC^ 
the ends of the corresponding supply-current vectors are found, 
and thus the vectors themselves are determined, both as to length 
and slope. 

5. Voltage Diagram , — ^The supply voltage is 


= El + Ez 

= Er(ai + ja 2 ) + Ir{bi + ^62) vector volts (669) 

The component Ei (Fig. 90) is a vector of fixed length and slope. 
Its length is 


El ~ Er\/a\ a® 


( 660 ) 
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and its angular position, referred to Er is 

da = tan-> (661) 

ai 

The second component E 2 is a variable vector, again consist- 
ing of two components, one Espj proportional to the active receiver 
current and the other Fsq, proportional to the reactive component 
of the receiver current. That is, 

E2 ~ Esf H“ Esq 

= (bi + jb2)(rll — ir/ 2 ) 

= rhibi +i& 2 ) +r/ 2 (& 2 — jbi) vector volts (662) 



Fig. 90 — Supply voltage locus Oiieratlon with phase control 


where 


Esp == rli(bi + jfh) vector volts 

(663) 

and 


Esq = r/2(^2 — jbi) vector volts. 

(664) 

The length of Esp is 


Esp = ,Ii\/b\ + hi volts 

(665) 

and its angular position is 


hi 

Bsp ~ tan— , • 
bi 

(666) 


For Esq the corresponding quantities are 
The length is 


and its angle is 


Esq == rhx'bl + hi volts 




tan 


bi 


(667) 


( 668 ) 
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From Eqs. (666) and (668) it is apparent that the vector E.q 
lags the vector by 90®. 

The equation of the supply'-voltage circle, with respect to the 
axes MP and MQ, is obtained by multiplsdng the equation for 
the receiver-current circle through by the constant •N/Sf+Tf. 
this operation yields 

Esq = rhVW+3__ 

= —Ermy/hj^ + hi 

+ y/E\n\¥^ + bj) - [rhihj + &!)* -b ErWi + felTP 

= —Eririte "b — [Esp + (669) 

where 

Ue = I's/bl + 6 | 

mae = m\/bl + bl (670) 

nae = n\/b\ + bl . 

62 

In the vector diagram Ep is laid off at the angle 6 bp = tan-^ 

or along the line MP, the length of MP being taken as the length 
of Ep for the value of rli corresponding to full-load receiver input. 
The value of rh has already been computed from known full- 
load conditions. Since the supply voltage is constant for all 
loads, its locus is the arc of a circle, of radius Ea. The vector Esq 
lags Esp by 90°, and for full-load receiver input is the line PN, 
E 2 is accordingly the vector MN, By dividing the line MP into 
sections proportional to the receiver load and drawing at right 
angles thereto the lines terminating in the supply-voltage locus 
on the arc of the circle, the corresponding ends of the supply- 
voltage vectors are located. The angle by which the supply 
voltage leads or lags the receiver voltage is Bbs- 

From the vector diagrams of current and voltage the complete 
performance of the line may be clearly visualized, and, if desired, 
performance curves may be worked out by their use. 

c. Composite Diagram . — For use in making calculations to 
determine the complete performance of a line, it will be found 
most convenient to combine the diagrams of current and voltage 
into a single composite vector diagram as shown in Fig. 91. 
Figure 91 is drawn to represent operation with synchronous 
reactors connected to the line at the receiver only, and with con- 
stant receiver and supply voltages maintained at all loads. By 
the use of a single composite diagram the work of making the 
necessary drawings and of computing the performance curves is 
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a simple matter, once the line constants have been computed and 
the receiver voltage has been decided upon. The choosing of the 
proper receiver voltage is a matter of transmission-line economics 
that has already been considered in detail in Chap. XIII. 

For a line having load taps either with or without additional 
reactor capacity, the problem of line performance may be worked 
out step-fashion by the method here developed for a line without 
taps. 

Supply Power Circles. — It is desirable to have equations from 
which one may compute the power at the supply end of a line, 
or at any other point in the line where the voltage is maintained 
constant, such as at a tap point in a sectionalized line. For 
constant supply and receiver voltages the equations of supply 
power are circles, derived as shown below. 

Since the supply power is the dot product of the supply current 
and voltage vectors, the method consists in finding this product 
from the fundamental line equations. Thus, 

Eg = El 

= Eridl jd2) + (f/l — j,l2){bi +^ 62 ) 

= Erdi + rllbi + r/ 2^2 + i(-S^rU2 + r/l^2 ““ (671) 

and 


Ja = /i + 3I2 

= (r/l ■“ jrl2)(di +ia2) + EriCi + jC2) 

= ErCi + rlldl + rl2U2 + j(7i'rC2 + r7l«2 — 

where 

aEi = ErCli + r^\b} + rl2^2 

,^2 = Er(l2 + rf^b2 — 

all = I + + r/ 2'?2 

si 2 ~ Er(*2 “f“ rl \d2 rl 2^1 

The supply power is 


(672) 

(673) 


Pg — Es ' Is -- Ell I + E2l2- 


(674) 


Upon carrying out the multiplication indicated by Eq. (674), 
simplifying, and substituting for Ji and rh their respective equiv- 
alents and there results 

L/r Mir 

{dibi + a 2 & 2 ) + P r((i{ a\ biCi + 62 C 2 ) + 

^ (^ 1^1 +^ 2 ^ 2 ) + Qr(b2Ci — hir2) El 'J iC 1 + a2f2)> (67o) 
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In order to simplify the notation in Eq. (67*3), let 

S — CtlCi + ^^ 2^2 

W- ~ flf -f“ ^2 “h ^iCl “f" 62C2 
V = 62C1 — biCi 

W = dlhi * 4 ’ ^ 2^2 


(676) 


Dividing Eq. (675) through by w and using the simplified notation, 


w El'^ w ^ Ey w w’ 
Completing squares 


(677) 


4. J^rUy /Qr , Ev y I [— *1“— 

\Er 2w) '^\Er'^ 2w) ~W [ 4l/’2 


s 

I 

w 


E\- (678) 


Equation (678) is the equation of a family of concentric circles, 
each representing a constant amount of supply power. The 
square root of the right-hand member is the radius. Remember- 
ing that, in order to represent lagging reactive power in the 
fourth and leading reactive power in the first quadrant, the sign 
of the ordinate to the center must be reversed, and making this 
change to conform to the usual method of representation for 
leading and lagging currents, the coordinates of the center are: 


Pr _ _ ErU 
Er ~ 

Qr ^ I ErV 
Er 2w 


(679) 


Circles of Constant Power Loss. — By subtracting from the 
right-hand member of Eq. (678) the power delivered to the 
receiver circuit, the following expression for the line loss Pl, is 
obtained. 


P, = (P, - P.) 

= gw + Pr{u - 1) + + QrV + Els 

or 

, Erju — 1) ]^ r®’ _L ^1* = 4- 

[Er 2w I [i?. 2w\ w 


(680) 


-1 (681) 
w 


where the symbols u, v, w and s have the meanings assigned to 
them by (676). 
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The circles of constant loss, given by Eq. (681), are concentric 
circles with centers at 

Pr _ _ Erju — 1) 

Er 2w 

Qr ^ , ErV 

Er 2w 

and of radii 

K- + 

\w 4i»’ 

Figure 92 shows the circles of constant power loss for the 200- 
mile line of Chap. XVI. 





Fig 92 — Loss circles for the 200-mile line of Chapter XVI. Indices on circles 
indicate kilowatts loss per phase 


Supply Reactive Power Circles. — The reactive power at the 
supply end of a line, or at any other point in the line at which 
constant voltage is maintained, such as a tap point in a sectional- 
ized line, may be expressed in terms of the receiver active and 
reactive powers^ the receiver voltage and line constants. The 
expression is derived from the fundamental equations of current 
and voltage by a method exactly similar to that used in obtaining 
the active power equation for the supply end (Eqs. (671) and 
(672)). Since the reactive power is the cross product of current 
and voltage, the supply end reactive power Q, is 

Q. = E. X L 


( 684 ) 




VECTOR AND CIRCLE DIAGRAMS 


309 


From Eqs. (673) and (684), ^ 

Qs ®= {Efa\ + rIlJ>\ + rl 2 b 2 )(ErCi + J lCl 2 — rl 2 (^l) 

— (^r^2 + r/l?>2 r72&l)(-E'fCl + J iCil + rl20'^- (685) 


Upon completing the multiplication indicated in Eq. (685), 

Pr 

simplifying and substituting for Ji and their equivalents ^ 


and respectively, one obtains the expression 


Qs 


m 


{aihi — aibt) — Pr(b2Ci — bid) + 


(t)' 


(o2bi — ciibt) 


— Qrial + a* — biCi — bid) + ?P{aid — (686) 


In order to simplify the notation in Eq. (686), the following 
substitutions are made : 


~ did — ^2^1 

m' = Cl + flj — biCi — btTt 
p = 6jCi — 6ir2 

w' = dibj — O162 


(687) 


Equation (686) then becomes 

= -P''> ^.9r ^ 

w’ El %p' El u»' ■ 


( 688 ) 


Completing squares, 


(Pr _ ErP\ I / Qr _ ErU'\^ = _L Vi f If-ldl*’* _ ^ 
\E, 2w') \Er 2w' ) w' [ 4m»'=' w' ‘ 


(689) 


Here again, Eq. (689) is the equation of a family of concentric 
circles, each representing a constant value of reactive power Q,. 
The radius of a circle of the family is 


R = 


IQ. 

yjw' 


i + El 


Vi +jp 



and the center is at 

Pr ErV 


(690) 
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The circles of Eq. (689) are particularly helpful in finding the 
synchronous reactor capacity required at some tap point of a 
sectionalized line in order to maintain constant voltage at that 
point as well as at the supply and receiver ends of the line. 

PROBLEMS 

1. A three-phase, 60-cycle line is 250 miles long and delivers 84,000 kw. at 
full load. The line conductors are three 500,000-cir. mil, copper cables, and 
the generalized line constants are those found in Appendix I). The receiver 
voltage is constant and equal to 154 kv. at all loads. The supply voltage 
is also held constant at all loads by means of synchronous reactors installed 
at the receiver end of the line. The supply voltage is determined by the 
condition that its value shall be such as will require the minimum capacity 
in synchronous reactors at the receiver end. The full-load ratings of the 
reactors on the leading side are 1.5 times their ratings as generators of lagging 
kilovolt-amperes. If the load power factor may be considered constant,^ 
and equal to 87 per cent lagging at all loads, draw a composite diagram,^ 
and calculate the quantities called for below: 

a. Draw the receiv('r-voltagc vector diagram showing Ei, E^ and Er for full 
load and 87 per cent power factor. 

?>. Calculate the best ratio of E» Ery and check the calculated value 
graphically. Locate the corrcspdnding Eg circle on the diagram. ''Fhis will 
be the supply voltage used. 

c. Calculate the synchronous reactor capacity required, ('^heck graphi- 
cally. 

d. Calculate the scale for measuring active and reactive powers on the 
receiver power diagram, and locate the points representing 0, 25, 50, 75 and 
100 per cent loads. 

€. Draw the receiver-current vector for each load in (d). 

/. Locate the center and draw the supply-current circle. 

g. Draw the supply-current vectors, 

h. Calculate the supply power factor. 

i. Calculate the supply active power. 

j. Calculate the supply reactive power. 

k. Calculate the line percentage loss. 

l. Draw curves of supply current, supply power factor and percentage line 
loss against receiver loads in kilowatts, using ihv latter as abscissas. 

2. Draw the supply active power circles for the conditions of Problem 1, 
covering the range of loads from 0 to 100 per cent of full load. Read from 

1 Actually, the power factor at light loads will be considerably less than 87 
per cent; but it is the maximum load that determines the synchronous 
condenser capacity required, and for this load the assumption of a power 
factor of 87 per cent is reasonable. 

* Use a voltage scale of 10 kv. to the inch, and remember that graphical 
methods require that the drawings be carefully made if accurate results are 
to be eicpect^'d. 


For each load point mentioned 
in (d) above. 
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the diagram the supply powers corresponding to each load mentioned in (d) 
of Problem 1, and compare with the values found in (t) of Problem 1. 

3. Draw the supply reactive power circles for the conditions of Problem 1, 
covering the range of loads from 0 to 100 per cent of full load. Read from 
the diagram the reactive powers corresponding to the loads mentioned in (d) 
of Problem and compare with the values found in (j) of Problem 1. 

4. Draw the loss circles corresponding to the conditions of Problem 1, and 
covering the range of loads from 0 to 100 per cent of full load. Read from 
the diagram the loss corresponding to each load mentioned in (d) of Problem 
1, and compare with the corresponding values computed in (fc) of Problem 1. 
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POWER LIMITS OF TRANSMISSION LINES 

Power Limits. General. — The question of the power limits 
of transmission-line networks is a very complex one, and, therefore, 
one which, in the limited extent of the present volume, must 
necessarily be treated in a very incomplete manner. Perhaps, 
however, enough may be said to give a fair idea of the scope of the 
problem, to indicate what variables are involved, and to suggest 
how these variables affect the solution. 

The power limit of a transmission line is not fixed by the line 
alone, but depends to some extent upon the nature and character- 
istics of every piece of apparatus connected to it. It is reached 
at the point where, for whatever reason, the synchronous appara- 
tus at the two ends of the lin^ break out of step. This may hap- 
pen for either one of two reasons, namely, (a) because, due to 
gradually applied loads, the angle of displacement between the 
excitation voltages at the two ends of the line has reached its 
maximum possible value, or, (6) because the same angle has been 
reached due to changes in load resulting from a short circuit, 
the switching in of load, or other cause. These two conditions 
under which the limit of output of a line may be reached are 
designated as, (a) steady-state stability; and (&) transient 
stability. It is apparent that the limit of output which it is 
possible to reach is greater for (a) than for (6). 

During the past several years the subject has received a great 
deal of attention at the hands of interested engineers, and con- 
siderable literature dealing therewith is now available in the 
technical journals. A short bibliography of important articles 
and discussions is given at the end of the chapter. In the dis- 
cussion following, liberal use has been made of the material con- 
tained in these references. 

Receiver Power Circle-diagram. — Because this diagram forms 
the basis of much of the discussion on power limits, it will be 
given further brief consideration. The equation upon which the 
diagram is based has been discussed in the chapter on voltage 
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control. It may be written in any one of several useful forms, 
one of which is 

«' -•»’[--» + V(k)’“‘ - (^ + ')’]■ 

If the constants Z, m, and n are each multiplied by 1,000, that is, 
if the ^'kilo-constants’^ are used in the equation, then the voltages 
are in kilovolts, and the active and reactive powers are in kilo- 
watts and kilovolt-amperes, respectively. 

The active and reactive powers 
of Eq. (692) may be represented 
on the voltage diagram of Fig. 

90, here redrawn and slightly 
modified in Fig. 93. The active 
power is laid off on the axis of 
reals MP while the reactive 
power appears on the MQ axis. 

Again, lagging reactive powers 
are negative, and leading reac- 
tive powers are positive in the 
diagram. 



Fig. 93. — Theoretical limit of output. 


That the component voltages Emq and Emp, 

of Fig. 90, may be 

converted to power by simply changing the scale of the diagram 

is clear, for 

Emp = tIiVb\ + h\ volts 

(693) 

and 

Emq = rhy/bl + hi volts 

(694) 

But 

Pr = rhEr WattS 

(695) 

and 

Qr = J2Er volt amperes. 

(696) 

Whence, 

substituting for r/i, and r /2 their values from Eqs. 


(693) and (694) in Eqs. (695) and (696), 

ErE.p 


Pr = 


and 


Qr 


ErE. 


watts 


(697) 


— 7 — volt-amp. 

Vh\ + bl 


(698) 


Er 


Therefore, by multiplying the voltage scale by ^ ^2 


the 
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distances along MP and MQ become true and reactive powers, 
respectively. 

Power Limit of Line and Transformers in Steady-state 
Operation, (a) Graphical Method , — ^Let us consider the steady- 
state load limit of the line and transformers, delivering power to a 
load having a fixed power factor, and let the synchronous con- 
denser capacity available be as large as may be required. The 
voltage is assumed constant at the low-tension busses at both 
ends of the line. In other words, under this assumption the 
impedances of the generators are negligible with respect to the 
line and transformer impedances. This condition does not exist 
in practice, yet the case is of interest as illustrating the principle 
involved as well as preparing the way for later discussion. The 
load is assumed to be added in small increments so that all tran- 
sient effects are of negligible magnitude. 

A diagram similar to Fig. 90 may be drawn to include the 
influence of transformer impedances by using the equivalent con- 
stants in the calculation of Z, m and n . In this diagram , Fig. 93, it is 
seen that for any constant receiver reactive power and constant 
receiver voltage, the supply voltage is variable, and its locus is a 
straight line parallel to MP, such as QN, for example. When the 
receiver power factor is unity, the locus is NP, On the other 
hand, for any constant receiver load, the locus of the supply 
voltage is a line parallel to MQ, At the load P it is RN, The 
minimum supply voltage that will suffice to deliver an assumed 
load MP, is the voltage = OR, and if the supply voltage is 
held constant at this value its locus is the arc of the circle shown. 
MP is the maximum power which can be delivered by the line 
under assumed conditions. Any further swing of the voltage 
vector away from the receiver voltage will bring about a reduc- 
tion of delivered power, and the synchronous apparatus at the 
two ends of the line wiU fall out of step. The angle at which this 

occurs is dh = tan~^ since OR is parallel to MP, Thus the 

Oi 

point of tangency of the normal to JVP with the circle of radius 
E” represents the limit of output of the line and transformers for 
the particular values chosen for E^ and Er. 

The delivered power could, of course, be further increased by 
increasing the supply voltage. The effect on the power limit of 
varying the supply voltage is clearly shown by drawing a series 
of power circles,^ each representing a different receiver voltage, 

1 Evans and Sels, Power Limitations,” Trans., A. I. E. E., p. 27, 1924. 
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the supply voltage remaining the same. Thus keeping the supply 
voltage constant and assuming various ratios of Er Eg ^ 5 , 
such as 1.0, 0.9, 0.8, etc., one may draw a separate power circle 
for each ratio as in Fig. 94. Since 

iPr + Eliy + (Qr + E\mf = = ^E^y 

the coordinates of the centers are 

Pr = ^E\l 
Qr = s^E\m 



Fig. 94, — Line output oirclea for E9 constant and Er variable. 

and the radii are given by the equation 

B — sE\n. 

The locus of the centers is a straight line through the origin mak- 

7ft 

ing the angle $ = tan”"^ with the power axis. The distance 

out on this line from the origin to the several centers is propor- 
tional to A curve through the points of tangency of the powei 
circles with a line parallel to the OQ axis, is the locus of the maxi- 
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mum steady-state power limit of the regulated line, subject to 
the original assumptions. The capacity in synchronous con- 
densers, required at this limit for the constant-load power factor 
represented by the load line, is given by the intercept of a line 
parallel to the OQ axis and lying between the load line and the 
point of tangency. 

If no synchronous reactors were used at the end of the line to 
keep constant receiver voltage, the power limit would occur at 
the intersection of the load line with the envelope to the power 
circles. Since no power circles extend beyond this limit, the 
region beyond represents inoperative conditions. 

b. Analytical Solution, — Obviously, the above conditions defin- 
ing the power limits of the line (or of the line including trans- 
formers if equivalent constants are used) are mathematically 
deducible from the power circle equation for the regulated line, 
one form of which is 


Qr = -Elm + VE\Eln^ - (P. + Eliy. 

In general, for all positive values of the radical, Qr has two 
values, both representing intersections of the circle with a line 
parallel to the OQ axis. The lower intersection represents stable 
operation and the upper one represents unstable operation. For 
constant values of Eg the quantity Qr is single-valved only (a) 
when Er is zero, an impossible operating condition, or (6) when 
a line parallel to OQ is tangent to the circle, or at the maximum 
load limit. The value of Pr which satisfies condition (b) is found 
by equating the quantity under the radical to zero. For this 
condition, 

Qr = -mEl 


or, in terms of the ratio Er -i- E» = s and the constant supply 
voltage, 


Qr = —m 


E\ 

s* 


(699) 


E, dibz — ci2bi 

8* ~'bf+'bl~ 

where the negative sign means leading, reactive kilovolt-amperes. 
The condition for corresponding maximum output is 


Pr -h Ell = ErE.n 
or 

Pr = El(sn - sH). (700) 
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The above value of P, may still be varied by varying the ratio, s. 
The ratio which yields the maximum output is found by differ- 
entiating with respect to s and solving fo^ maximum power. 
Thus, 

^ - 2sEn = 0 

Hs * * 


and 

* _ n 

® E. 21 


(701) 


In terms of constant supply voltage Eaj the theoretically maxi- 
mum power which can be transmitted is found by substituting 
this value of s in Eq. (700), whence, 



4(ai5i + a2b2) 


(702) 


Synchronous Motor Supplied from Constant Voltage Mains. 
Steady-state Stability. — In steady-state stability it is assumed 
that the load is added in increments so small that the transient 
conditions associated with the change in load are negligible. If 
conditions of operation arc satisfactory at a given load, and if a 
slight increment of synchronous motor load is added, all excita- 
tions remaining the same, the limit of stability is reached when, 
under the added increment of load, the excitations are no longer 
sufficient to supply the power demanded. The assumption of 
constant excitations is valid, since a drop in voltage must occur 
before the voltage regulators can operate to bring it back to 
normal. When the load is the maximum which the given excita- 
tion makes it possible to carry, further load increase causes the 
motor to fall out of step. 

A very good way to get a picture of the problem involved in 
steady-state power limits is to consider the case of a synchronous 
motor to which energy is being supplied from a constant voltage 
main. When the motor is unloaded and its excitation is such 
that the induced voltage En^ is equal to the induced voltage Er 
of the equivalent generator representing the bus, then, neglecting 
losses, the two voltages are in phase. Considering the series 
circuit through the motor and the equivalent generator, these 
electromotive forces are in phase opposition as shown in Fig. 95, 
for Em in the position 1. If an infinite bus be assumed, the imped- 
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ance of the equivalent generator is zero and Er is also the terminal 
voltage. When the motor is loaded, its excitation remaining 
constant, its induced voltage drops behind to some new position 
as 2, for example, in order to permit the passage of the increased 
current required to carry the additional load. Assuming a 
constant synchronous impedance, the impedance drop in the motor 
armature is the potential difference, iJ*, and the current through 
the motor is /«,, making a constant angle with Eg. Neglecting 





Fig. 95. --Synrhrouous motor operating on constant voltage bus. 


motor resistance, this angle is 90°. The power delivered to the 
motor is 

w “ Erl m COS 6 

where 6 is the angle between Er and 7^. 

When the motor load is indefinitely increased, the vector Em 
swings along the arc of a circle, occupying the successive positions 
1, 2, 3, etc. The corresponding locus of Eg is likewise the arc of 
a circle, as is also that of the current 7^. 

Since the impressed voltage is constant, the current circles are 
also circles of power, or of Pr El, to different scales. Distances 
parallel to the axis of Pr El thus represent active power input 
to the motor, while those parallel to the quadrature axis or axis 
of Qr El represent reactive input power to the motor. The 
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equation of the circles is of the form of Eq. (470) in which f » o 
(since the resistance is assumed zero), m = — 7 ^ and the radius 
Em 

is where Xm is the synchronous reactance of the motor. 

Am 

Thus, the equation is 



(703) 


The circles in the figure indexed 0, 0.2, 0.4, 0.6, etc., are the 
power circles corresponding to these ratios of voltages Em Er. 

As the motor load is increased, further and further, the angle 
betv een the voltages Em and Er increases accordingly, and with 
it the power input required to carry the load increases. An angle 
is finally reached, however, such that any further increase in 
angle will not result in a corresponding increase in power input 
to the motor. The resisting torque of the load then exceeds its 
propelling torque, and the motor falls out of step. In the circle 
diagram of Fig. 95, this condition occurs where a line parallel to 
the Qr axis is tangent to the particular power circle representing 
the existing excitation of the motor. For a motor of zero resist- 

Xm 

ance, the angle at pull-out is 90®. Actually, it is, 6 = tan”^ — • 

If, when the motor pulled out, the excitation was such that 
Em Er — 1, for example, the motor load could be further 
increased by increasing the excitation to a new value correspond- 
ing to some higher value of Em ^ Er, such as 1.2. This increased 
excitation would increase the load at pull-out to 120 per cent of 
the former value. Thus it is seen that load conditions requiring 
a high excitation lead to a high pull-out load, and vice versa. 

In the above discussion we have considered the impedance of 
the motor only. In practice the motors are connected in series 
with additional impedances. These include the impedance of 
the transmission circuits, and transformers at the supply and 
receiving ends of the line. Furthermore, the bus is not an ‘infi- 
nite bus,’’ and the impedance of the equivalent generator, repre- 
senting the generating system, further restricts the maximum 
load which can be carried under steady-state conditions; for it is 
the angle between the generator and motor excitation voltages 
which determines the point of pull-out. 

Equivalent System. — When a network, consisting of one or 
more transmission lines having distributed resistance, inductance 
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and capacitance, is connected at the supply end through trans- 
formers to one or more generating stations in parallel, and at the 
receiving end through transformers to various kinds of load, the 
steady-stat^ load limit of the line may still be calculated, pro- 
vided the complex system can be replaced by an equivalent simple 
circuit. 

The constants of two transmission lines in parallel may be 
combined to form the constants of an equivalent line. The resist- 
ances and the reactances of the transformer banks at the ends 
of the line may, in turn, be combined with the resultant line 
constants to form an equivalent line in which the transformer 
impedances are included. The synchronous impedance of the 
generating system may also be included, so that, finally, the 
entire network, including step-up and step-down transformers, 
the transmission line or lines, and the generators will be repre- 
sented by four equivalent line constants, Aq, Bo, Co and Bo as 
pointed out in Chap. VIII. 

Equivalent Sjmchronous Impedance.^ — In the foregoing, as 
well as in the following pages containing discussions on power 
limits, where the synchronous .impedances of generators and 
synchronous condensers arc involved, a constant equivalent 
impedance is used. The synchronous impedance, as ordinarily 
defined, is a variable quantity, depending upon operating condi- 
tions. An equivalent impedance, which may be calculated from 
the machine characteristics for any given condition of operation, 
is used instead. This impedance may be considered as a con- 
stant for the operating conditions for which it is computed. 

Thus, in Fig. 97, arc represented the characteristic curves of a 
synchronous condenser having the usual range of leading to 
lagging reactive kilovolt-amperes in the ratio of 1.5 to 1. Let 
X[ and be the equivalent synchronous reactance and the 
equivalent excitation voltage of the synchronous condenser 
respectively at 100 per cent voltage and given excitation, and let 

Er = actual excitation voltage. 

Et = condenser terminal voltage. 

Xc ~ synchronous impedance at 100 per cent voltage and 
given excitation as calculated from the condenser V- 
curves. 

1 Clarke, Edith, St early-state Stability in Transmission Systems,” 
paper presented at the Midwinter Convention of the A. I. E. E., New York, 
Feb. 11, 1926. 
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From the characteristic curves of Fig. 97 and at 100 per cent volt- 
age and for a given excitation such as that corresponding to the 
curve through P, for example, the slope of the characteristic 
curve is practically a straight line. Then, since kilovolt-amperes 
and current are proportional to each other at a given voltage, if 
the voltage is near normal, the current at any point on the char- 
acteristic curve such as P' is 

/ = /o + 



Fig. 96. — Circle dia^^ram for synchronous motor or generator of constant syn- 
chronous reactance X, — 100,000 kv.-a. base. 

Expressing terminal voltage in percentage of normal, and 
reactaiipes in percentage, 

. Pc - 1 

and 

dEt 1 — Et , 1 

~ ^ X, a constant 
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Accordingly, 


and 


Ec-1 1 - E 
X X' 

" Xf 

E.K -X[-\-Xo 


(704) 



(705) 


Calculation of Steady-state Power Limit for the 200-mile 
Line of Chap. XVI. — To illustrate somewhat in detail how a line 
operating under known conditions of load and voltage may be 



Fig. 97. — Synchronous condenser characteristic curves. 


investigated for its steady-state power limit, the line whose design 
is worked out in Chap. XVI will be used as an example. The 
method^ to be used is a graphical one. It is based on the power 
circle diagram, and fits in well with the previous discussion. 

a. Given Data , — The following data will be assumed as apply- 
ing to the 200-mile line to be investigated (Chap. XVI). ^ 

^ For further discussion of this method, see paper entitled, Steady-state 
Stability in Transmission Systems,” Proc., A. I. E. E., April, 1926, by Miss 
Edith Clarke. By kind permission of the author Figs. 96, 97 and 98 are 
reproduced from her paper. 
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Generators: 

Kolovolt-arnperes installed = 100,000 or 33,^30 per phase 
Equivalent synchronous reactance (assumed) 85 per cent. 
Frequency = 60 cycles 
Length of line = 200 miles 
Line constants (Chap. XVI) are 
r = 25.59 ohms 
X = 162.57 ohms 
h = 10.45 X 10-4 mho 
^ = 0 

A. ^ (i\ j(i2 ~ 0.9163 4” j0.0130 
B = 5i +jh2 = 24.16 +il58.07 
C = Cl +>2 = (-0.457 +il01.57)10-^ 
r = 0 9461 
m' = 5.652 
n' = 6.254 

Supply-end transformers; 

Kilovolt-amperes installed = 100,000, (33,330 per phase) 
Voltages 13,200 — 169,000 
Resistance = 1 per cent 
Reactance = 10 per cent 

Receiver-end transformers; 

Kilovolt-amperes installed = 90,000, (30,000 per phase) 
Voltages 150,000 - 13,200 
Resistance 1 per cent 
Reactance 10 per cent. 

6. Equivalent Line Constants , — The equivalent line constants, 
including transformers and generator impedances may be found 
from the given data by the procedure following All constants 
will be referred to the line voltages, and equivalent single-phase 
values will be used. 

la •= supply current at rated transformer capacity = 

= 591.7 amp. 

Ir = receiver current at rated transformer capacity 
= 600.0 amp. 


100,000 

169 

90,000 

150 
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_ , , . 0.85 X 169,000 

Xq — generator synchronous reactance = - ^ 5^”7 ~ 

242.8 ohms. 

, , ^ 0.01 X 169,000 

VsT = resistance of supply-end transformers = 591 7 

= 2.86 ohms. 

, , , , . O.IO X 169,000 

XsT = reactance of supply-end transformers = ^ 


= 28.56 ohms. 

Trt == resistance of receiver-end transformers = 
— 2.50 ohms. 


0.01 X 150,000 
600 



Fig. 98.-— Variation of power factor of an average induction motor with load and 

voltage. 


, . . r 0.10 X 150,000 

Xht = reactance of rcceiver-end transformers = — 

oUU 

= 25.00 ohms. 

The complex impedances of the various elements to be consid- 
ered in evaluating the equivalent circuit constants may now be 
tabulated. They are 

Zo = generator impedance = + j242.8 

Zl = line impedance = 25.59 + jl62.57 

ZsT “ supply-end transformer impedance = 2.86 + j 28.56 
Zrt = receiver-end transformer impedance = 2.50 + j 25.00 
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The equivalent constants for the line, including transformers, 
by the method of Chap. VIII, are 

t ‘ 


A-o — -A CZgr 

= 0.9163 + y0.0130 + 10-‘(-0.457 + il01.57)(2.86 + 
i28.56) 

= 0.8873 +J0.0158 
Bo = B + A(Zst + Z/ir) + CZs2 •Zjtr 

= 24.16 + il58.07 + (0.9163 + j0.0130)(5.36 + j53.56) 
+ 10-«(0.457 +il01.57)(-706.86 +il42.90) 

= 28.23 + i206.50 
Co = C = 10-®( -0.4.57 +il01.57) 

Do = A CZrt 

= 0.9163 + jo.om + 10-®(-0.457 + jl01.57)(2.50 + 
i25.00) 

= 0.8909 +i0.0154. 


The equivalent constants of the line, including transformers 
and the synchronous impedance of the generators, are 


Aoo — Ao "I" CZ(i 

= 0.08873 +;0.0158 +j242.8 X IQ-^C -0.4.57 + jlOl.57) 
= 0.6407 + jO.0147 
Boo — BoZg "i“ Bfj 

= y242.8(0.8909 + j0.0154) + 28.23 + ^206.50 
= 24.49 + j422.81 

Coo = Co = ]0-s(-0.4.57 + .?101.57) 

Doo = ^0 = 0.8873 +^0.0158. 

For line and transformers alone, the values and 

(for E, -i- Fr = 1) are 


, 1,000(0.9163 X 28.23 + 0.0158 X 206.50) „ 

I _ ...2 i — 9-D7 

28.23 +206.50 

, _ 1,000(0.9163 X 206.50 - 0.0158 X 28.23) _ , 

I = _ =2 

28.23 +206.50 


no 


r 


1,000 




(28.23* + 206.50 ) 


4.80. 
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Similarly, for line, transformers and generators, the equivalent 
power circle constants are 

C = 0-12 

<0 = 1-51 

= 2.36, (for Ex ^ Er = 1) 

where Ei is the excitation voltage of the generator. 

In this case the line is designed for a constant supply voltage 
of 169 kv. and a constant receiver voltage of 150 kv. Hence 
Es ^ Er = 1.127 and, for operating conditions, 

n[ = 1.127 X 4.80 = 5.41. 

The line of Chap. XVI was designed for a full-load of 80,000 kw. 
approximately. Let the load be assumed to consist of the 
following: 

1. Pwi, a synchronous motor load of 25,000 kva. The motors 
are 80 per cent loaded, have 100 per cent synchronous impedance, 
and operate at unity power factor. 

2. Pi induction motor load erf 30,000 kw., operating at 80 per 
cent power factor under normal voltage. 

3. Pr resistance load of 30,000 kw. 

4. A synchronous condenser of 45,000 kva. capacity is con- 
nected to the line at the receiver end (Chap. XVI). 

For normal operating conditions of the line, Er = 150 kv. and 
E^ = 169 kv. It is required to investigate the line for steady- 
state stability under the given load. 

Using the constants = 0.67, == 4.35, and = 5.41, 

the circle @ of Fig. 99 is drawn. This is the power circle for line 
and transformers, and represents the steady-state operating 
conditions, assuming fixed voltages of 150 and 169 kv. at the two 
ends of the line. Using the constant ZJq = 0.12, = 1.51 and 

= 2.36, the power circle is drawn for line transformers 
and generator numbered 1.0 of family @. The other circles of 
the family may be drawn by using the same center, but various 
radii bearing the ratios 1.1, 1.2, 1.3, etc., to the radius = 
2.36. These are the power circles of line, transformers and gen- 
erators. They represent the relation between active and reactive 
powers for the ratios given, the ratio being the quotient of gen- 
erator excitation voltage and receiver voltage, referred to the 
high side. Each circle represents a particular excitation voltage. 
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Given the power circles of Fig. 99, the conditions of receiver 
loading and the characteristic curves of the various kinds of 
apparatus comprising the receiver equipment, the circuit may be 
tested for steady-state stability. As already pointed out, 
steady-state stability assumes additions of load to be made in 
increments so small that the transients associated with the 
change are negligible. 



Fig. 90. — Power circle's of lint* fur, (1) line and transformers; (2) line, transformers 

and generators. 


To test for stability at a given load the procedure is as follows: 
Calculate Pr ^ Pi for the assumed load and the normal voltage, 
and locate on curve 1 the point corresponding thereto. The 
particular curve of the family 2 that passes through this point 
determines the ratio of Ei Er which is required, and the corre- 
sponding value of El may be coftiputed. Next assume that the 
receiver voltage has dropped slightly, say to 98 per cent of its 
original value, but that all excitations have remained unchanged. 
Calculate the active and reactive powers for this new voltage, 
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and, likewise, the values of Pr -5- E\ and Qr E^, Locate on the 
circle diagram the points corresponding to the new values of 
Pr El and Qr E],, and note the value of Ei Er corre- 
sponding to it. Compute the new value of Ei from this ratio. 
If it is less than the original excitation voltage calculated for 
normal receiver voltage, the system is stable; if greater, it is 
unstable. The limit of stability can only be determined by the 
method of trial and error, that is, by assuming various loads and 
testing for each. When that load is found for which the excita- 
tion voltages at the reduced voltage and at normal voltage are 
just equal, the limit of stable operation has been found. 

At normal voltage, 


Er = 150 kv. = 100 per cent receiver voltage. 
Pr = 80,000 kw. total load over line. 

= 80,000 -i- 22,5000 

= 3.56 (locates point a on circle 1). 

^ = 0.99 corresponding to point a on diagram. 

+jQr = io.99 X 22,500 . 

= +j22,300 reactive kva. over lino. 

El 

= 1.57 from circles (2) at point a. 

hr 


= 1.57 X 150 

= 235.5 kv. excitation voltage at generator end. 

Pm + jQm = 200,000 + jO = synchronous motor load. 

Pr — jQi = 30,000 — ^22,500 = induction motor load. 

Pr + jQr = 30,000 + jO = resistance load. 

Adding, 

80,000 — j22j600 = total motor and resistance load. 

Pr + jQr = 80,000 + j22,300 = total receiver load over line. 

Qc - +^22,300 - (-j22,500) = +^44,800 kva. (syn- 
chronous condenser). 

Xfn = synchronous motor impedance in per cent on 100,000 
kva. base, 

_ 100,000 X 100 
25,000 

♦= 400 per cent. 


X„,(Pm ±jQm) ^ 400(20 +jf0) 
Ef 1002 

= 0.8 + .70.0. 
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Locating these values of Qm and Pn on the circle diagrams for 
the synchronous motor (Fig. 96), Em Er is found to be 

Em = 1.286 X 150 

= 193 kv. = motor excitation voltage. 

When the receiver voltage drops to 98 per cent of its normal 
value, 


Er = 0.98 X 150 
= 147 kv. 

Pm = 28,800 kv. (synchronous motor load remains 
constant). 

Pi = 30,000 kw. (induction motor load remains approxi- 
mately constant). 

Pg = 28,800 kw. (resistance load varies as f?®). 

Adding, 


Pr 

Pr 

E^ 


E„. 


constant. 


Em 

Er 



78,800 kw. total receiver load. 

78,800 

147® 

3.64. 

193 as before, since the excitation is assumed 

147 

1.31 

400^^0 

98® 

0.834 


Using the bracketed values in connection with the circle dia- 
gram for the synchronous motor (Fig. 96), we find 


XmQm 

El 


= 0.01 
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ana I'rom the characteristic curves of the synchronous condensers 
(Fig. 97), it is seen that the leading reactive kilovolt-amperes has 
increased about 3 per cent, or 

Qc = +j46,400 
Qm = X 0.01 

^ (0.96 X 0.01) X 10‘ 

4.00 

= ^240 kva. 

The power factor on the induction motors has increased to 
about 81 per cent (see Fig. 98 for induction motor characteris- 
tics) and hence, under the reduced voltage, 

Qt = -y21,700. 

Qr = -|-J24,940 kva. 

Qr _ 24,940 

K 147* 

= 1.16. 

3.64 + jl 15, located at a' (Fig. 99). 

1.60 

1 60 X 147 
235.2 kv. 

Since the required excitation voltage is less than the original 
235.5 kv., the system is stable at 80,000-kw. load. A similar 
test, made with a load of 85,000 kw., shows the line to be unstable 
at that load. Hence th(' limit of steady-state ability for the line 
under assumed conditions of load lies between 80,000 and 85,000 
kw. 

Transient Stability. — Thus far the discussion has dealt almost 
entirely with the power limits of lines under steady-state opera- 
tion. As a matter of fact, the limits of output are more likely to 
be reached on account of transient conditions. Especially, when 
a line is already operating under heavy load, a sudden application 
of additional load, due to switching, short circuit or other condi- 
tion of operation, may set up transient conditions which will 


Adding, 


Hence, 


Fr ijQr , 
El 

El 

Er 

El 
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cause the synchronous load to fall out of step with the generators, 
even though, if gradually applied, the added load could have been 
carried without reaching the load limit of the linei 

When a load is suddenly applied the impedance of the receiver 
circuit is suddenly reduced and a sudden increase of generator 
current results. Due initially to the leakage reactance of the 
generator and later to its synchronous reactance, the increased 
current causes a drop in terminal voltage, which, in turn, permits 
the regulators to function, tending to bring the voltage back to 
normal. While the above series of events take place, the genera- 
tor and motor armatures are swinging apart in phase; that is, the 
angle between their excitation voltages is increasing in order to 
permit of the increased interchange of power demanded by the 
new situation. This demands that the rotating masses momen- 
tarily slow down and later again accelerate when the correct 
new phase position has been reached. * During the slowing down 
interval, some of the increased energy demanded is supplied from 
the energy of rotation of the generator rotor. Another element 
which assists in supplying the increased demand is the fact that 
the suddenly increasing armature current induces additional 
current in the field circuit, thereby momentarily increasing the 
excitation voltage. The readjustment of the rotor positions and 
the dropping of the terminal voltage at the generators go on 
simultaneously. The farther the voltage drops, the greater is 
the required phase displacement between the motor and genera- 
tor excitation voltages. It is thus a contest between the exciters 
and regulators on the one hand, and the decelerating rotors on the 
other. If, during the initial swing, the angle between the motor 
and generator excitation voltages reaches the critical value before 
the regulators and exciters can operate to raise the voltage again, 
and thus limit the angle to a lesser value, the system will fall out 
of step. The inertia of the negatively accelerating rotors tend 
to cause an over swing, thus further endangering the stability. 

Methods of Increasing Output Limits of Lines. — The steady- 
state power limits may obviously be increased by any measures 
which will reduce the impedance of the circuit involved. These 
include the use of the so-called split conductor^' suggested by 
Percy Thomas, as a means of reducing line reactances; two or 
more parallel transmission lines instead of a single line; trans- 
formers having lower reactances; generators designed for lower 
reactances; lower frequencies; shunt reactors at the generators. 
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thus requiring higher excitations; intermediate ssmchronous 
condenser stations in long lines. 

Transient stability conditions are improved by using exciters 
whose voltages respond rapidly to changes in field resistance, 
and at the same time using quick acting voltage regulators to 
control the exciters. 
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CHAPTER XVI 


EXAMPLE OF LINE DESIGN AND PERFORMANCE 
CALCULATIONS 


In the preceding chapters the theory underlying transmission- 
line design, as well as line performance, has been considered. 
This, the last chapter, will be devoted to the application of this 
theory to the design of a hypothetical problem, by way of illus- 
tration. In this problem, as with any problem, certain assump- 
tions must be made as to the conditions prevailing. These 
assumptions will largely determine the design which follows. For 
example, an examination of Eq. (635), and a reading of the dis- 
cussion following, shows that the conductor diameter and the 
voltage of a proposed line are chiefly dependent upon the r.m.s. 
load to be transmitted. Accordingly, assumptions affecting 
the amount of installed generating equipment, available power 
and load factor greatly influence the subsequent design. The 
proper selection of these factors often depends upon circum- 
stances which can scarcely be discussed to advantage here. In 
choosing an illustrative example, therefore, a simple case is 
chosen in which the load transmitted is assumed to be determined 
entirely by the load curve of the distribution center. 


Table 26 —Assumed Data 


Location of project 
Numlier of lines 
Length of line 

Continuously available power at generator terminals 

(average demand) 

Power factor at peak load 
Average annual load factor 
Frequency 

Maximum clearance of conductor to ground 
Maximum elevation of line above sea level 
Conductor materials considered . 


Eastern Washington 
One 

200 miles 

50.000 kw. 

90 per cent 
55 per cent 

60 cycles per second 
30 ft. 

2.000 ft. 

Copper and aluminum 


The transmission voltage chosen for the problem is the one 
which fits the conductor diameter demanded by Eq. (635). 
It is realized, of course, that the final choice of voltage may be 

333 
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affected by pre-existing standards, by the necessity for linking 
the new line with other systems, and other considerations. 
These will not be considered here. 

Root-mean-square Kilowatts per Line. — The curve of Fig. 100, 
plotted to any convenient scale, is assumed to represent the aver- 
age-day load curve of the community served. The curve is 
obtained by averaging a sufficient number of day load curves at 
regular intervals throughout the year, to secure a fair average 
for the community. This curve was obtained by averaging the 
load curves for every Tuesday of the year. 

The mean load of the average day is readily found by integrat- 
ing the area under the average-day load curve in terms of the 



1 1 1 1 1 I i 1 1 1 1 I I I i 1 1 ] 1 1 I i I I 1 I 

0 2 4 6 8 10 !2 2 4 - 6 8 10 12 

A.M. Hours P.M. 

I^ia. 100 — Averago-day load curve 


arbitrary unit cliosen and dividing tMs area by 21, or by scaling 
the area under the curve with the planimeter set to read the 
square inches, and dividing by the length of the base in inches. 
The result must again be translated into the units of the arbitrary 
scale. The ordinates of the horizontal full lines in the figure 
indicate the mean of the average-day load. As a check, the area 
under the horizontal full lines should equal the area under the 
average-day load curve. 

The dotted curves are obtained by squaring the ordinates of 
the average-day load curve. The mean ordinate of the dotted 
curve is also found by integrating the area under this curve and 
dividing the result by the length of the base. The r.m.s. value 
is the square root of the mean square and is shown by the horizontal 
broken line. 
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The half-hour average annual load factor is defined as the ratio 
of the average to the half-hour peak demand of the year. This 
load factor may vary from 40 to 65 per cent or niore. Here it is 
assumed to be 55 per cent. The storage provided by the basin 
behind the dam will be at least sufficient to take care of the 
variation in demand from the average, during any time of day or 
year. Thus, with 50,000 kw. of power continuously available at 
the generator terminals, if the power factor at peak load is 90 
per cent, the installed machine capacity required is 

Installed capacity = 575 ^^;^ 

== 101,000 kva., say 100,000 kva. 


To the scale of the curve the average kilowatt is 7.85, while the 
r.m.s. value is 8.43. Therefore, the r.m.s. load to be supplied 
to the line is 


R.m.s. kilowatts supplied 


50,000 X 8.43 
7.85 


= 53,700 kw. 


Factor J , Value of Wasted Energy. — From Eq. (635) the 
factor pertaining to the value of the energy wasted as heat in the 
line conductors is 

j _ cos^ 6 
” ~pA” * 

Since only one line is contemplated, a single circuit tower of 
type A is the only type considered. The maximum altitude of 
any point on the line is assumed to be 2,000 ft. For this elevation 
the altitude factor is 5 = 0.92, from Table 24. The roughness 
factor for stranded cable may be assumed as mq = 0.82. Then, 
if we design the line so that, at the point of maximum elevation, 
the actual line voltage will be about 10 per cent under the critical 
disruptive value, the constant y of Eq. (587) is 0.90. Thus, 

moSy = 0.82 X 0.92 X 0.90 
= 0.678 


and, by interpolation from the values of Table 23, 


Ua = 116,900. 
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The resistance, per mil-foot of conductor and for copper and 
aluminum, may be estimated for any assumed average operating 
temperature from the equations 

P^, — 17.01 [1 + 0.0039(^ — 20)] for aluminum 
Pcu “ 10.37[1 + 0.00382(^ ~ 20)] for copper 

where 

t = assumed average operating temperature of line conductors 
in degrees centigrade. 

The mean temperature for the year and locality may be 
obtained from the records of the U. S. Weather Bureau. For the 
project here considered, it is 48° F. The line conductors, in 
order to radiate the heat developed in them, must operate at a 
temperature somewhat higher than that of the surrounding air. 
If this difference is taken as an average of 15° F., the average 
temperature of the line conductors is 63° F., or 17.2° C., and the 
resistivities of aluminum and copper under avera ^* operating 
conditions are ^ 

Px, = 17.01fl + 0.0039(17.2-20)] = 16.8 ohms 
Pc« = 10.37[1 + 0.00382(17.2-20)] = 10.25 ohms. 

The weighted average selling value of a kilowatt-hour of (uiergy, 
represented by the constant .4, is difficult to estimate. The value 
of a kilowatt-hour vill depend upon the locality of the plant, 
market conditions, the distance of transmission, the time of day 
and year (if generated from water power with incomplete storage), 
whether or not steam generation is required at peak loads and 
other factors. A study should be made of the revenues derived 
from several years of past operation together with a forecast of 
future revenues with the new project added to the existing system. 
The value of A may vary from as low as 0.002 for some western 
hydroelectric plant which was constructed at a very low unit 
cost, where the transmission line is short, and where an ample 
supply of power exists, to perhaps 0.007 where conditions of 
generation and transmission are less favorable. For the purpose 
of the problem to be considered here, 0.006 will be assumed. 
The power factor at maximum load is assumed to be 0.90. 

The factor J and the constants used in deriving it are sum- 
marized in Table 27. 
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Tables 27 


Item 

1 

Symbol 

Value for 
aluminum 

Value for 
copper 

Constant U of equation 

U 

116,900 

116,900 

Constant 


136.7 X 10* 

136.7 X 10» 

Resistivity at 20° C 

Selling price per kilowatt-hour 

P20 

17.01 

10.37 

(dollars) 

Power factor of r.m.s. load 

A 

0.006 

1 

0.006 

(assumed) 

cos 6 

: 0.90 

0.90 

J=U^ cos’ e p.d (Eq. (64)) 

J 

1 

10.8 X 10^ 

17.8 X 10“ 


Factor F. Annual Fixed Charges Due to Line Conductors. — 

By Eq. (634) the annual fixed charges due to the line conductors 
and ground cables of one line are 

31.05(piBTf + gTreBpeWpe). 

The several factors involved in the constant F are listed in Table 
27 for the two kinds of conductor materials. 

The values of pi and representing interest and deprecia- 
tion on the conductors and ground cables, will vary somewhat for 
different projects, depending upon the condition of the money 
market and the credit of the company undertaking the construc- 
tion. It is a matter of judgment how much should be allowed 
for the depreciation of line conductors. The depreciation of 
copper conductors is relatively little. The values allowed in this 
problem are illustrative rather than exact. 


Table 28 



Symbol 

i 

Aluminum 

1 

Copper 

Per cent interest and depreciation on 




line conductor 

Pi 

10 

9 

^yost of conductor in dollars per pound 

B 

0.38 

0.19 

Weight per cubic foot of conductor 




material 

W 

168.5 

555 

Guard cable constant (Eq. 625) 

0 

0.167 

0.333 

Per cent interest and depreciation on 




guard cables 

PF. 

12 

12 

Cost of guard cables in dollars per pound 

B 

0.12 

0.12 

Weight per cubic foot of guard cable 




material 

WFe 

490 

490 

Constant F of Eq. ('64') 

1 

F 

23,540 

36,760 
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The costs, per pound of stranded conductor and ground wires 
in the sizes and amounts required for the project, are represented 
by B and Bpe- The values given in the table are approximate 
prices for these materials at the time and place of writing. 

The values of W and Wpe are the weights per cubic foot of the 
materials composing the line conductors and ground cables, 
respectively, corresponding to the densities of the materials, as 
given in Chap. II. The constants F, together with the quantities 
used in their calculation, are shown in Table 28. 

Factor G, Tower Cost. — By Eq. (035) that part of the cost of 
transmission line towers, which is a function of conductor diam- 
eter, is the constant 

a = 2,525p2M. 

The value of the factor M is to be estimated from data furnished 
by the manufacturers of towers as outlined in detail on pages 340 
to 341. As there stated, the manufacturer is requested to furnish 
bids on two series of anchor and suspension towers of the type or 
types considered. (Only typp A tower is being considered in this 
problem.) In the first series on which bids are requested, the 
towers are all of a given height (45 ft. in this instance) and all are 
designed for the same tension (6,000 lb.), but are to be built for 
three different voltages, namely, 100, 150 and 200 kv., the range 
in voltages being so chosen as to embrace the voltage of the con- 
templated line. The towers of the second series are all to be 
built for the same height as the first (45 ft.) and for one of the 
voltages specified in the first series (150 kv., say), but for three 
different tensions, one of which is also the tension specified in the 
first series (3,000, 6,000 and 9,000 lb). It is assumed that the 
suspension towers will be designed for one-half the conductor 
tension specified for the anchor towers, and that the total ground 
wire tension per tower for all towers is equal to the conductor 
tension specified for the anchor tower. 

Table 29, together with a sketch of the type of tower as in 
Fig. 75 and a set of specifications, will furnish the manufacturer 
with the information required to make up cost estimates. 

Specifications for Towers. — In order that the manufacturer 
of towers may know precisely for what loads, conductor clear- 
ances, tensions, etc., the structures are to be designed, it is 
necessary to define these quantities through the medium of 
written specifications. Such specifications will vary with the 
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locality in which the towers are to be used, the type of construc- 
tion to be adopted, the judgment of the engineer responsible for 
the design and other factors. The items enumerated below 
will generally be covered in more or less detail in such 
specifications. 

I. Conductor horizontal and vertical spacings. These will 
usually be determined upon in some such manner as indicated in 
the design of the towers illustrated in Fig. 75. The spacings 
given by Eq. (580) and as shown in Fig. 76 are representative of 
good practice. 

2. Clearances of conductors to nearest tower members. 

3. Location of guard cables and clearances to line 
conductors. 

4. Materials to be used. 

5. Galvanizing. 

6. Foundations. 

7. Types of towers, anchor and suspension towers. 

8. Loads assumed: 

а. Wind on towers and cables 

б. Maximum tension in cable 

c. Weight of towers, insulators, ice and cables. 

9. Unit stresses to be used in calculations: 

а. Tension 

б. Compression 

c. Shear on bolts and rivets 

d. Bearing on bolts and rivets. 

10. Total number of anchor towers required. 

II. Total number of suspension towers required. 

The voltages, tensions, conductor clearances and tower heights, 
pertaining to the present problem and in accordance with which 
the manufacturer is requested to furnish bids on both anchor 
and suspension towers, are given in Table 29. These data 
together with the detailed specifications covering such items as 
those already enumerated under specifications, will furnish all 
the information the manufacturer may need to make up his 
cost estimates. It is assumed that all such data have been 
supplied. 

The number of towers of each kind required for the present 
project is estimated by assuming the length of the average span 
to be 700 ft., and that there is one anchor tower for each seven 
suspension towers. 
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Then, 

But, 

or 


T. + Ta 
T. + Ta 

STa 


whence 

and 


Ta 

T. 


7. 


8Ta = total number of towers 

5,280 + 200 
700 
1,509 

189 


1,320. 


After prices have been secured from the manufacturer for the 
ten different towers of Table 29, these prices are itemized as in 
Table 30. In this table items 1, 2 and part of 4 are those which 
the tower manufacturer furnishes. To the part of item 4, the 
cost of foundation as furnished, must be added the estimated 
cost of excavation and back filling to secure the final item in the 
table. Item 3 is estimated from the total cost of the right-of- 
way divided by the number of tower locations. Item 6 is esti- 
mated from prices of insulator discs and hardware, as furnished 
by manufacturers^ representative or jobbers. By allowing about 
17,000 volts per unit of a string, the number of insulators per 
string (and the total number required) for any assumed line 


Tablc 29 


i 

Index 

Line* 

voltHfio, 

Conduc- 

tor 

1 

Ground 
cable , 

Spacing 

D 

Cl<*aranee 

LeiiKth of 
insulator 

1 

Tower 

Class of 

ussunicd, 

(kilo- 

volts) 

tension, 

assumed, 

pounds 

tension, i 
assumed, 
pounds 

(FiK. 

76) 

Z> ^ 3 31 
(Eq. 577) 

string = 
2a -r Vs 

height, 

assumed 

tower 

1 

100 

0,000 

3,000 1 

lO'l" 

1 3.13 

3'S" 

1 

1 45'0" 

1 

2 

150 

(>,000 

3,000 

1 .>'(>" 

4. OH 



>> Anchor 

3 

200 

6,000 

3,000 

20'8" 

6.25 ! 

7'2" 

1 45'0'" 

1 

J 

4 

5 

100 

150 

3 , 000 
3,000 

3,000 1 
3,000 1 

10'4" 

15'6" 

3.13 

4.6H 

3'8" 

5't" 

48'8" , 
50'4" ! 

1 Suspen- 

6 

200 

3,000 

3,000 

20'S" 

0.25 

7'2" 

52'2" 

1 sion 

7 

150 

3,000 

1 

1,500 

1 

15'6" 

4.68 

5'4" 

45'0" 

^ Anchor 

8 

150 

9,000 

4,500 

15'6" 

4.68 

5'4" 

45'0" 

9 

150 

1,500 

1,500 

16'6" 

4.68 

5'4" ! 

50'4" 

) Suspen- 

10 

150 

4,500 

4,500 

15'6" 

4.68 

5'4" 

50'4" 

/ sion 
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Table 30. — Items of Tower Cost 


Index 

1 

Line 
volt- ! 
age, 
kilo- 
voltB 

Con- 

ductor 

tension, 

pounds 

Item 1 
tower 
at 

place of 
erec- 
tion 

Item 2 

erec- 
tion of 
tower 

Iteni 3 
tower 
site 

Item 4 
foun- 
dation 

Item 6 
loca- 
tion 
and 
inspec- 
tion 

Item 6 
insula- 
tors at 
tower 
sites 

Item 7 
placing 
insula- 
tors 
and 
cable 

Class of 
tower 

1 

100 

6,000 

3379 

$104 

$30 

$205 

$40 

$110.00 

$33.00 

1 


2 

160 

6,000 

l 386 

106 

30 

206 

40 

168.00 

33.00 

1 

1 

■ Anchor 

3 

200 

6,000 

408 

113 

30 

205 

40 

231.00 

33.00 

J 


4 

100 

6,000 

251 

68 

30 

116 

40 

52.50 

33.00 

1 


5 

160 

6,000 

256 

70 

30 

116 

40 

79 . 50 

33.00 

I 

Suspeii- 

6 

200 

6,000 

269 

75 , 

30 

116 

40 

109.50 

33.00 

1 

J 

sion 

7 

160 

3,000 

288 

79 

30 

152 

40 , 

168.00 

33.00 

1 


8 

160 

9.000 

496 

136 

30 

250 

40 

168.00 

33.00 

J 

^ Anchor 

9 

160 

1 

3,000 

203 

56 

30 

96 

40 

79.60 

33.00 

1 

^ Suspen- 

10 

160 

9,000 

308 

85 

30 

132 

40 

79.50 

33.00 

J 

sion 


voltage, may readily be estimated. It is here assumed that the 
unchained strength of the suspension insulators, the strength 
of a single string, has been increased by the use of high-strength 
steel so that it will not be necessary to parallel insulator strings 
in order to sustain the loads due to the use of large cable diam- 
eters. A link is used to connect the top insulator of a string to 
the crossarm. Its length is such that the overall length of the 
insulator string is 2a -h y/Sj (Fig. 75). The cost of this link is 
estimated as $0.50 per string. 

In Table 31, the estimated prices of item 6 are shown in tabular 
form. 


Table 31 


i 

! 

Anchor tower 

Suspension tower 

Line voltage 

100,000 

150,000 

200,000 

100,000 

150,000 

200,000 

Number of disks re- 
quired 

6 

9 

12 

6 

9 

12 

Insulators per string 

S 15.00 

$ 22.50 

$ ,30.00 

$ 15.00 

$ 22.50 

$ 30.00 

('Conductor clamps per 
string 

2 30 

3.50 

5.00 

1.50 

2.00 

3 00 

Arc rings per string . . . 

0.50 

1.50 

3.00 

0.50 

1.50 

3.00 

Link per string 

0.50 

0.50 

0.50 

0.50 

0.50 

0.50 

Total per string 

$ 18.30 

$ 28.00 

$ 38.50 

$ 17.50 

$ 26.50 

$ 36.50 

Total per type A tower 

110.00 

168.00 

231.00 

52.70 

79.50 

109.50 
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Items 5 and 7, like item 3, are relatively unimportant, and have 
practically no influence on the choice of the most economical 
voltage. They are estimated and entered in Table 30 for the 
sake of completeness. 

By Eq. (602) a given cost item for the average line support is 
related to the corresponding values of the item as applied to 
anchor and suspension towers as follows: 

Cost item for average support = 

cost item for anchor tower + (cost item for suspension towers) 

I a 


By the use of this equation the items of cost 1, 2, 3, etc., for 
the average line support, are calculated, as shown in Table 32. 



0 01 02 03 0.4 05 00 07 08 09 10 II I 

Values of (l| 

1 ra 101 “ Cost items 1 4- 2 + 4 + 6 for averd,Kc line support 


Finding the Values fcv,fcr, m and n. — After the cost items 1, 2, 
3, etc., for the average support have been calculated and listed 
as in Table 32 [items (a)], the voltage and tension constants 
kv and h and the constants m and n, of the same table are 
computed. 

In Fig. 101 are plotted the cost items l+2 + 4 + 6of the 
average line support for columns I, II and III [item (d)], against 
the corresponding values of dl [item (c)]. This gives the middle 





Table 32. — Cost op Average Lixe Support 

Computations for Constants fcr» rn and n 
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one of the three parallel straight lines of Fig. 101, marked Ti = 
6,000 whose equation is item (e), columns I, II, III. The corre- 
sponding cost curves for the tensions of 3,000 and 9,000 lb. are 
parallel to the curve already found and pass through the points 
located by items (c) and (d) of columns IV and V. The equa- 
tions of the curve thus located are items (e) columns IV and V. 
Item (/), derived from Eq. (605), shows the values of dg corre- 
sponding to the three different tensions and the two kinds of con- 
ductor materials. By plotting the three values of (item (e)), 
against the corresponding values of dl from item (/), correspond- 
ing to the aluminum and copper conductors, the two curves of 
Fig. 101, which intersect at cost = 300, dl = 0, are obtained. 
From these curves it is apparent that kr = 300 for both curves, 
and that 7i = 200 for aluminum and 403 for the copper conductors 
(item (g)). The methods by which items (h) and (i) are derived 
are apparent frpm the table. 

The assumed height of the point of suspension of the conductor 
above ground, in all towers of Table 29, and upon which bids 
have been obtained, is 45 ft. 

By definition (Eq, (557), Chap. XII), 


and 

hence 


kii = items (4 + 5 + 6 + 7) 

k 2 = items (1 +2 + 3) 

k, (items 4 +_5 + 6 -^7) 
&2 (items 1+2+3) 


Thus, if we choose the tower of column II as representing 
approximately the cost of tower for the present project, its most 
economical height may be found by the method described in 
Chap. XII, as follows: 

h ^ (45)2(127.10 + 40.00 + 90.60 +33.00) 
fca 272.20 H- 74.50 + 30 

= 1,563. 

By original assumption, the minimum permissible clearance 
to ground is 30 ft., or 

fci = 30 


From Plate I, for the above values of fca ^2 and Ai, the conduc- 
tor sag for the most economical tower spacings or span is found 
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to be 20.3 ft. Accordingly, the most economical tower height is 
A. = 30 + 20.3 = 50.3 ft. ' 

Before the total cost of the towers of height ht can be found, 
three items 1, 2, and 3, whose costs vary with the tower height, 
must be corrected in accordance with Eq. (612). Thus, the 
correction factor is 

- l) 

45 V 

= (272.20 + 74.50 + 30) (0.25) 

= 94.0. 

By Eq. (613): 

ki = items 5 + 7 
= 73.0. 

k = kr “I" A4 fcs 

From Eq. (615) : 

= 300 +94 + 73 
= 467. 


ki = (items 1+2 + 3) 




The total cost of line supports may now be expressed by Eq. 
(617) as soon as the constants ks, ki and Ag are found. These are 
obtained from Eq. (567) and from the charts of Plates 2 to 5, 
inclusive, by entering the charts with the values ks -i- ki — 1,563 
and ki = 30. The constants as found from the charts are given 
below : 


fcft = + 0.20 

ki = 978 

ks = 428 


aluminum 


k, 

ki 

k» 


-0.15 

840 

114 


copper. 


By substituting in Eq. (619) the values of the above constants, 
the cos*^ of towers, per foot of line, is expressed in terms of con- 
ductor liameter, as shown below. 


[(m + 'Od? + k](d. + h) ^ [325d! + 467](d. + 0.20) 
kiids + hY- h 978(d, + 0.20) - 428 ’ 

or 

^ I528d? + 467] (d, - 0.15) 
'840(d. - 0.15) - 114 ’ 


aluminum 


copper. 


The cost of towers, per foot of line, is found by evaluating the 
above equations for various assumed values of d, and plotting the 
resultant costs as a function of d\. A series of such computations 
has been made, the results of which are listed in Table 33. 
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Tablb 33 



! 

ki 


hd* 

+ fc 

dg + k% 


+ fci) 

d. 

Alumi- 

Cop- 

Alumi- 

Cop- 

Alumi- 

Cop- 

Alumi- 

Cop- 


niim 

per 

num 

per 

num 

per 

num 

per 

IB 

81.3 

132.0 

548.3 

599.0 

0.7 

0.35 

684.6 

294.0 

mm 

117.0 

190.1 

584.0 

657.1 

0.8 

0.46 

782.4 

378.0 

0.7 

169.3 

258.7 

626.3 

725.7 

0.9 

0.55 

880.2 

462.0 

0.8 

208.0 

337.9 

675.0 

804.9 

1.0 

0.65 

978.0 

546.0 

0.9 

263.3 

427.7! 

730.3 

894.7 

1.1 

0.76 

1,075.8 

630.0 

1.0 

325.0 

528.0 

792.0 

995.0 

1.2 

0.85 

1,173.6 

714.0 

1.1 

393.3 

638.9' 

860.3 

1,105.9 

1.3 

0.96 

1,271.4 

798.0 

1.2 

468.0 

760.3 

935.0 

1,227.3 

1.4 

1.05 

1,369.2 

882.0 

1.3 

549.3 

892.3 

1,016.3 

1,359.3 

1.5 

1.15 

1,467.0 

966.0 

1.4 i 

637.0 

1,034 0 

1,104.0 

1,501.9 

1.6 

1.26 

1,564.8 

1,050.0 

1.5 

731.3 

1,188.0 

1,198,3 

1,655.0 

1.7 

1.35 

1,662.6 

1,134.0 


Table 33 {Continued) 


d. 

lk4<P. + k]{d. + k,) 

kiidg + fee) — ki 

• 

Cost per foot 
of line 

<p. 

Alumi- 

num 

Cop- 

per 

1 

Alumi- 

num 

Cop- 

per 

Alumi- 

num 

Cop- 

per 

0.5 

383.8 

209.7 

256.6 

180.0 

$1.50 

$1.16 

0.25 

0.6 

467.2 

295.7 

354.4 

264.0 

1.32 

1.12 

0.36 

0.7 

563.7 

399.1 

452.2 1 

348.0 

1.25 

1.15 

0.49 

0.8 

675,0 

523.2 

550.0 

432.0 

1.23 

1.21 

0.64 

0.9 

803.3 

671.0 

647.8 

516.0 

1.24 

1.30 

0.81 

1.0 

950.4 

845.7 

745.6 

600.0 

1.27 

1.41 

1.00 

1.1 

1,118.4 

1,050.6 

843.4 

684.0 

1.33 

1.54 

1.21 

1.2 

1,309.0 

1,288.7 

941.2 

768.0 

1 39 

1.68 

1.44 

1.3 

1,524.4 

1,563.2 

1,039.0 

852.0 

1.47 

1.83 

1.69 

1.4 

1,766.4 

1,877.4 

1,136,8 

936.0 

1.55 

2.01 

1.96 

1.5 

2,037 1 

2,234.2 

1,234.6 

1,020.0 

1.65 

2.19 

2 25 


Plotting the costs of tower per foot of line against values of 
dj, as shown in Table 33, yields the curves of cost (Fig. 102). 
In this figure, straight lines are now drawn tangent to the two 
curves. These tangents are practically coincident with the curves 
themselves over considerable distances, and, within these ranges, 
they express the cost of tower per foot of line correctly in terms 
of the parabolic law, whose equation is Eq. (620), namely, 
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Cost of towers per foot of line = JIfd* + N 
From the curves the values of M and N are foubd to be 
For aluminum 

M = 0.275 
N = 1.00 

For copper 

M = 0.612 
N = 0.80 



Fig. 102. — Cost of average line support as a function of cable diameter. 


Assuming the depreciation and interest on tower investment 
at 12 per cent, the item G of Eq. (635) becomes 


whence 

and 


G = 2,52bpiM 
= 2,525 X 12 XM 

Gjii = 8,330, for aluminum 

Gou = 18,540, for copper. 


Evaluation of Constant //, Eq. ( 636 ). — The example here 
considered is for a substation of 100,000-kva. capacity. It is 
assumed that the substation layout is comparable to type (Fig. 
82), as regards the degree of complexity. Experience indicates 
that in all probability the economical transmission voltage for 
a 200-mile line having 100,000 kva. of connected generating capac- 
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ity will exceed 132 kv. The constants are therefore chosen 
from Table 25 from the columns representing a range in voltage 
from 132 to 220 kv. The constants are 


= 11.1 X io-« 
fc]2 = 220,000 

By Eq. (628), 

fell = 3/b'i U\ 

Table 27, 


= 136.7 X 108. 

Hence 

fell = 3 X n.l X 10-6 X 136.7 X 108 
= 455,200. 


By Eq. (635), the factor pertaining to terminal equipment is 
Tj 2,5252>3fcii 


The factor p.,, covering the percentage of interest and deprecia- 
tion on terminal apparatus and housing, is here assumed as 12. 
The length of line is * 

L = 200 X 5,280 
= 1,056 X 10® ft. 

Solving for the constant , 

2.525 X 12 X 455,200 
^ 1,056 X 108 " 

= 13,060 for both aluminum and copper conductors. 

Solution of Eq. (636). Calculation of E and d ^. — All of the 

required terms of Eq. (635) have now been evaluated, and the 
conductor diameter may be found by substitution therein. 
For convenience, the constants already calculated, together with 
the solution of Eq. (635) for ds and the corresponding value of 
the most economical voltage for the line, are collected below. 

The total cost of. the line and terminal equipment, for each of 
the two kinds of conductor materials, may now be estimated, by 
substituting in the appropriate equations the constants already 
computed. The results of these calculations and the equations 
from which the values were obtained are clearly indicated in 
Table 34. The estimates show that the total costs of the alu- 
minum and copper lines are substantially equal. 
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Table 34 


^ Item 

Conductor inaterial 

Aluminum 

Copper 

Il.m.s. kilowatts per line 

53,700 

53,700 

loss factor (Table 27) 

12.0 X 10^ 

19.8 X 101® 

/’, lino conductors (Table 28) ... . 

23,540 

36,760 

f/, line towers 

//, terminal appliances and 

1 8,330 

18,540 

housing 

, 13,060 

13,060 

J{F+G-\-H) 

' 53.92 X 1014 

135.35 X 1014 

[J{F +G + U)\^ 

' 418.8 

488.2 

10 X (r.m.s. kilowatts r lino)i . . 

1 377.3 

377.3 

f/a, [Solution of Kq. (63r))l 

0.901 

0.773 

K — \^SdaU = line voltage* j 

182,400 

156,500 


Choice of Type of Conductor. — There are certain objections to 
the use of an all-aluminum cable, however, and before making a 
final decision as to the kind of conductor material to use, the 
comparative cost estimates should be extended to include steel- 
reinforced aluminum cable and possibly other types such as 
tubular conductors. From such a complete estimate the engi- 
neer may readily select the most suitable type of conductor. If 
there is no advantage in one kind of conductor over another, the 
conductor and line voltage which require the minimum total 
expenditure, would naturally be chosen. 

In the illustration here used the copper conductor fits the 
standard voltage, 154 kv., very well. If a steel-reinforced alumi- 
num cable had been included as a part of the estimate, it would 
probably have been found to call for a voltage close to 220 kv., 
while the all-aluminum cable falls in between these extremes. 
Thus the influence of type of conductor upon the most economical 
voltage of transmission is well illustrated. 

Line Specifications and Performance. — For the purpose of 
illustrating the remaining calculations, the copper line will be 
chosen. The diameter of the cable will be assumed as computed, 
namely = 0.773 in. 

Some of the important required data pertaining to the con- 
struction of this line and its performance are listed in Table 35 
which follows. The methods used in making the calculations 
are well illustrated in columns 1 and 2 of the table. 
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Table 35 


Itom 

Equation 

Estimated cost 

^ 

Aluminum 

Copper 

Line conductors [Kq, (625) 
and Table 27] 

1 

100 X liq. (625) -i- p 

$ 779,000 

$ 971,000 

Tower cost (Eqs. (621) and 
(622)) 

LMd\ 

236,000 

386,000 


LN 

1,056,000 

845,000 

Cost of terminal equipment, 
housing,^ 


388,000 

260,000 

Wiring, etc. (Eqs. (626) and 
(628)) 

1 

hli 

220,000 

220,000 

Total cost of terminal 
equipment and line, . . . 


2,679,000 

2,682,000 


» It is asBumod that the equipment will be purchased for a standard voltage. For the 
aluminum conductor the voltage, 187 kv., will be assumed as the nearest standard. For 
copper the nearest standard is 154 kv. 
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TabIiB 36 — Linis Specifications and Performance Data 


Item 

Reference, equations, el!c 

Quantity 

Given data 

R m s kilowatts per line 

Page 335 

63 700 

R m s kilowatts per phase 


17,900 

Generator kilovolt-amperes installed 

Page 335 

100 000 

Assumed generator full-load power factor 
(approximate value) 

Page 336 

0 90 

Kind of conductor material 


Copper 

Type of towers used (Fig 76) 


A 

df « diameter of stranded cable, in inches 

Table 33 

0 773 in 

Eav approximate average hne voltage 

Table 33 

167 000 

nEav "" approximate average e m f to 
neutral ■■ 156 600 — \/3 

1 

90,360 

L •" length of line in feet 

200 X 5 280 

10 66 X 10» 

Conductors and guard cables 

Circular mils metalhc section 

1 lOHi - (1 151)* 

450 000 

Number of strands (standard stranding) 


37 

Circular mils per strand 

450 000 T- 37 

12 162 

Diameter of strand in mils 

(12 162)i 

110 3 

Maximum allowable tension pounds per 
square inch ■» 0 75 X 27,500 

0 75 X elastic limit 

21 000 

Maximum conductor tension o 9 X 
combined tension 


6 680 

Diameter of strands of galvanized steel 
ground cable (inches) 



D — actual conductor spacing (inches) 

Eq (580) 

194 in 

D in feet and inches 

195 - 12 

16 ft 2 in 

D' » eqiuvalent delta spacing in inches 

1 26 X 195 in 

244 in 

Towers and insulators 

Jbt "" minimum clearance to ground (feet) 

Page 333 

30 

ki ki ratio 

Page 344 

1 563 

Maximum cable deflection in feet 

Page 345 

20 3 

hg a the most economical tower height, 
anchor tower 

Page 345 

50 3 

ks 1 


-0 15 

kr 1 

Page 345 

840 

kg 1 


114 

8 tower spacing in feet 

Eq (566) 

660 

Approximate number of towers for hne 

L - S 

1 600 

Number of anchor towers 

1,600 8 

200 

Number of suspension towers 

1,600 200 

1 400 

a ■■ clearance conductor to tower ■» Kn 
1,538 

Fig 76andEq (579) 

59 in 

Length of suspension insulator string 

2a -4- \/3 

68 in 

Number of insulator discs per string 

Page 340 

9 

Number of discs for anchor towers 

2 X 3 X 9 X 200 

10 800 

Number of discs for suspension towers 

3 X 9 X 1 400 

37 800 

Total number of discs 


48,600 
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Table 36 (Continued) 


Item 

Reference, equations, etc. 

Electrical line constants; 

p «“ resistivity of medium hard drawn 
copper at 68® F. (ohms per niil-fout) 
r — resistance of line conductor (ohms) 
X — reactance of line conductor at 60 
cycles (ohms) 

10.37 4- 0.97 

1.02pL -r- C.M. 

h Busceptance one conductor to neu- 
tral (mho) 


z « impedance one conductor (ohms) . 
\/ZY * complex line angle 

(r» 4- xs)i 
l^(r + jx))i 


a s® attenuation constant 

0.41465 (cos 5) 

0.41465 (sin 6) 
|“«/-90° + 81®3.27' 

1 

ai + jas 

1.00052 X 0.91577 
0.032357 X 0.40171 
bi + jbs 

“ phase constant 

Zo * complex surge impedance (vector 

ohms) 

Fo “ complex surge admittance (vec- 
tor mho) 

A “ cosh a cos /3 + > sinh a sin /9 

oi “ cosh a cos /5 

as **= sinh a sin /J 

“ Zo(8inh a cos /S + > cosh a sin /S). . 
bi « 395.58(8inh a cos fi) + 30.954 
(cosh o /3) \ 

bs ** 395.58(coflh a sin /S) — 30.954 
(sinh a cos /3) 


C ^ Y o(8inh a cos fi + j cosh a sin /3) . 

Cl « 10-<[25.125(Hinha cos/S) - 1.9660 
(cosh a sin ^)] 

Cl + jes 

cs » 10-M25.125(co8hasin/3) + 1.9660 
(sinh a cos /S)l 


A (length of vector) 

B (length of vector) 

(«? + »l)4 
((•? + t>l)i 
(<•? + 

103(oi5i + ashs) 
hi + bl 

10^(aibs — 0250 

if + 6| 

10» -r (if + b|)i 

C (length of vector) 

V * abscissa of power circle center . . . 

w' « ordinate of pow’cr circle center .... 

n' “ radius of power circle for -h E, 

« 1 


Preliminary performance analysis: 

Approximate generator full-load kilowatt 
output 

100.000 X 0.90 

90.000 3 

100,000,000 

Approximate generator full-load kilowatts 
per phase 

Approximate generator full-load current 
(amperes) 


Vs X 160,000 


Quantity 


10.69 

25.59 

162.57 

10.45 X 10 -* 
164.53 

0.41465/85® 31.63' 
0.41465/3 
0.032347 
0.413384 

395.58 - >30.954 

(25.125 + 

>1.9660) X 10- « 
0,016246 + 
>0.012998 
0.916338 
0.012998 

24.1627 +>158.074 

24.1627 

158.074 
(-0.4569 + 
>101.565)10 » 

-0.4569 X 10-6 

101.565 X 10-6 
0.916338 
159.910 

101.566 X 10-» 

0.94613 


5.6517 


6.2535 


90.000 

30.000 
360 
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Table 36 {Continued) 


Item 

' 

Reference, equations/ etc. 

Quantity 

Estimated full-load line loss (kilowatts ■■ 
3r/a + 1,000) 

3 X 25.3 X ^0» 

9,800 

80,200 

27.000 

0.90 

150.000 

86,700 

Approximate receiver full-load kilowatt. . 
Hence, assume full-load receiver kilowatts 
per phase ... 

1,000 

90,000 - 9,800 

Assume receiver power factor at full load . . 
Assume receiver e.m.f. » approximate 
0.95 X 157,000 


Then receiver e.m.f. to neutral, is ... . 

10 “ receiver reactance kilovolt-am- 

peres required per phase to maintain any 
assumed ratio of supply to receiver .... 
voltages 

160,000 T- Vs 

_.„.r . 


iu'»Vr “ — m' -j- 


Using 86,700 as the receiver voltage to neutral, calculations are 
made to find the ratio of supply to receiver voltage to neutral, 
for which the synchronous reactor required is of minimum capac- 
ity. If, in the above equation, the reactive power {Qr) be 
expressed in kilovolt-amperes, the receiver voltage {Er) in kilo- 
volts and the receiver power (Pr) in kilowatts, the reactive power 
required per phase in the receiver circuit is 

Qr = -m' + + ^y] 

where x is the value of the ratio E^ Ery which is now sought. 
The lagging reactive power required per phase in the receiver 
circuit at no load is 

Qro = + y/n'H^ - {1^] 

= 7, 516.9[ -5.6517 + \/(6.2535)»a;‘‘ - (0.946i3)»] 

= -42,483.2 + 7, 516.9 V^9. 1063a;* - 0.89516 
= -42,483.2 + 47,006. iVa:* - 0.022890. 

The reactive power required, per phase in the receiver circuit at 
full load, is 

QrL = -m' + yjn'^x^ - + t )*] 

= 7,516.9[^ -5.6517 + ^(6.2535) *a;* - -1^.94613) j 
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= -42,483.2 + 7,516.9\/39.1063«* - 20.5938 
= -42,483.2 + 47,006.1^®* - 0.52661. 

The load power factor has been assumed as constant and equal 
to 0.90, current lagging. Therefore, at full load, the receiver 
load supplies lagging reactive kilovolt-amperes to the amount of 
Ql = 27,000 X tan cos“'^ 0.90 
= 0.4841 X 27,000 
== 13,070 kva. 

Accordingly, at full load the leading reactive power supplied by 
the synchronous reactor must be equal to QrL plus an additional 
amount sufficient to balance out the lagging reactive kilovolt- 
amperes of the load, or, at full load, 

Qar = QrL Ql 

= -13,070 - 42,483.2 + 47,006.1^/^^ 0.52661 
= -55,553.2 +47fl06,lVx^ - 0.52661. 

If we assume a reactor whose rating as a generator of leading, 
reactive kilovolt-amperes is equal to 1.5 times its corresponding 
rating on the lagging side, then it is evident that 

1.5Q.0 -f Osr = 0 
or 

1.5[-42,483.2 + 47,006.lVa;2 - 0.022890] - 55,553.2 + 

' 47,006. l\/x2 - 0.52661 = 0. 

This equation, solved for x, yields 

X = 1.126 + 

the theoretically correct ratio of Eg -r- Er. 

The supply voltage to neutral is then 

Eg = 1.126 X 86,700 
= 97,625 volts. 

The critical, disruptive voltage for this line at 2,000 ft. eleva- 
tion is 175,000 volts for equilateral spacing of conductors, or 
approximately 169,000 volts for the mid-conductor of a flat 
spaced line. Thus, at the maximum elevation, the mid-conduc- 
tor will operate approximately at the corona voltage. 

Substituting the correct value of x in the appropriate equations 
for Q yields the values of Qr for the corresponding assumed loads 
Pr. These values have been calculated for each 25 per cent of 
load up to 125 per cent, and are shown in the table on page 355. 
From this table the lagging kilovolt-amperes per phase furnished 
by the synchronous reactor is found to be 9,985 kva., while, at 
full load, the corresponding leading reactive kilovolt-amperes fur- 
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nished are 1,990 + 13,070 or 15,060. Thus, the rating of the 
synchronous reactor should be 45,000 kva. , 

The graphical solution for x, corresponding to the foregoing 
mathematical solution is shown in Fig. 103. 



0 0.00000 0.89516 48.72286 6.980 1.3283 9,985 Cagsing) 
25 0.89797 3.40070 46.21732 6.798 1.1466 8,619 Gagging) 
50 1.79594 7.51895 42.09907 6.488 0.8366 6.289 Gagging) 
75 2.69392 13.24993 36.36809 6.031 0.3793 2,850 Gagging) 
100 3.59189 20.59363 29.02439 5.387 -0.2647 -1,990 Geading) 
125 4.48986 29.54999 20.06803 4.480 -1.1717 - 8,807 Goading) 


1 n't X (1.126)t - 49.61802. 


-5.6517 


— w' 


» 7,510.9 - 








356 


ELECTRICAL POWER TRANSMISSION 


Tablb 37 


Item 


I Reference, equations, etc. 


Quantity 


Data for exact performance diagram: 

Er ■■ receiver voltage to neutral (final 

value) 

Receiver line voltage 

Eg ^ supply voltage to neutral 

Supply line voltage 

rh » full-load active component receiver 


V3 X 86,700 

V3 X 97,625 
Receiver full load kilowatts 


amperes 

El - V o? +_ol 

El - 

ji - g.Vc f + 4 

Ji - rli'^a] + a] 


components of. 
supply voltage 
components of. 
supply current. 


3 X 10 ^Er 

86.700 X 0.91634 
311.4 X 159.991 

80.700 X 101.566 X 10- « 
311.4 X 0.91634 


Line performance: 

Synchronous reactor kilovolt-amperes at 

full load (total) 

Synchronous reactor kilovolt-amperes at 
no load (total) 


3 X 15,000 kva. 
3 X 10,000 kva. 


86,700 

150,160 

97,626 

169,000 

311.4 

79.447 

49,796 

88.1 

285.3 


45.000 

30.000 


Total receiver kilowatts for per cent 
load «» 


0 

25 

50 

75# 

100 

125 


3Pr 


Values 

assumed 


0 

20,250 

40,500 

60,750 

81,000 

101,250 


Total receiver reactive kilovolt- 
amperes for per cent load “ 


0 

25 

50 

75 

100 

125 


3Qr 


29,960 

25,860 

18,870 

8,550 

-5,970 

-26,420 


Active receiver amperes for per cent 
load *- 


0 

25 

50 

75 

100 | 

125] 


rh 


Er 


0.0 

77.8 

155.7 

233.5 

311.4 

389.3 


Reactive receiver amperes for per 
cent load <- 


0 

25 

50 

75 

lOOl 

125 


Er 


115.2 

99.4 

72.5 
32.9 

-23.0 

- 101.6 


Supply vector voltage for per cent I 
load » I 


0 

25 

50 

75 

100 

125 


Prom Eq. (372) 


97.650 - yi.650 
97,020 -1- yil,030 

94.650 + y23,990 
90,270 -h y37,240 
83,320 + y50,880 
72,770 +>65,116 
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Tablb 37. — {Continued) 



Quantity 


-0® 63.08' 

6® 29.8' 

14® 13.3' 

22® 25.0' 

31® 24.6' 

41® 49.4' 

1.1 -- /17.6 
72 2 - j2.0 

143.2 +i23.6 

214.0 4* J60. 9 
284 6 +ill3.2 

356.1 +il86.2 

-86® 24.0' 

- 1®32.4' 

9® 26.6' 

16® 64.5' 

21® 41.4' 

27® 40.2' 

17.6 

72.2 

145.1 

222.6 
306.3 
400.9 

85® 25.9' 

8® 1.7' 

4® 47.8' 

6® 30.6' 

9® 43.2' 

14® 9.2' 

7.99 
99 00 

99.66 
99.36 

98.66 
96.96 

409 

20,920 

42,360 

64,760 

88,420 

113,900 

409 

670 

1,860 

4,010 

7,420 

12,650 
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Table 37 . — (Continued) 


Item 

Reference, equations, etc. 

Quantity 

0 

25 

Per cent line lose for per cent load "■ 50 

' 75 
100 
125 

Supply voltage to give rated receiver 
voltage (receiver end open) 

100 X 3Pl 

SP. 

‘y/3Br'\/al + al 

1 

E, c\ + cl 

Voi-fol 

100(184,560 -160,160) 

100.0 

3.2 

4.4 

6.2 

8.4 

11.1 

187.600 

88.1 

Supply current with rated receiver voltage 
(receiver end open) . 

Receiver voltage with rated supply volt- 
age impressed (receiver end open) .... 
Per cent voltage rise at receiver (receiver 
end open and rated supply c.m f. im- 

184,550 

pressed) 

150,160 

22.9 
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The performance diagram, representing a graphical solution 
of the line performance, is shown in Fig. 104, while the p^ 
formance curves, plotted from the above dtita, are shown in 
Fig. 105. ' 

Temperature-tension stringing charts are not worked out for 
this line, since the calculations are exactly similar to those of the 
illustrative problem at Chap. X, Tables 12 to 18, inclusive. 




APPENDIX A 

Important Relations of Circular and Hyperbolic Trigonometry 


csch u — 


sech u == 


I u. — , 

tanh u 
f/(sinh v) , 

— £ = cQsh 

du 

r/(cosh u) , 

= Sinn u 

du 

r/(tanh u) , , 

^ ^ — L - sech* u 
du 

(Hvoih u) , , 

ss — cfach* u 
du 

d(sech u) X V 

— ; = — seen u tanh u 


= sech* u 


/(sm a) 
da 

/(cos a) 

I da 

I aa 
I (/(cot a) 


== >- sin a 


= sec* a 


= — CSC* a 


(/((•sell u) V , t 

^ — osch a coth a 

du 

csch* u = coth* u — I 
sech* w = 1 — tanh* u 
cosh* u — sinh* k = 1 
sinh {u ± v) — sinh u cosh v ± 

cosh u sinh v 

cosh {u ± v) — cosh u cosh v ± 

sinh u sinh v 


“ — CSC a cot a 


J — VOVi V* 

da 

(/(sec a) 

— » sec a tan a 

da 

divhQ a) 

— , ^ “ — CSC a cot a 

da 

CSC* a = cot* a -f 1 
sec* a = tan* a + 1 
cos* a 4- sin* a — I 
sin (a ± iS) = sin a cos j8 ± 

cos a sin /3 

cos (or ± /8) == cos a cos /3 4" 

sin a sin jS 


tanh (u ± v) = (tanh u ± tanh v) tan (a ± ^) = (tan a ± tan -f- 


(1 ± tanh u tanh p) 


(1 T tan a tan fi) 


coth (u ± v) = (coth u coth p ± 1) -r- cot (a ± jS) ~ (cot a cot /5 T 1) + 


(coth V ± coth u) 
sinh 2w = 2 sinh u cosh u 
cosh 2u = cosh* u + sinh* u 
= 2 cosh* u — 1 
= 1+2 sinh* u 


(cot ^ ± cot Of) 
sin 2a — 2 sin a cos a 
cos 2a = cos* a — sin* ot 
= 2 cosh* a — 1 
= 1—2 sin* Of 


tanh 21 ^ = 2 tanh (1 + tanh* u) tan 2a = 2 tan a 4- (1 — tan* a) 


tanh jr = (cosh w — 1) -r- sinh u 
2 


tan 2 = (1 — cos a) sin a 


= sinh w (1 + cosh u) 

V (cosh w — 1) -5- (cosh w + 1) 
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= sin a -r (1 + cos a) 

= \/(l — cos a) (1 + cos a) 
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Natural Hyperbolic Functions 


X 

c 

Cosh 

X 

c 


Difference 

Hinh 

X 

c 


Difference 

0.000 

1.000 

000 

000 

0 





0.000 

000 

000 

0 





.001 

.000 

000 

500 

0 

0.000 

000 

500 

0 

.001 

000 

000 

2 

0.001 

000 

000 

2 

.002 

.000 

002 

000 

0 

.000 

001 

500 

0 

,002 

000 

001 

3 

.001 

000 

001 

1 

.003 

.000 

004 

500 

0 

.000 

002 

500 

0 

.003 

000 

004 

5 

.001 

000 

003 

2 

.004 

.000 

008 

000 

0 

.000 

003 

500 

0 

.004 

000 

010 

7 

.001 

000 

006 

2 

0.005 

1.000 

012 

500 

0 

0.000 

004 

500 

0 

0.005 

000 

020 

8 

0.001 

000 

010 

1 

.006 

.000 

018 

000 

1 

.000 

005 

500 

1 

.006 

000 

036 

0 

.001 

000 

015 

2 

.007 

.000 

024 

500 

1 

.000 

006 

500 

1 

.007 

000 

057 

2 

.001 

000 

021 

2 

.008 

.000 

032 

000 

2 

.000 

007 

500 

1 

.008 

000 

085 

3 

.001 

000 

028 

1 

.009 

.000 

040 

500 

3 

.000 

008 

500 

1 

.009 

000 

121 

5 

.001 

000 

036 

2 

0.010 

1.000 

050 

000 

4 

0.000 

009 

500 

1 

0.010 

000 

166 

7 

0.001 

000 

045 

2 

.011 

.000 

060 

500 

6 

.000 

010 

500 

2 

.011 

000 

221 

8 

.001 

000 

055 

1 

.012 

.000 

072 

000 

9 

.000 

oil 

500 

3 

.012 

000 

288 

0 

.001 

000 

066 

2 

.013 

.000 

084 

501 

2 

.000 

012 

500 

3 

.013 

000 

366 

2 

.001 

000 

078 

2 

.014 

.000 

098 

001 

6 

.000 

013 

500 

4 

.014 

000 

457 

3 

.001 

000 

091 

1 

0 015 

1.000 

112 

502 

1 

0 000 

014 

500 

5 

0.015 

000 

562 

5 

0.001 

000 

105 

2 

.016 

.000 

128 

002 

7 

.000 

015 

500 

6 

.016 

000 

682 

7 

.001 

000 

120 

2 

.017 

.000 

144 

503 

5 

.000 

016 

500 

8 

.017 

000 

818 

8 

.001 

000 

136 

1 

.018 

.000 

162 

004 

4 

.000 

017 

500 

9 

.018 

000 

972 

0 

.001 

000 

153 

2 

.010 

.000 

180 

505 

4 

.000 

018 

501 

0 

.019 

001 

143 

2 

.001 

000 

171 

2 

0.020 

1.000 

200 

006 

6 

0.000 

019 

*501 

2 

0.020 

001 

331 

3 

0.001 

000 

188 

1 

.021 

.000 

220 

508 

1 

.000 

020 

501 

5 

.021 

001 

543 

5 

.001 

000 

212 

2 

.022 

.000 

242 

009 

8 

.000 

021 

501 

7 

.022 

001 

774 

7 

.001 

000 

231 

2 

.023 

.000 

264 

511 

7 

.000 

022 

501 

9 

.023 

002 

027 

8 

.001 

000 

253 

1 

.024 

.000 

288 

013 

8 

.000 

023 

502 

1 

.024 

002 

304 

1 

.001 

000 

276 

3 

0.025 

1.000 

312 

516 

3 

0 000 

024 

502 

5 

0.025 

002 

604 

3 

0.001 

000 

300 

2 

.026 

.000 

338 

019 

0 

.000 

025 

502 

7 

.026 

002 

929 

4 

.001 

000 

325 

1 

.027 

.000 

364 

522 

1 

.000 

026 

503 

1 

.027 

003 

280 

6 

.001 

000 

351 

2 

.028 

.000 

392 

025 

6 

.000 

027 

503 

5 

.028 

003 

658 

8 

.001 

000 

378 

2 

.029 

.000 

420 

529 

5 

.000 

028 

503 

9 

.029 

004 

065 

0 

.001 

000 

416 

2 

0.030 

1.000 

450 

033 

8 

0.000 

029 

504 

3 

0.030 

004 

500 

2 

0.001 

000 

435 

2 

.031 

.000 

480 

538 

5 

.000 

030 

504 

7 

.031 

004 

965 

4 

.001 

000 

465 

2 

.032 

.000 

512 

043 

7 

.000 

031 

505 

2 

.032 

005 

401 

6 

.001 

000 

496 

2 

.033 

.000 

544 

549 

4 

.000 

032 

505 

7 

.033 

005 

989 

8 

.001 

000 

528 

2 

.034 

.000 

578 

055 

7 

.000 

033 

506 

3 

.034 

006 

551 

1 

.001 

000 

561 

3 

0.035 

1.0(X) 

612 

562 

5 

0.000 

034 

506 

8 

0.035 

007 

146 

3 

0.001 

000 

595 

2 

.036 

.000 

648 

070 

0 

.000 

035 

507 

5 

.036 

007 

776 

5 

.001 

000 

630 

2 

.037 

.000 

684 

578 

1 

.000 

036 

508 

1 

.037 

008 

442 

8 

.001 

000 

666 

3 

.038 

.000 

722 

086 

9 

.004 

037 

508 

8 

.038 

009 

146 

0 

.001 

000 

704 

2 

.039 

.000 

760 

596 

4 

.000 

038 

509 

5 

.039 

009 

887 

3 

.001 

000 

741 

3 

0.040 

1.000 

800 

106 

7 

0.000 

039 

510 

3 

0.040 

010 

667 

5 

0.001 

000 

780 

2 

.041 

.000 

840 

617 

7 

.000 

040 

511 

0 

.041 

on 

487 

8 

.001 

000 

820 

3 

.042 

.000 

882 

129 

7 

.000 

041 

512 

0 

.042 

012 

349 

1 

.001 

000 

861 

3 

.043 

.000 

924 

642 

4 

.000 

042 

512 

7 

.043 

013 

252 

4 

.001 

000 

903 

3 

.044 

.000 

968 

156 

2 

.000 

043 

513 

8 

.044 

014 

198 

7 

.001 

000 

946 

3 

0.045 

1.001 

012 

670 

9 

0.000 

044 

514 

7 

0.045 

015 

189 

0 

0.001 

000 

991 

3 
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Nattjkal Hyfebbouc Functions 


X 

c 

Cosh 

X 

c 


Difference 

Sinh 

» 

c 

i 

Difference 

0.645 

1.001 

012 

670 

9 

0.000 

044 

514 

7 

0.045 

015 

189 

0 

0.001 

000 

991 

3 

.046 

.001 

058 

186 

6 

.000 

045 

515 

7 

.046 

016 

224 

4 

.001 

001 

035 

4 

.047 

.001 

104 

703 

3 

.000 

046 

516 

7 

.047 

017 

305 

7 

.001 

001 

081 

3 

.048 

.001 

152 

221 

2 

.000 

047 

517 

9 

.048 

018 

434 

1 

.001 

001 

128 

4 

.049 

.001 

200 

740 

2 

.000 

048 

519 

0 

.049 

019 

610 

5 

.001 

001 

176 

4 

0.050 

1.001 

250 

260 

4 

0.000 

049 

520 

2 

0.050 

020 

835 

9 

0.001 

001 

225 

4 

.051 

.001 

300 

781 

9 

.000 

050 

521 

5 

.051 

022 

111 

4 

.001 

001 

275 

5 

.052 

.001 

352 

304 

7 

,000 

051 

522 

8 

.052 

023 

435 

8 

.001 

001 

324 

4 

.053 

.001 

404 

828 

8 

.000 

052 

524 

1 

.053 

024 

816 

3 

.001 

001 

380 

5 

.054 

.001 

458 

354 

3 

.000 

053 

525 

5 

.054 

026 

247 

8 

.001 

001 

431 

5 

0.055 

1.001 

512 

881 

3 

0.000 

054 

527 

0 

0.055 

027 

733 

4 

0.001 

001 

485 

6 

.056 

.001 

568 

400 

8 

.000 

055 

*528 

5 

.056 

029 

273 

9 

.001 

001 

540 

5 

.057 

.001 

624 

939 

8 

.000 

056 

530 

0 

.057 

030 

870 

5 

.001 

001 

596 

6 

.058 

.001 

682 

471 

5 

.000 

057 

531 

7 

.058 

032 

524 

1 

.001 

001 

653 

6 

.059 

.001 

741 

004 

9 

.000 

058 

533 

4 

.059 

034 

235 

8 

.001 

001 

711 

7 

0.060 

1.001 

800 

540 

1 

0.000 

059 

535 

2 

0.060 

036 

006 

5 

0.001 

001 

770 

7 

.061 

.001 

861 

076 

9 

.000 

060 

536 

8 

.061 

037 

837 

2 

.001 

001 

830 

7 

.062 

.001 

922 

615 

8 

.000 

061 

538 

9 

.062 

039 

729 

0 

.001 

001 

892 

8 

.063 

.001 

985 

156 

4 

.000 

062 

540 

6 

.063 

041 

682 

8 

.001 

001 

953 

8 

.064 

.002 

048 

699 

1 

.000 

063 

542 

7 

.064 

043 

699 

6 

.001 

002 

016 

8 

0.065 

1.002 

113 

243 

9 

0.000 

064 

544 

8 

0.065 

045 

779 

5 

0.001 

002 

079 

9 

.066 

.002 

178 

790 

7 

.000 

065 

546 

8 

.066 

047 

926 

4 

.001 

002 

146 

9 

.067 

.002 

245 

339 

7 

.000 

006 

549 

0 

.067 

050 

138 

4 

.001 

002 

212 

0 

.068 

.002 

312 

890 

9 

.000 

067 

551 

2 

.068 

052 

417 

4 

.001 

002 

279 

0 

.069 

,002 

381 

444 

5 

.000 

068 

553 

6 

.069 

054 

764 

5 

.001 

002 

347 

1 

0.070 

1,002 

451 

000 

4 

0.000 

069 

555 

9 

0.070 

057 

180 

7 

' 0.001 

002 

416 

2 

.071 

.002 

521 

558 

8 

.000 

070 

558 

4 

.071 

059 

666 

8 

1 .001 

002 

486 

1 

.072 

.002 

593 

119 

9 

.000 

071 

501 

1 

.072 

062 

224 

1 

.001 

002 

557 

3 

.073 

.002 

665 

683 

5 

.000 

072 

563 

6 

.073 

064 

853 

4 

1 .001 

002 

629 

3 

.074 

.002 

739 

249 

7 

.000 

073 

566 

2 

.074 

067 

555 

8 

.001 

002 

702 

4 

0.075 

1.002 

813 

818 

6 

0.000 

074 

568 

9 

0.075 

070 

332 

3 

0.001 

002 

776 

5 

.076 

.002 

889 

390 

4 

.000 

075 

571 

8 

.076 

073 

183 

8 

.001 

002 

851 

5 

.077 

.002 

965 

965 

0 

.000 

076 

574 

6 

.077 

076 

111 

4 

.001 

002 

927 

6 

.078 

.003 

043 

542 

6 

.000 

077 

577 

6 

.078 

079 

116 

1 

i .001 

003 

004 

7 

.079 

.003 

122 

123 

3 

.000 

078 

580 

7 

.079 

082 

197 

8 

' .001 

003 

081 

7 

0.080 

1,003 

201 

706 

4 

0.000 

079 

583 

8 

0.080 

085 

360 

6 

0.001 

003 

162 

8 

.081 

,003 

282 

294 

0 

.000 

080 

587 

6 

.081 

088 

602 

6 

.001 

003 

242 

0 

.082 

.003 

363 

884 

3 

.000 

081 

590 

3 

.082 

091 

925 

6 

.001 

003 

323 

0 

.083 

.003 

446 

477 

9 

.000 

082 

593 

6 

.083 

095 

330 

7 

.001 

003 

405 

1 

.084 

.003 

530 

074 

9 

.000 

083 

597 

0 

.084 

098 

818 

9 

.001 

003 

488 

2 

0.085 

1.003 

614 

675 

5 

0.000 

084 

600 

6 

0.085 

102 

391 

1 

0.001 

003 

572 

2 

.086 

.003 

700 

279 

8 

.000 

085 

604 

3 

.086 

106 

048 

5 

.001 

003 

657 

4 

.087 

.003 

786 

887 

7 

.000 

086 

607 

9 

.087 

109 

792 

0 

.001 

003 

743 

5 

.088 

.003 

874 

499 

4 

.000 

087 

611 

7 

.088 

113 

622 

6 

.001 

003 

830 

6 

.089 

.003 

963 

114 

9 

.000 

088 

615 

5 

.089 

117 

541 

4 

.001 

003 

918 

8 

0.090 

1.004 

052 

734 

5 

0.000 

089 

619 

6 

0.090 

121 

549 

2 

0.001 

004 

007 

8 
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Natural Hyperbolic Functions 


X 

c 

Cosh 

X 

c 


Difference 

Sinh 

X 

c 


Difference 

0.090 

1.004 

052 

734 

5 

0.000 

089 

619 

6 

0.090 

121 

549 

2 

0.001 

004 

007 

8 

.091 

.004 

143 

358 

1 

.000 

090 

623 

6 

.091 

125 

647 

2 

.001 

004 

098 

0 

.092 

.004 

234 

984 

8 

.000 

091 

626 

7 

.092 

129 

836 

3 

.001 

004 

189 

1 

.093 

.004 

327 

617 

8 

.000 

092 

633 

0 

.093 

134 

117 

5 

.001 

004 

281 

2 

.094 

.004 

421 

254 

1 

.000 

093 

636 

3 

.094 

138 

491 

8 

.001 

004 

374 

3 

0.095 

1.004 

515 

894 

8 

0.000 

094 

640 

7 

0.095 

142 

960 

3 

0.001 

004 

468 

5 

.096 

.004 

611 

540 

0 

.000 

095 

645 

2 

.096 

147 

523 

9 

.001 

004 

563 

6 

.097 

.004 

708 

189 

9 

.000 

096 

649 

9 

.097 

152 

183 

7 

.001 

004 

659 

8 

.098 

.004 

805 

844 

4 

.000 

097 

654 

5 

.098 

156 

940 

7 

.001 

004 

757 

0 

.099 

.004 

904 

503 

8 

.000 

098 

659 

4 

.099 

161 

795 

7 

.001 

004 

855 

0 

0.100 

1.005 

004 

168 

0 

0.000 

099 

664 

2 

0.100 

166 

750 

0 

0.001 

004 

954 

3 

.101 

.005 

104 

837 

3 

.000 

100 

669 

3 

.101 

171 

804 

4 

.001 

005 

054 

4 

.102 

.005 

206 

511 

7 

.000 

101 

674 

4 

.102 

176 

960 

0 

.001 

005 

155 

6 

.103 

.005 

309 

191 

3 

.000 

102 

679 

6 

.103 

182 

217 

8 

.001 

005 

257 

8 

.104 

.005 

412 

876 

2 

.000 

103 

684 

9 

.104 

187 

578 

7 

.001 

005 

360 

9 

0.105 

1.005 

517 

566 

5 

0.000 

104 

690 

3 

0.105 

193 

043 

9 

0.001 

005 

465 

2 

.106 

.005 

623 

262 

3 

.000 

105 

695 

8 

.106 

198 

614 

2 

.001 

005 

570 

3 

.107 

.005 

729 

963 

7 

.000 

106 

701 

4 

.107 

204 

290 

7 

.001 

006 

676 

5 

.108 

.005 

837 

670 

9 

.000 

107 

707 

2 

.108 

210 

074 

4 

.001 

005 

783 

7 

.109 

.005 

946 

383 

9 

.000 

108 

713 

0 

.109 

215 

966 

3 

.001 

005 

891 

9 

0.110 

1.006 

056 

102 

9 

0.000 

109 

719 

0 

0.110 

221 

967 

5 

0.001 

006 

001 

2 

.111 

.006 

166 

827 

8 

.000 

110 

724 

9 

.111 

228 

078 

9 

.001 

006 

111 

4 

.112 

.006 

278 

559 

1 

.000 

111 

731 

3 

.112 

234 

301 

5 

.001 

006 

222 

6 

.113 

.006 

391 

296 

5 

.000 

112 

737 

4 

.113 

240 

636 

4 

.001 

006 

334 

9 

.114 

.006 

505 

040 

4 

.000 

113 

743 

9 

.114 

247 

084 

5 

.001 

006 

448 

1 

0.115 

1.006 

619 

790 

7 

0.000 

114 

750 

3 

0.115 

253 

646 

8 

0.001 

006 

562 

3 

.116 

.006 

735 

547 

7 

.000 

115 

757 

0 

.116 

260 

324 

4 

.001 

006 

677 

6 

.117 

.006 

852 

311 

4 

.000 

116 

763 

7 

.117 

267 

118 

2 

.001 

006 

793 

8 

.118 

.006 

970 

082 

0 

.000 

117 

770 

6 

.118 

274 

029 

3 

.001 

006 

911 

1 

.119 

.007 

088 

859 

5 

.000 

118 

777 

5 

.119 

281 

058 

7 

.001 

007 

029 

4 

0.120 

1.007 

208 

644 

1 

0.000 

119 

784 

6 

0.120 

288 

207 

4 

0.001 

007 

148 

7 

.121 

.007 

329 

436 

0 

.000 

120 

791 

9 

.121 

295 

476 

3 

.001 

007 

268 

9 

.122 

.007 

451 

2.35 

1 

.000 

121 

799 

1 

.122 

302 

866 

6 

.001 

007 

390 

3 

.123 

.007 

674 

041 

7 

.000 

122 

806 

6 

.123 

310 

379 

1 

.001 

007 

512 

5 

.124 

.007 

697 

855 

9 

.000 

123 

814 

2 

.124 

318 

015 

0 

.001 

007 

635 

9 

0.125 

1.007 

822 

677 

8 

0.000 

124 

821 

9 

0.125 

325 

775 

1 

0.001 

007 

760 

1 

.126 

.007 

948 

507 

5 

.000 

125 

820 

7 

.126 

333 

660 

7 

.001 

007 

885 

6 

.127 

.008 

075 

345 

2 

.000 

126 

837 

7 

.127 

341 

672 

6 

.001 

008 

on 

9 

.128 

I .008 

203 

190 

9 

.000 

127 

845 

7 

.128 

349 

811 

8 

.001 

008 

139 

2 

.129 

.008 

332 

044 

9 

.000 

128 

854 

0 

.129 

358 

079 

3 

.001 

008 

267 

3 

0.130 

1.008 

461 

907 

1 

0.000 

129 

863 

2 

0.130 

366 

476 

2 

0.001 

008 

396 

9 

.131 

.008 

692 

777 

9 

.000 

130 

870 

8 

.131 

375 

003 

4 

.001 

008 

527 

2 

.132 

.008 

724 

657 

1 

.000 

131 

879 

2 

.132 

383 

662 

1 

.001 

008 

658 

7 

.133 

.008 

857 

545 

2 

.000 

132 

888 

1 

.133 

392 

453 

1 

.001 

008 

791 

0 

.134 

.008 

991 

442 

1 

.000 

133 

896 

9 

.134 

401 

377 

5 

.001 

008 

924 

4 

0.136 

1.009 

126 

348 

0 

0.000 

134 

906 

9 

0.135 

410 

436 

3 

0.001 

009 

058 

8 
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Natuhal Hyperbolic Functions 


X 

c 

Cosh 

X 

c 


Difference 


Sinh 

V 

c 

1 

Difference 

0.135 

1.009 

126 

348 

0 

0.000 

134 

906 

9 

0.135 

410 

436 

3 

0.001 

009 

058 8 

.136 

.009 

262 

263 

0 

.000 

135 915 

0 

.136 

419 

630 

5 

.001 

009 

194 2 

.137 

.009 

399 

187 

3 

.000 

136 924 

3 

.137 

428 

961 

2 

,001 

009 

330 7 

.138 

.009 

637 

121 

0 

.000 

137 933 

7 

.138 

438 

429 

3 

.001 

009 

468 1 

.139 

.009 

676 

064 

2 

.000 

138 943 

2 

.139 

448 

035 

8 

.001 

009 

606 5 

0.140 

1.009 

816 

017 

1 

0.000 

139 

952 

9 

0.140 

457 

781 

7 

0.001 

009 

745 9 

.141 

.009 

956 

979 

8 

.000 

140 

962 

7 

.141 

467 

668 

1 

.001 

009 

886 4 

.142 

.010 

098 

952 

5 

.000 

141 

972 

7 

.142 

477 

606 

0 

.001 

010 

027 9 

.143 

.010 

241 

935 

3 

.000 

142 982 

8 

.143 

487 

866 

4 

.001 

010 

170 4 

.144 

.010 

385 

928 

3 

.000 

143 

993 

0 

.144 

498 

180 

2 

.001 

010 

313 8 

0.146 

1.010 

630 

931 

7 

0.000 

145.003 

4 

0.145 

508 

638 

4 

0.001 

010 

458 2 

.146 

.010 

676 

945 

6 

.000 

146 

013 

9 

.146 

519 

242 

4 

.001 

010 

604 0 

.147 

.010 

823 

970 

2 

.000 

147 

024 

6 

.147 

529 

992 

8 

.001 

010 

760 4 

.148 

.010 

972 

005 

6 

.000 

148 

035 

4 

.148 

540 

890 

7 

.001 

010 

897 9 

.149 

.011 

121 

052 

0 

.000 

149 

046 

4 

.149 

551 

937 

2 

.001 

on 

046 5 

0.150 

1.011 

271 

109 

6 

0.000 

150 

057 

6 

0.150 

563 

133 

1 

0.001 

on 

195 9 

.151 

.011 

422 

178 

4 

.000 

151 

068 

8 

.151 

574 

479 

7 

.001 

on 

346 6 

.152 

.011 

574 

258 

6 

.000 

152 

080 

2 

.152 

585 

977 

8 

.001 

on 

498 1 

.153 

.011 

727 

350 

4 

.000 

153 

091 

8 

.153 

597 

628 

6 

.001 

on 

650 8 

.154 

.011 881 

453 

9 

.000 

154 

103 

5 

.154 

609 

432 

9 

.001 

on 

804 3 

0.155 

1.012 

036 

569 

3 

0.000 

155 

115 

4 

0.155 

621 

391 

8 

0.001 

on 

958 9 

.156 

.012 

192 

696 

7 

.000 

156 

127 

4 

.156 

633 

506 

4 

.001 

012 

114 6 

.157 

.012 

340 

836 

3 

.000 

157 

139 

6 

.157 

645 

777 

5 

.001 

012 

271 1 

.158 

.012 

507 

988 

3 

.000 

158 

152 

0 

.158 

658 

206 

4 

.001 

012 

428 9 

.159 

.012 

667 

152 

8 

.000 

159 

164 

5 

. 159 

670 

793 

8 

.001 

012 

587 4 

0.160 

1.012 

827 

330 

0 

0.000 

160 

177 

2 

0.160 

683 

541 

0 

0.001 

012 

747 2 

• 

.012 

988 

519 

9 

.000 

161 

189 

9 

.161 

696 

448 

8 

.001 

012 

907 8 

. 162 ! 

.013 

150 

722 

9 

.000 

162 

203 

0 

.162 

709 

518 

4 

.001 

013 

069 6 

,163 

.013 

313 

939 

0 

.000 

163 

216 

1 

.163 

722 

750 

6 

.001 

013 

232 2 

.164 

.013 

478 

168 

5 

.000 

164 

229 

5 

.164 

736 

146 

6 

.001 

013 

396 0 

1 0.165 

1.013 

643 

411 

4 

0.000 

165 

212 

9 

0.165 

749 

707 

2 

0.001 

013 

560 6 

.166 

.013 

809 

667 

9 

.000 

166 

256 

5 

.166 

763 

433 

8 

.001 

013 

726 6 

.167 

,013 

976 

938 

3 

.000 

167 

270 

4 

.167 

777 

327 

0 

.001 

013 

893 2 

.168 

.014 

145 

222 

6 

.000 

168 

284 

3 

.168 

791 

387 

9 

.001 

014 

060 9 

.169 

.014 

314 

521 

1 

.000 

169 

298 

5 

.169 

805 

617 

8 

.001 

014 

229 9 

0.170 

1.014 

484 

833 

9 

0.000 

170 

312 

8 

0.170 

820 

017 

3 

0.001 

014 

399 5 

,171 

.014 

656 

161 

2 

.000 

171 

327 

3 

.171 

834 

587 

8 

.001 

014 

570 5 

.172 

.014 

828 

503 

2 

.000 

172 

342 

0 

.172 

849 

330 

0 

.001 

014 

742 2 

.173 

.015 

001 

859 

9 

.000 

173 

356 

7 

.173 

864 

245 

1 

.001 

014 

915 1 

.174 

.015 

176 

231 

7 

.000 

174 

371 

8 

.174 

879 

334 

1 

.001 

015 

089 0 

0.175 

1.015 

351 

618 

7 

0.000 

175 

387 

0 

0.175 

894 

597 

9 

0.001 

015 

263 8 

.176 

.016 

528 

021 

0 

.000 

176 

402 

3 

.176 

910 

037 

7 

.001 

015 

439 8 

.177 

.015 

706 

438 

8 

.000 

177 

417 

8 

.177 

925 

654 

3 

.001 

015 

616 6 

.178 

.016 

883 

872 

3 

.000 

178 

443 

5 

,178 

941 

448 

9 

.001 

015 

794 6 

.179 

.016 

063 

321 

8 

.000 

179 

449 

5 

.179 

957 

422 

4 

.001 

015 

973 5 

0.180 

1.016 

243 

787 

2 

0.000 

180 

465 

4 

0.180 

973 

575 

9 

0,001 

016 

153 5 
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ELECTRICAL POWER TRANSMISSION 


Natural Hyperboltc Functions 


X 

c 

Cosh 

X 

c 

1 

Dififerenee 

Hinh 

r 


Difference 

0.180 

1.016 

243 

787 

2 

0.000 

180 

465 

4 

0 180 

973 

575 

9 

0.001 

016 

153 

5 

.181 

.016 

425 

269 

0 

.000 

181 

481 

8 

.181 

989 

910 

3 

.001 

016 

334 

4 

.182 

.016 

607 

767 

1 

.000 

182 

498 

1 

.183 

006 

426 

7 

.001 

016 

516 

4 

.183 

.016 

791 

281 

9 

.000 

183 

514 

8 

.184 

023 

126 

2 

.001 

016 

699 

5 

.184 

.016 

976 

813 

4 

.000 

184 

531 

5 

.185 

040 

009 

6 

.001 

016 

883 

4 

0.185 

1.017 

101 

361 

9 

0.000 

185 

548 

5 

0.186 

057 

078 

2 

0.001 

017 

068 

6 

.186 

.017 

347 

927 

6 

.000 

188 

565 

7 

.187 

074 

332 

7 

.001 

017 

254 

5 

.187 

.017 

5.35 

510 

7 

.000 

187 

583 

1 

.188 

091 

774 

3 

.001 

017 

441 

9 

.188 

.017 

724 

111 

3 

.000 

188 

600 

6 

.189 

109 

401 

1 

.001 

017 

629 

8 

.189 

.017 

913 

729 

6 

.000 

189 

618 

3 

.190 

127 

222 

9 

.001 

017 

818 

8 

0 190 

1.018 

104 

365 

8 

0.000 

190 

636 

2 

0.191 

145 

231 

9 

0.001 

018 

009 

0 

.191 

.018 

296 

020 

1 

.000 

191 

651 

3 

.192 

163 

432 

0 

.001 

018 

200 

1 

.192 

.018 

488 

692 

7 

.000 

192 

672 

6 

.193 

181 

824 

2 

.001 

018 

392 

2 

.193 

.018 

682 

383 

8 

.000 

193 

691 

1 

.194 

200 

409 

7 

.001 

018 

585 

5 

.194 

.018 

877 

093 

6 

.000 

191 

709 

8 

.195 

219 

189 

3 

.001 

018 

779 

6 

0.196 

1.019 

072 

822 

3 

0.000 

195 

728 

7 

0.106 

238 

164 

2 

0.001 

018 

974 

9 

196 

.010 

269 

570 

0 

.000 

196 

747 

7 

197 

257 

335 

3 

.001 

019 

171 

1 

197 

.019 

467 

337 

0 

. 000 

197 

767 

0 

. 19S 

276 

703 

7 

.001 

019 

368 

4 

.198 

.019 

666 

123 

5 

.000 

198 

786 

5 

.199 

296 

270 

3 

.001 

019 

566 

6 

.199 

.019 

865 

929 

6 

.000 

199 

806 

1 

.200 

316 

036 

3 

.001 

019 

766 

0 

0.200 

1.020 

066 

755 

6 

0 000 

200 

i826 

0 

0 201 

336 

002 

5 

0.001 

019 

966 

2 

.201 

.020 

268 

601 

7 

.000 

201 

846 

1 

.202 

356 

170 

1 

.001 

020 

167 

6 

.202 

.020 

471 

468 

0 

.000 

202 

866 

3 

203 

376 

510 

1 

.001 

020 

370 

0 

.203 

.020 

675 

3.54 

8 

.000 

203 

886 

8 

.201 

397 

113 

4 

.001 

020 

673 

3 

.204 

.020 

880 

262 

3 

.000 

204 

907 

5 

.205 

417 

891 

1 

.001 

020 

777 

7 

0.205 

1.021 

086 

190 

7 

0.000 

205 

928 

4 

0.206 

438 

874 

3 

0.001 

020 

983 

2 

.206 

.021 

293 

140 

2 

.000 

206 

949 

5 

.207 

460 

063 

8 

.001 

021 

189 

5 

.207 

.021 

501 

no 

9 

.000 

207 

970 

7 

.208 

481 

460 

9 

.001 

021 

397 

1 

.208 

.021 

710 

103 

2 

.000 

208 

992 

3 

.209 

503 

066 

4 

.001 

021 

605 

5 

.209 

.021 

920 

117 

1 

.000 

210 

013 

8 

.210 

524 

881 

4 

.001 

021 

815 

0 

0 210 

1.022 

131 

1.53 

0 

0.000 

211 

035 

9 

0.211 

546 

907 

0 

0 001 

022 

025 

6 

.211 

.022 

343 

211 

0 

.000 

212 

058 

0 

.212 

569 

144 

1 

.001 

022 

237 

1 

.212 

.022 

556 

291 

3 

.000 

213 

080 

3 

.213 

591 

593 

7 

.001 

022 

449 

6 

.213 

.022 

770 

394 

2 

.000 

214 

102 

9 

! .214 

on 

257 

0 

.001 

022 

663 

3 

.214 

.022 

985 

519 

9 

.000 

215 

125 

7 

.215 

637 

134 

9 

.001 

022 

877 

9 

0.215 

1.023 

201 

668 

6 

0.000 

216 

148 

7 

0.216 

660 

228 

4 

0.001 

023 

093 

5 

.216 

.023 

418 

840 

4 

.000 

217 

171 

8 

.217 

683 

538 

6 

.001 

023 

310 

2 

.217 

.023 

637 

035 

7 

.000 

218 

195 

3 

.218 

707 

066 

4 

.001 

023 

527 

8 

.218 

.023 

856 

254 

6 

.000 

219 

218 

9 

.219 

730 

813 

0 

.001 

023 

746 

6 

.219 

.024 

076 

497 

4 

.000 

220 

242 

8 

.220 

754 

779 

3 

.001 

023 

966 

3 

0.220 

1.024 

297 

764 

3 

0.000 

221 

266 

9 

0.221 

778 

966 

3 

0.001 

024 

187 

0 

.221 

.024 

520 

055 

4 

.000 

222 

291 

1 

.222 

803 

375 

1 

.001 

024 

408 

8 

.222 

.024 

743 

371 

1 

.000 

223 

315 

7 

.223 

828 

006 

8 

.001 

024 

631 

7 

.223 

.024 

967 

711 

5 

.000 

224 

340 

4 

.224 

852 

862 

2 

.001 

024 

855 

4 

.224 

.025 

193 

076 

9 

.000 

225 

365 

4 

.225 

877 

942 

5 

.001 

025 

080 

3 

0.225 

1.026 

419 

467 

2 

0.000 

226 

390 

3 

0.226 

903 

248 

7 

0.001 

025 

306 
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X 

c 

CoBh 

X 

c 


Difference 

Sinh 

K 

C 

1 

Difference 

0.226 

1.025 

419 

467 

2 

0.000 

226 

390 

3 

0.226 

903 

248 

7 

0.001 

025 

306 

2 

.226 

.025 

646 

883 

2 

.000 

227 

416 

0 

.227 

928 

781 

8 

.001 

025 

533 

1 

.227 

.025 

875 

326 

1 

.000 

228 

441 

9 

.228 

951 

542 

8 

.001 

025 

761 

0 

.228 

.026 

104 

792 

6 

.000 

229 

467 

5 

.229 

980 

532 

8 

.001 

025 

990 

0 

.229 

.026 

335 

286 

3 

.000 

230 

493 

7 

.231 

006 

752 

7 

.001 

026 

219 

9 

0.230 

1.026 

566 

806 

2 

0.000 

231 

519 

9 

0.232 

033 

203 

7 

0.001 

026 

451 

0 

.231 

.026 

799 

352 

7 

.000 

232 

516 

5 

.233 

059 

886 

7 

.001 

026 

683 

0 

.232 

.027 

032 

926 

1 

.000 

233 

573 

4 

.234 

086 

802 

8 

.001 

026 

916 

1 

.233 

.027 

267 

526 

4 

.000 

234 

600 

3 

.235 

113 

952 

9 

.001 

027 

150 

1 

.234 

.027 

503 

153 

7 

.000 

235 

627 

3 

.236 

141 

338 

2 

.001 

027 

385 

3 

0.235 

1.027 

739 

809 

2 

0.000 

236 

§55 

5 

0.237 

168 

959 

5 

0.001 

027 

621 

3 

.236 

.027 

977 

492 

1 

.000 

237 

682 

9 

.238 

196 

818 

1 

.001 

027 

858 

6 

.237 

.028 

216 

202 

9 

.000 

238 

710 

8 

.239 

224 

914 

9 

.001 

028 

096 

8 

.238 

.028 

455 

942 

0 

.000 

239 

739 

1 

.240 

253 

250 

9 

.001 

028 

336 

0 

.239 

.028 

696 

709 

2 

.000 

240 

767 

2 

.241 

281 

827 

1 

.001 

028 

576 

2 

0.240 

1.028 

938 

505 

7 

0.000 

241 

796 

5 

0.242 

310 

644 

6 

0.001 

028 

817 

5 

.241 

.029 

181 

330 

6 

.000 

212 

824 

9 

.243 

339 

701 

5 

.001 

029 

059 

9 

.242 

.029 

425 

185 

2 

.000 

243 

854 

6 

.244 

369 

007 

6 

.001 

029 

303 

1 

.243 

.029 

670 

068 

9 

.000 

244 

883 

7 

.245 

398 

555 

2 

.001 

029 

547 

6 

.244 

.029 

915 

982 

4 

.000 

215 

913 

5 

.246 

428 

348 

1 

.001 

029 

792 

9 

0.245 

1.030 

162 

925 

7 

0.000 

246 

943 

3 

0.247 

458 

387 

5 

O.dDI 

030 

039 

4 

.246 

.030 

410 

899 

2 

.000 

247 

973 

5 

.248 

488 

674 

3 

.001 

030 

286 

8 

.247 

.030 

659 

903 

2 

.000 

249 

004 

0 

.249 

519 

209 

6 

.001 

030 

535 

3 

.248 

,030 

909 

937 

7 

.000 

250 

034 

5 

.250 

519 

994 

5 

.001 

030 

784 

9 

.249 

.031 

161 

003 

2 

.000 

251 

065 

5 

.251 

581 

029 

8 

.001 

031 

035 

3 

0.250 

1.031 

413 

099 

9 

0.000 

252 

096 

7 

0.252 

612 

316 

8 

0.001 

031 

287 

0 

.251 

.031 

666 

227 

9 

.000 

253 

128 

0 

.253 

643 

856 

4 

.001 

031 

539 

6 

.252 

.031 

920 

387 

7 

.000 

251 

159 

8 

. 251 

075 

040 

6 

.001 

031 

793 

2 

253 

.032 

175 

579 

3 

.000 

255 

191 

6 

.255 

707 

697 

5 

.001 

032 

047 

9 

254 

.032 

431 

803 

1 

.000 

256 

223 

8 

.256 

740 

001 

1 

.001 

032 

303 

6 

0 255 

1 . 032 

689 

059 

4 

0.000 

257 

256 

3 

0.2,57 

772 

561 

5 

0.001 

032 

560 

4 

256 

.032 

947 

348 

4 

.000 

258 

289 

0 

.258 

805 

379 

6 

.001 

032 

818 

1 

257 

.033 

206 

670 

3 

.000 

259 

321 

9 

.259 

838 

456 

5 

.001 

033 

076 

9 

.258 

.033 

467 

025 

4 

.000 

260 

3,55 

1 

.260 

871 

793 

3 

.001 

033 

336 

8 

.259 

.033 

728 

413 

9 

.000 

261 

388 

5 

.261 

905 

390 

9 

.001 

033 

597 

6 

0.260 

1.033 

990 

836 

2 

0.000 

262 

422 

3 

0.262 

939 

250 

4 

0.001 

033 

859 

5 

.261 

.034 

254 

292 

5 

.000 

263 

456 

3 

.263 

973 

372 

9 

.001 

034 

122 

5 

.262 

.034 

518 

783 

1 

.000 

264 

490 

6 

.265 

007 

759 

3 

.001 

034 

386 

4 

.263 

.034 

784 

308 

1 

.000 

265 

525 

0 

.266 

042 

410 

8 

.001 

034 

651 

5 

.264 

.035 

050 

867 

9 

.000 

266 

559 

8 

.267 

077 

328 

3 

.001 

034 

917 

5 

0.265 

1.035 

318 

462 

9 

0.000 

267 

595 

0 

0.268 

112 

512 

9 

0.001 

035 

184 

6 

.266 

.035 

587 

093 

1 

.000 

268 

630 

2 

.269 

147 

965 

6 

.001 

035 

452 

7 

.267 

.035 

856 

768 

9 

.000 

269 

665 

8 

.270 

183 

687 

4 

.001 

035 

721 

8 

.268 

.036 

127 

460 

6 

.000 

270 

701 

7 

.271 

219 

679 

4 

.001 

035 

992 

0 

.269 

.036 

399 

198 

4 

.000 

271 

737 

8 

.272 

255 

942 

7 

.001 

036 

263 

3 

0.270 

1.036 

671 

972 

6 

0.000 

272 

774 

2 

0.273 

292 

478 

2 

0.001 

036 

535 

5 
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X 

c 

Cosh 

X 

c 


Difference 

Sink 5 
( 

c 


Difference 


0.270 

1.036 

671 

972 

6 

0.000 

272 

774 

2 

0.273 

292 

478 

2 

0.001 

036 

535 

5 

.271 

.036 

945 

783 

4 

.000 

273 

810 

8 

.274 

329 

287 

0 

.001 

036 

808 

8 

.272 

.037 

220 

631 

2 

.000 

274 

847 

8 

.276 

366 

370 

1 

.001 

037 

083 

1 

.273 

.037 

496 

516 

3 

.000 

275 

885 

1 

.276 

403 

728 

6 

.001 

037 

358 

5 

.274 

.037 

773 

438 

8 

.000 

276 

922 

5 

.277 

441 

303 

5 

.001 

037 

634 

9 

0.275 

1.038 

051 

399 

0 

0.000 

277 

960 

2 

0.278 

479 

275 

8 

0.001 

037 

912 

3 

.276 

.038 

330 

397 

4 

.000 

278 

998 

4 

.279 

517 

466 

6 

.001 

038 

190 

8 

.277 

.038 

610 

434 

1 

.000 

280 

036 

7 

.280 

555 

936 

9 

.001 

038 

470 

3 

.278 

.038 

891 

509 

4 

.000 

281 

075 

3 

.281 

594 

687 

8 

.001 

038 

750 

9 

.279 

.039 

173 

623 

5 

.000 

282 

114 

1 

.282 

633 

720 

3 

.001 

039 

032 

5 

0.280 

1.039 

456 

776 

0 

0.000 

283 

153 

4 

0.2S3 

673 

035 

4 

0.001 

039 

315 

1 




APPENDIX C 


X 

c 

Sinh - 

c _ 1 

Co*? j 

X 

c 

Sinh? 

.<• 1 

Cosh? 

' , 1 

X 

c 

? Sinh? 

c c 

X 

c 

- Sinh - 

c c 

0.000 

0.000 000 000 


0.040 

0.000 266 688 

50.013 337 9 

.001 

.000 000 200 

2 000.000 300 

.041 

.000 280 190 

48.794 168 6 

.002 

.000 000 650 

1 000.000 676 

.042 

.000 294 026 

47.633 052 2 

.003 

.000 001 600 

666.667 666 

.043 

.000 308 195 

46.526 966 3 

.004 

.000 002 676 

600.001 331 

.044 

.000 322 698 

46^469 217 2 

0.006 

0 000 004 160 

400 001 668 

.045 

0.000 337 633 

44.469 460 0 

.006 

.000 006 000 

333 335 332 

.046 

.OOO 352 704 

43.493 600 3 

.007 

.000 008 174 

285 716 618 

.047 

.000 368 206 

42 s 568 864 3 

.008 

.000 010 662 

250.002 667 

.048 

.000 384 046 

41.682 673 4 

.009 

.000 013 600 

222.225 222 

.049 

.000 400 214 

.40..832 666 8 

0.010 

0.000 016 670 

200 003 330 

0.050 

0.000 416 718 

40.016 674 2 

.011 

.000 020 164 

181 821 847 1 

.051 

.000 433 557 

39.232 694 4 

.012 

.000 024 000 

166.670 666 7 

.052 

.000 450 688 

38.478 880 9 

.013 

.000 028 169 

163.860 488 3 

.053 

.000 468 232 

37.753 524 9 

.014 

.000 032 664 

142.861 811 4 

.054 

.000 486 070 

37.055 046 6 

0.016 

0.000 037 500. 

133.338 313 3 

0.055 

0.000 504 244 

• 

36.381 979 9 

0.16 

.000 042 669 

125 005 332 3 

.056 

.000 522 748 

35.732 963 1 

0.17 

.000 048 164 

117 652 725 2 

.057 

.000 641 588 

35.106 730 r 5. 

0 18 

.000 064 000 

111.117 111 5 

.058 

.000 560 760 

34.502 103 9 

0.10 

.000 060 168 

106.269 492 1 

.069 

.000 580 268 

33.917 984 2 

0.020 

0.000 066 550 

100.006 675 5 

0.060 

0.000 600 108 

33 s 363 346 6 

.021 

.000 073 600 

96.245 094 7 

.061 

.000 620 282 

32.807 232 4 

.022 

.000 080 668 

90.916 424 3 

.062 

.000 640 790 

32.278 745 6 

.023 

000 088 165 

86.964 188 9 

.063 

.000 661 682 

31.767 047 0 

.024 

.000 096 004 

83.341 334 7 

.064 

.000 682 806 

31.2713492 

.025 

0.000 104 172 

80.008 335 0 

0.066 

0.000 704 300 

30.790 914,3 

.026 

.000 112 669 

76.931 746 3 

.066 

.000 726 168 

30.325 047 9 

.027 

.000 121 503 

74.083 074 7 

.067 

.000 748 334 

29.873 098 1 

.028 

.000 130 671 

71.437 906 1 

.068 

.000 770 844 

29.434 450 6 

.029 

.000 140 172 

68.976 185 6 

.069 

.000 793 688 

29.008 627 4 

0 030 

0.000 150 007 

66.676 668 3 

0.070 

0.000 816 867 

28.594 782 8 

.031 

.000 160 174 

04.626 464 5 

.071 

.000 840 377 

28.192 702 5 

.032 

■ .000 170 675 

62.610 668 2 

.072 

.000 864 224 

27.801 800 6 

.033 

.000 181 510 

60.617 062 6 

.073 

.000 888 403 

27.421 617 4 

1 .034 

.000 192 679 

58.834 865 2 

.074 

.000 912 916 

^27.061 718 4 

0.036 

0 000 204 180 

57.154 526 6 

0.076 

0.000 937 764 

20.691 692 6 

.036 

.000 216 014 

66.667 668 0 

.076 

.000 962 945 

26.341 149 6 

.037 

.000 228 184 

54.066 390 2 

.077 

.000 988 460 

26.999 720 6 

.038 

.000 240 684 

52.644 249 0 

.078 

.001 014 309 

25.667 064 6 

.039 

.000 263 621 

61.296 066 0 

.079 

.001 040 478 

25.342 819 3 

0.040 

0.000 266 688 

50.013 387 9 

0.080 

0.001 067 008 

26.026 697 8 
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Hnh - 

Co * h 5 


* _ 1 

« y \ 


X 

- Sinh ? 


e 

c c 


OSd 

t).eoi 

-067 

008 

081 ; 

.001 

003 

850 

089, 

.001 

121 

044 

088' 

.001 

148 

563 

1^84^ 

.001 

176 

415 

085 

0.001 

204 

601 

086 

.001 

233 

122 

087 

.001 

261 

.077 

088 

.001 

201 

166 

080 

.001 

320 

689 

000 

0.001 

350 

546 

001 

.001 

380 

738 

092 

.001 

411 

264 

093 

.001 

442 

123 

004 

.001 

473 

316 

005 

0.001 

504 

845 

006 

.001 

536 

707 

007 

,001 

568 

904 

008 

.801 

601 

436 

000 

.001 

634 

300 

100 

0.001 

667 

500 

101 

.001 

701 

034 

102 

.001 

734 

902 

103 

.001 

760 

105 

104 

.001 

803 

641 

105 

0.001 

838 

513 

106 

.001 

873 

719 

107 

.001 

009 

259 

108 

.001 

945 

133 

100 

.001 

981 

342 

no 

0.002 

017 

886 

111 

.002 

054 

765 

112 

.002 

091 

978 

113 

.002 

129 

526 

114 

.002 

167 

407 

115 

0.002 

205 

624 

116 

.002 

244 

176 

117 

.002 

283 

062 

118 

.002 

322 

282 

110 

.002 

361 

838 

120 

0.002 

401 

728 


.002 401 

728 

.002 

441 

953 

.002 482 

513 

.002 

523 

407 

.002 

564 637 

.002 

606 

201 

.002 648 

101 

.002 

600 

335 

.002 

732 

905 

.002 775 809 

.002 

819 048 

.002 862 621 

.002 

006 

531 

.002 

950 775 

.002 

995 354 

.003 040 

269 

.003 

085 

518 

.003 

131 

,104 

.003 

177 024 

CO 

3 

CO 

S 

279 

.003 

269 

869 

.003 

316 

795 

003 

364 

056 

,003 411 

653 

.003 

459 

585 

.003 

507 851 

.003 

556 

455 

003 

605 393 

003 

654 

667 

003 

704 

277 

4)03 

754 

221 

003 

804 

501 

003 

855 

117 

003 

906 

069 

003 

957 

356 

004 008 079 

004 

060 938 

004 

113 

232 

004 

165 863 

004 218 829 


S 2 

98 

17 

05 

(6 

38 

t 4 

94 

;7 

43 

19 

67 

^6 

78 

^5 

86 
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Sinh 

X 


Cosh ? 


1 


^ Sinh 

X 


OMh - 

, 1 

X 


e 

1 

e 


X 


1 

e 

c 

X 


X 

’ Sinh * 

. a 

* 

"7 

« 

ISiidi - 


c 



c 


1 c 


e 



. e 

c 

0.160 

0.004 

272 

131 

12.553 

583 

61 

0.200 t 

0.096 

680 

013 

l 0 MT ,. a 6 40 

.161, 

.004 825 

769 

12.476 

281 

83 

.201, 

.006 

747 

US 

10.017 

7 M ,80 

.162 

.163 

.004 379 
.004 434 

743 

053 

12.399 

12.324 

938 

536 

70 

59 

.202 4 
.208, 

.006 

.006 

814 

882 

555 

332 

9.968 

9.920 

8^ ftl 

3 H '*» 

.164 

.004 488 

690 

12.250 

057 

97 

.204 

.096 

950 

447 

9,872 

40 17 

0.166 

0.004 

543 

680 

12.176 

486 

46 

0.205. 

0.007 

018 

899 

9.824 

957 23 

.166 

.004 598 

999 

12.103 

805 

70 

.206 

.007 

087 

688 

9.777 

988 60 

.167 

.004 654 

653 

12.031 

999 

00 

.207 

.007 

156 

816 

9.731 

377 56 

.168 

.004 

710 

642 

11.961 

051 

51 

.208 

.007 

226 

281 

9.685 

267 54 

.169 

.004 

766 

969 

11.890 

947 

66 

.209 

.007 

296 

083 

9,639 

602 33 

0.170 

0.004 

823 

631 

11.821 

672 

61 

0.210 

0.007 

366 

224 

9.594 

375 13 

.171 

.004 

880 

630 

11.753 

211 

83 

.211 

.007 

436 

701 

9.549 

580 21 

.172 

.004 

937 

965 

11.685 

551 

17 

.212 

.007 

507 

517 

9.505 

211 01 

.173 

.004 

995 

636 

11.618 

676 

46 

.213 

.007 

578 

624 

9.461 

261 78 

.174 

.005 

053 

644 

11.552 

574 

84 

.214 

.007 

650 

163 

9.417 

726 45 

.175 

0.005 

111 

986 

11.487 

232 

14 

0.215 

0.007 

721 

992 

9.374 

509 26 

.176 

.005 

170 

669 

11.422 

636 

01 

.216 

.007 

794 

160 

9.331 

874 78 

.177 

.006 

229 

685 

11.358 

773 

92 

.217 

.007 

866 

665 

9^289 

547 25 

.178 

.005 

289 

039 • 

11.295 

632 

88 

.218 

.007 

939 

509 

9.247 

611 45 

.179 

.005 

348 

728 

il ;233 

201 

47 

.210 

.008 

012 

691. 

9.206 

061, 63 

0.180 

0 005 

408 

755 

11.171 

467 

26 

0.220 

0.008 

086 

210 

9.164 

892.72 

.181 

.005 

469 

118 

11.110 

419 

34 

.221 

.008 

160 

068 

9.124 

099 61 

.182 

.005 

529 

817 

11.050 

045 

84 

.222 

.008 

234 

264 

9.083 

677 21 

.183 

.005 

590 

854 

10.990 

336 

01 

.223 

.008 

308 

799 

9.043 

620 67 

.184 

.005 

652 

226 

10.931 

279 

12 

.224 

.008 

383 

672 

9.003 

924 62 

0.185 

0.005 

713 

936 

10.872 

864 

21 

0.225 

0.008 

458 

883 

8.961 

584 77 

.186 

005 

775 

982 

10 815 

081 

35 

.226 

.008 

534 

433 

8.925 

595 93 

.187 

.005 

838 

365 

10.757 

920 

12 

.227 

.008 

610 

321 

8.886 

953 84 

.188 

.005 

901 

086 

10.701 

370 

56 

.228 

.008 

686 

547 

8.848 

663 79 

.189 

.005 

964 

142 

10.645 

423 

08 

.229 

.008 

763 

112 

8.810 

691 27 

0.190 

0.006 

027 

536 

10.590 

068 

17 

0.230 

0.008 

840 

017 

8,773 

062 03 

.191 

.006 

091 

267 

10.535 

296 

55 

.231 

.008 

917 

258 

8.735 

761 44 

.192 

.006 

155 

334 

10.481 

099 

15 

,2.32 

.008 

994 

840 

8.698 

786 70 

.193 

.006 

219 

739 

10.427 

466 

79 

.233 

.009 

072 

759 

8.662 

130 27 

.194 

,006 

284 

481 

10.3174 

301 

01 

.234 

.009 

151 

018 

8.625 

791 07 

0.195 

0.006 

349 

560 

10.321 

863 

31 

0.235 

0.009 

229 

615 

8.589 

764 25 

.196 

,006 

414 

976 

10.269 

879 

80 

.236 

.009 

308 

551 

8.554 

045 60 

.197 

.006 

480 

729 

10,218 

418 

04 

.237 

.009 

387 

826 

8.518 

631 68 

.198 

.006 

546 

820 

10,167 

484 

28 

.238 

.009 

467 

44 i 

8.483 

518 05 

.199 

.006 

613 

248 

10.117 

065 

88 

.239 

.009 

547 

304 

8.448 

1 

701 22 

0.200 

0.006 

680 

013 

10.067 

155 

40 j 

0.240 

0.009 

627 

685 

8.414 

177 61 
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0.240 

0.009 627 685 

8,414 177 61 

0.260 

0.011 304 809 

7.780 047 680 

.241 

.009 708 317 

8.379 943 39 

.261 

.011 392 233 

7.750 020 996 

.242 

.009 789 287 

8.345 995 04 

.262 

.011 479 997 

7.722 019 390 

!243 

.009 870 697 

8.312 329 01 

.263 

.011 568 102 

7.693 340 291 

.244 

.009 952 246 

8.278 941 83 

.264 

.011 656 546 

7.664 881 176 

0.245 

0.010 034 234 

8.245 830 108 

0.265 

0.011 745 331 

7.636 639 556 

.246 

.010 116 562 

8.212 990 475 

.266 

.011 834 457 

7.608 612 977 

.247 

.010 199 299 

8.180 419 627 

.267 

.011 923 922 

7.580 799 028 

.248 

.010 282 236 

8.148 114 315 

.268 

,012 013 729 

7.653 195 327 

.249 

.010 365 581 

8.116 071 343 

.269 

.012 103 876 

7.625 709 531 

0.250 

0.010 449 267 

8.084 287 562 

0.270 

0.012 194 363 

7.498 609 332 

.251 

.010 533 292 

8.052 759 877 

.271 

.012 285 191 

7.471 622 458 

.252 

.010 617 657 

8 021 485 240 

.272 

.012 376 360 

7.444 836 662 

.253 

.010 702 361 

7.990 460 652 

.273 

.012 467 870 

7.418 249 741 

.254 

.010 787 406 

7.959 683 163 

.274 

.012 559 720 

7.391 859 517 

0.255 

0.010 872 790 

7.929 149 863 

0.275 

0.012 651 912 

7.365 663 847 

.256 

.010 958 514 

7.898 857 896 

.276 

.012 744 444 

7.339 660 616 

.257 

.011 044 578 

7.868 804 445 

.277 

.012 837 317 

7.313 847 742 

.258 

.011 130 981 

7.838 986 738 

.278 

.012 930 531 

7.288 223 172 

.259 

.011 2 lt 725 

7.809 402 04 $ 

.279 

.013 024 087 

7.262 784 882 

0.260 

0.011 304 809 

7.780 047 680 

0.280 

0.013 117 983 

7.237 530 880 
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Length in miles 

500 

125 36 

104 47 

78 685 

62 021 

41 981 

31 487 

25 168 

20 966 

17 973 

15 725 

siisssshI 

,;S9!:S!IS88ls§ 

1 

117 08 

97 857 

73 404 

58 691 

39 150 

29 361 

23 468 

19 554 

16 758 

14 662 

71 352 

59 654 

44 755 

35 707 

23 758 

17 872 

14 298 

11 919 

10 185 

8 8785 

607 10 

514 16 

391 14 

314 65 

211 09 

158 81 

126 99 

105 88 

90 588 

61 966 

98 104 

81 946 

61 479 

49 153 

32 784 

24 576 

19 650 

16 370 

14 034 

12 277 

59 763 

49 962 

37 481 

30 012 

19 891 

14 968 

11 971 

9 9786 

8 5278 

7 4342 

572 53 

479 84 

361 11 

289 29 

193 21 

145 09 

116 02 

96 639 

82 653 

66 640 


85 688 

71 185 

53 401 

42 694 

28 474 

21 353 

17 068 

14 219 

12 188 

10 664 

51 911 

43 398 

32 544 

26 007 

17 279 

12 999 

10 398 

8 6665 

7 4074 

6 4588 

515 62 

431 06 

323 89 

259 26 

173 01 

129 35 

103 77 

86 481 

73 952 

62 538 

100 150 1 200 

70 476 

58 874 

44 164 

35 310 

23 550 

17 659 

14 115 

11 759 

10 080 

8 8189 

42 932 

35 893 

26 926 

21 505 

14 290 

10 751 

8 6178 

7 1671 

6 1255 

5 3407 

437 73 

365 89 

264 89 

219 53 

146 35 

109 88 

87 801 

73 177 

62 569 

54 748 

54 265 

45 112 

33 974 

27 164 

18 118 

13 686 

10 859 

9 0460 

7 7547 

6 7842 

33 029 

27 614 

20 712 

16 546 

10 994 

8 2710 

6 6156 

5 5130 

4 7122 

4 1084 

343 02 

286 44 

214 81 

171 80 

114 57 

85 979 

68 702 

57 254 

48 956 

43 880 

36 804 

30 740 

23 059 

18 435 

12 295 

9 2206 

7 3702 

6 1398 

5 2631 

4 6024 

22 416 

18 740 

14 058 

11 231 

7 4597 

6 0053 

4 4899 

3 7417 

3 1983 

2 7887 

235 04 

196 76 

147 54 

118 04 

78 685 

59 041 

47 193 

39 322 

33 620 

30 617 


18 598 

15 535 

11 653 

9 3166 

6 2137 

4 6598 

3 7247 

3 1029 

2 6598 

2 3270 

11 331 

9 4710 

7 1045 

5 6786 

8 7706 

2 8372 

2 2657 

1 8909 

1 6163 

1 4079 

119 39 

100 15 

75 081 

60 056 

40 028 

30 033 

24 011 

20 011 

17 107 

15 725 
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Length in miles 

500 

0 21048 

0 17583 

0 13458 

0 10549 

0 070363 

0 052793 

0 042177 

0 035131 

0 030098 

0 026344 

0 12840 

0 106935 

0 080216 

0 064324 

0 042893 

0 032171 

0 025702 

0 021418 

0 018315 

0 016055 

1 1498 

0 97099 

0 73626 

0 59165 

0 39657 

0 29804 

0 23836 

0 19868 

0 17999 

0 14902 

400 

0 14422 

0 12047 

0 090390 

0 072269 

0 048197 

0 036159 

0 028891 

0 024070 

0 020612 

0 018046 

0 097991 

0 073308 

0 054951 

0 044062 

0 029380 

0 022031 

0 017606 

0 014670 

0 012545 

0 010997 

0 84784 

0 71097 

0 53538 

0 42887 

0 28657 

0 21513 

0 17197 

0 14330 

0 12257 

0 10745 

300 

0 085429 

0 070866 

0 053538 

0 042795 

0 028544 

0 021417 

0 017109 

0 014248 

0 012207 

0 010686 

0 052107 

0 043419 

0 032544 

0 026091 

0 017397 

0 013048 

0 OJ 04271 

0 0086884 

0 0074296 

0 0065127 

0 52606 

0 43985 

0 33024 

0 26418 

0 17629 

0 13228 

0 10572 

0 088082 

0 075347 

0 066043 

250 

0 060526 

0 050540 

0 037025 

0 030321 

0 020218 

0 015166 

0 012117 

0 010095 

0 0086477 

0 0075712 

0 036915 

0 030759 

0 023056 

0 018486 

0 012325 

0 009244 

0 007387 

0 006155 

0 005263 

0 004614 

0 37873 

0 31645 

0 23744 

0 18988 

0 12670 

0 095035 

0 075955 

0 063281 

0 054128 

0 047442 

200 

0 039374 

0 032883 

0 024670 

0 019724 

0 013152 

0 0098663 

0 0078815 

0 0065672 

0 0056250 
0*0049248 

0 0240085 

0 0200073 

0 0149963 

0 0120220 

0 0080171 

0 0060128 

0 0048048 

0 0040035 

0 0034235 

0 0030011 

0 24940 

0 20832 

0 15625 

0 12493 

0 083330 

0 062516 

0 049960 

0 041625 

0 035606 

0 031209 

150 

0 022425 

0 018730 

0 014052 

0 011233 

0 0074907 

0 0056208 

0 0044891 

0 0037406 

0 0032040 

0 0028046 

0 013677 

0 011396 

0 0085400 

0 0068480 

0 0045815 

0 0034250 

0 0027368 

0 0023903 

0 0019499 

0 0017094 

0 14335 

0 11972 

0 089783 

0 071784 

0 047873 

0 035915 

0 028701 

0 023914 

0 020452 

0 017929 

50 j 100 

0 010056 

0 0083980 

0 0063001 

0 0050366 

0 0033592 

0 0025205 

0 0020136 

0 0016772 

0 0014368 

0 0012577 

0 0061318 

0 0051094 

0 0038297 

0 0030710 

0 0020479 

0 0017408 

0 0012272 

0 0010226 

0 0008744 

0 0007665 

0 064686 

0 054017 

0 040507 

0 032341 

0 021597 

0 016204 

0 012949 

0 010788 

0 0092286 

0 0080867 

0 0025273 

0 0021107 

0 0015835 

0 0012661 

0 00084425 

0 00063347 

0 00050608 

0 00042156 

0 00036112 

0 00031610 

0 0015412 

0 0012844 

0 00096269 

0 00077180 

0 00051472 

0 00038598 

0 00030844 

0 00025701 

0 00021973 

0 00019264 

0 016317 

0 013626 

0 010217 

0 0081689 

0 0054761 

0 0040864 

0 0032657 

0 0027209 

0 0023274 

0 0020402 

Circular 

mils 

250 000 

300.000 
400 000 
500 000 

750.000 
1,000 000 

1.250.000 
1,500 000 
1,750 000 

2.000 000 

250.000 

300.000 

400.000 

500.000 

750.000 
1,000 000 

1.250.000 

1.500.000 
1,750 000 
2,000.000 

250 000 

300.000 

400.000 

500.000 

750.000 
1,000,000 

1.250.000 

1.500.000 

1.750.000 
2,000,000 






uinttimniY 


jaddoQ 
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Derived Constants — Type B Tower Construcjtion 
Line Constants ci = Values m table X 10“* 


APPENDIX D 




mnaitaniY 


J9ddb^ 




1 . 000 . 000 - 0 0376 -0 294 - 0 985 - 2 307 - 4 431 - 7 504 -16 895 - 30 851 

1 . 250.000 -0 0302 -0 2354 - 0 788 - 2 037 - 3 540 - 5 999 -13 504 - 24 663 

1 . 500.000 - 0 0250 -0 1965 - 0 655 -1 535 - 2 953 - 4 998 -11 252 — 20 582 

1 . 750.000 -0 0210 - 0 1671 -0 561 -1 312 - 2 522 - 4 274 - 9 624 - 17 571 

2 . 000 . 000 - 0 0190 - 0 1479 -0 491 -1 151 - 2 213 - 3 747 - 8 438 - 15 413 








Derived Constants — Type B Tower Construction 
Line Constants ct = Values in table X 10“® 
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INDEX 


A 

Admittance, leakage, 136 
surge, 142, 146 
Air, density factor, 93, 96 
Altitude, factor, 95, 259 
Angle, characteristic phase, 144 
circular, 10, 12 

complex, 23, 142, 143, 148, 167 
functions of complex, 24 
hyperbolic, 14 
line, 142, 143 
unit line, 157 

Approximate, circuits, 116, 135 
Attenuation, constant, 159, 160 
Auxiliary, line constants, 143 
equivalent networks, 151, 156 
forms of expression, 142, 262 
tables, 373 

B 

Balanced, voltages, 109 
C 

Cables (see Condv^ctors), 
Capacitance, 65, 73, 125 
concentric cylinders, 70 
effect of, 123 

parallel-plate condenser, 68 
single-phase line, 75, 79 
three-phase lines, 79, 81, 82, 84, 86 
Catenary, 180, 182 
any load and temperature, 197 
critical, 200 
maximum load, 195 
method of solving, 201 
unequal elevations, 216, 218 
Charging current, 124, 128 
Circle diagram, current, 173, 298, 
299, 301, 304 


Circle diagram, loss, 307 
receiver power, 169, 176, 300 
supply power, 306 
voltage, 176, 300, 303, 305 
Circles, power, 305, 307, 308, 312, 
327 

Circular functions, 10, 12 
Coefficient, expansion, 130 
resistance, 29 

Complex, angle, 23, 142, 143, 148 
numbers, addition, 6 
components, 2 
division, 8 
forms of, 4, 6 
multiplication, 7 
powers, 10 
roots, 11 
subtraction, 8 
Conductivity, 28 
Conductor, 27 
annual charge, 337 
arrangements, 52 
choice of, 243, 349 
clearance, 52, 252-254 
cost, 249 

economical diameter, 240, 256, 284 
empirical equation for d,, 258 
equivalent spacing, 55, 255 
properties, 27 
sag, 232 
supports, 249 

Constant, attenuation, 159, 160 
calculation of, line, 158 
derived, 142, 146, 158, 262, 373 
equivalent networks, 151-166 
forms of, line, 146 
fci, 223, 231, 232 
kz kz, 224, 233, 235, 269, 344 
fc4, 271 
kz, 271 
kz, 228, 272 
^7, 228, 236, 238, 272 
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OonstftQt) 2^8) 237) 239) 272 
kt, 269) 271 
kvy 267, 268 
A;ii) 283) 348 
&!*) 279 

U, table of, 269, 335 
wave length, 161, 163 
Control, voltage, 165, 293, 294 
Convergent series, forms of line 
constants, 149, 158 
Corona, 90 

altitude factor, 95 
description, 90 
factors infiueneing, 93 
loss, 100 
theory, 91 

Cost, conductors, 249 
supports, 266 

terminal equipment, 279, 282 
Current, charging, 124, 128 
Curves, performance, 358 

D 

De Moire^s theorem, 10 
Density, air (factor), 93, 95 
conductor materials, 28 
Derived, line constants, 142, 146, 151, 
156, 262 

Diagram, circuit, 116, 117, 126, 129, 
134 

composite, 305, 355 
current, 124, 137, 295, 299, 300 
impedance circuit, 119 
Perrine-Baum, 120 
Mershon, 120 
nominal T, 126 
power, 176, 300, 306-308 
voltage (see Voltage diagram), 
wasted energy factor, 335 
wiring, 228, 277 
Diameter, economic, 242, 284 
equivalent solid rod, 61 
stranded cable, 60 
Dielectric, held intensity, 63 
flux, density, 64 
near long, straight wire, 70 
near parallel cylinders, 71 


E 

Economical, conductor, 242, 284 
sag, 232 
span, 228, 263 
tower height, 229 
voltage, 242, 284 
Elastance, 65 
Elastic, limit. 31, 268 
Elasticity, modulus, 32 
Electrostatic, units, 64 
Energy, wasted, 335 
Equivalent, line constants, 152, 323 
reactance, 132, 321 
resistance, 132 
solid rod, 61 
spacing, 55, 84 
synchronous impedance, 320 
system, 319 

Expansion coefficient, 30 

F 

Factor, altitude, 95, 259 
load, 244 
roughness, 95 
Field intensity, electric, 63 
magnetic, 34, 37 
Flux, density, 66 
dielectric, 64 
magnetic, 35 
Frequency, natural, 162 

G 

Gradient, potential, 67, 69, 75, 93;|^7 
Ground cables, 273 

H 

Harmonics. 112 
High-tension, apparatus, 276 
constants for, 282 
cost, 277-280 
wiring diagrams, 277, 281 
Housing, 276 

Hyperbolic, functions, 14-16 
line constants, 149 
related to circular, 16, 21, 361 
tables, 362, 369 
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I 

loe, load, 190, 193, 195 
Impedance, circuit, 117 
surge, 142, 143, 158 
synchronous, 320 

Induced, voltages, electromagnetic 
104, 106 

electrostatic, 108 
Inductive, interference, 104 
Insulators, 265 
Inverse points, theorem, 42 

K 

Kelvin's law, modified, 241 
factors influencing, 283 
conductor cost, 248 
energy loss, 247 
high-tension equipment, 276 
towers, 262, 273 

L 

Line, angle, 142, 143 

constants, derived, 142, 146, 151- 
156, 162 

equations, 136, 141 
performance, 351 
reactance, 260 
susceptance, 261 
Lines, short, 115 
Load, curve, 246, 334 
distribution, 243 
end condenser, 124 
factor, 244 
rated capacity, 244 
r.m.s. kw., 245 
Loading, classes, 189 
ice, 190, 194 
wind, 191 

M 

Maclaurin's, theorem, 16 
Magnetic, field intensity, 34 
inside a cylinder, 39 
outside a cylinder, 37 
flux, 35 

about round wire, 40 
lines, 34, 44, 70 


Magnetic flux, linkages, 36 
parallel wires, 41, 43 
potential, 34, ^ 
equipotential circles, 73 
Mershon, chart, 122 
diagram, 121 

N 

Nominal, ir-line, 125 
T line, 126 

O 

Ohm's law, 36, 65 
Operators, 3 
exponential, 19 

P 

Performance, diagram, 358 
Permeability, 35 
Permittivity, 65 
Perrine, diagram, 120 
Potential, difference, 64 
equipotential circles, 72 
gradient, 67 
concentric cylinders, 70 
magnetic, 34 

parallel-plate condenser, 69 
parallel-sided lobp, 75, 93, 97 
three-phase lines, 98, 99, 101 
of a point, 63 

Power, circles, 305, 307, 308, 312, 
327 

limits, 312, 314, 316, 322 
Propagation, velocity, 161 

R 

Reactance, per mile, 260 
Regulations, 118 
Reluctance, 36 
Residual, currents, 107 
voltage, 104, 106 
Resistance, coefficient, 29 
Resistivity, 28 

Root-mean-square kilowatts, 334 
Roughness, factor, 95 
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& 

Sag, equations, 182, 185, 217 
maximum, 199 
minimum, 199 
Self-inductance, 36 
parallel-sided loop, 45 
split conductor, 48 
three-phase lines, 50 
double circuit, 56, 58 
equilateral, 53 
general, 50 
stranded cable, 60 
transposed, 54 
Short lines, 115 
Spacing, 52 
Spans, 178, 213, 216 
design, 206, 2^1-223 
function of 225 
Stability, 312 
steady state, 331 
transient, 330 
Steinmetz, method, 129 
Strength, tensile, 30 
Supports, 249 
drawings, 250 
types, 251 

Surge, admittance, 142, 146, 158 
impedance, 142, 158 
Susceptance, 260 
Synchronous, motor, 317 
reactors, 177, 290, 353 

T 

Temperature, coefficient, 29 
influence on length, 192 
tension, charts, 204,' 206, 213 
Tensile, strength, 20 
Tension, 182 


Tension, allowable, 188, 196 
approximate formula, 186 
average, 187 
V8. length, 192 
V8. tower cost, 267, 342 
Tower, cost, 263, 338, 341 
economical, height, 229 
sag, 232 

spacing, 228, 263 
equation of cost, 270, 271, 273 
height V8. cost, 269 
specifications, 338 

U 

U (constant), 259, 335 
Unbalance, voltage, 110, 111 

V 

Vector (see Complex numbers), 
algebra, 6-11 
voltage and current, 124 
Velocity, propagation, 65, 161 
Voltage, balanced, 109 
circles, 304, 305 
control, 165, 166, 170, 174, 294 
diagrams, 119, 124, 127, 13*5^ 176, 
294, 303 

induced, 104, 108 
most economical, 286, 288, 353 
residual, 110 
unbalanced, 110 

W 

Wasted energy, 335 
Wave length, 163 
Wind, load, 193 
pressure, 191 
Wiring, 228, 277 
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stant from the mid-point of the previous interval to the mid-point 
of the interval in question. In other words, this assumption is 
identical with the one used in Method II. No further assump- 
tion, however, is made in this case. 

From equation (2) it follows that 

At y 

co„ = a,n-l + ^(APn-1 + AP„) = a,n-l + |(APn-l + AP„) 

= Wn-1 + A«n (17) 

Using equation (3), it follows that 

A/2 

8n = 5n-l + At03n-l + g^(3APn-l + APn) 

= 8„_1 + Atwn-l + ^(3AP„_1 + APn) 

= Sn-1 + A3n (18) 

From these the increments in angular velocity and angle during 
the nth interval may be written 

At y 

AcOn = ^(APn-1 + APn) = |-(APn^l + APn) (19) 

A/2 

A5„ = A5„_i + ^(AP«-2 + 6AP„_i + APn) 

= A5„_, + ^(APn-i + 6AP„_1 + APn) (20) 


The comments previously made in connection with equations 

(11) and (12) apply. 

At a discontinuity coincident 
with the beginning of the nth 
interval equations (17), (18), and 
(19) are not affected except that, 
of course, the power differential 
APn-i must be that existing after 
the discontinuity has occurred. 
Fio. 173.— Point-by-point Method In equation (20), on the other 

hand, the average value must be 

used, i.e.y 



APn-l = J^[(APn^l)|^ + (APn_l)c] 


assuming that the discontinuity is caused by the clearing of a 
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fault. For the first interval after a fault occurring at < « 0 
evidently AP«-a = 0 and APn-i = 

APo/2. 

Method IV. — ^This method 
assumes a linear variation of the 
power differential over the inter- 
val, but involves no further 
assumption. Graphically the 
situation is illustrated in Fig. 

174. The power differential dur- Fia. 174. — Point-by-point Method 
ing the nth interval may be 
expressed as follows: 

AP„ = AP„_i + ajt = AP„_i + (21) 

Introducing this in equations (5) and (6) yields the following 
solutions : 



+ ^(AP„ - AP„_,) 

= «n-l + 

= «„_x +'^(AP„_i + AP„) = a,„_i + A«„ (22) 

A/2 A/2 

5n = 5n-l + A^COn-1 + ^n-l) 

A/2 

= 5n-l + A/oJn-l + jg^(2APn-l + APn) 

= Sn-i + Atwn-1 + y (2AP„_1 + AP„) = «„_1 + (23) 


From these equations the increments in angular velocity and 
angle during the nth interval become 

A/ y 

Aoin = ^(APn-1 + APn) = |(APn-l + AP„) (24) 

A/2 

A5n = A5„_1 + gjg:(AP„_2 + 4APn_l + APn) 

Jfe" 

= A6n-1 + ^(APn-2 + 4APn-i + APn) (25) 


It will be noted that the solution of any or all of the above 
equations necessitates the knowledge of the power differential 
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at the beginning as well as at the end of the interval. The 
latter, however, is not directly known, but there are three ways, 
in which this difficulty may be overcome: 

1. A curve of AP may be plotted as the analysis proceeds, 
and extrapolated over the next interval. 

2. The linear variation in AP may be based on the preceding 
interval. This merely involves the substitution in the above 

equations of APn-i for AP», and 
AP„_2 for APn_i. 

3. A special scheme may be used 
involving the plotting and use of 
auxiliary curves, as described 
below. ^ 

The procedures suggested in (1) 
and (2) are applicable in multi-ma- 
“ chine systems. The procedure 
under (3), on the other hand, is 
limited to two-machine systems. 

For the purpose of applying pro- 
cedure 3, the terms in equations (22) and (23) are rearranged as 
follows: 


I 





Fio 




(Jin — 4- 2M^^” 

gjlf APn — 5n_l + M(j3n-l + ^^APn-1 


(26) 

(27) 


Since in the two-machine system, AP is determinable as a function 
of 6 (being the difference between input and output), auxiliary 
curves of 5 and AtAP/ (2M) may be plotted versus 


d 



as suggested in Fig. 175. These auxiliary curves are then used in 
the solution of equations (26) and (27) as follows: The right-hand 
members of equation (27) are fixed by conditions at the beginning 
of the interval. Consequently the value of — APAP/(6M) 
may be evaluated, the auxiliary curve entered, and the corre- 

^ Suggested (1935) by A. H. Howell, Graduate Student at the Massa- 
chusetts Institute of Technology. 
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spending values of 5n and A<APn/(2M) selected. Knowing the 
latter equation (26) 3delds a solution for ca„. 

A schedule for this solution may be set up as suggested in 
Table 52. Details of computations based on this method will 
be found in Example 4. 

Table 62. — Basic Schedulb for Point-by-point Calculation op 
Machine Swing Curves 
(Method IV, 3) 



Col. (6)„ = (4)„„1 + (r))n-l H- (9)n-l 

Col. (7)»: From auxiliary curve, entering with (6)« 

5„: Col. (9)«: From auxiliary curve entering with (6)„ 
Col. (8)„ = (7)n-i + (7)« + (8)n-i 
(7) 

AP„: Col. (3)» = 


Relative Merits of the Various Point-by-point Methods. — ^The 
accuracy of any point-by-point method depends upon the 
length of the time interval used. The shorter the time interval, 
the better the accuracy. On the other hand, a very short interval 
very materially increases the time and labor required for the 
analysis. It is desirable, therefore, to use a time interval as 
long as is commensurate with sufficient accuracy. As has 
previously been stated, 0.05 second is usually found suitable. 

The errors introduced are cumulative and rapidly increase as 
time progresses, except with those methods where improved or 
additional assumptions tend to compensate for them. If computa- 
tions are required over a relatively short time only (for instance, 
from the occurrence of a disturbance until it is cleared by the 
operation of automatic circuit breakers, in order to correlate 
switching time and switching angle so that the equal-area 
stability criterion may be applied), any one of the above-men- 
tioned methods may yield sufficient accuracy. Inherently, 
however, Method II with its additional assumption and Method 
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Time in Seconds 


Fig. 176. — Angle-timo curves for representative two-machine system when 
equilibrium is upset by the occurrence of a line-to-line*fault which is cleared in 
0.2 second. The curves illustrate the relative merits of the four methods of 
point-by-point analysis as well as the differences arising from the basic assump- 
tions made. Time interval used is 0.05 second except where otherwise specifically 
stated. For details see Example 3. 

(1) Point-by-point Method I. Assumption A, 

(2) Point-by-point Method I. Assumption A, Time interval 0.02 second. 

(3) Point-by-point Method I. Assumption A, Time interval 0.01 second. 

(4) Point-by-point Method I. Assumption B. 

(5) Point-by-point Method I. Assumption A; using actual rotor angle. 

(6) Point-by-point Method II. Assumption A. 

(7) Point-by-point Method II. Assumption B, 

(8) Point-by-point Method III. Assumption A, 

(9) Point-by-pGint Method III. Assumption B, 

(10) Point-by-point Method IV. Assumption A, 

(11) Point-by-point Method IV. Assumption B. 

(12) Point-by-point Method IV. Araumption A; using actual rotor angle. 

Assumption A considers the generator represented by its direct-axis transient 

reactance and the voltage behind this reactance constant and uses the angle to 
this voltage rather than the actual rotor angle (unless otherwise specifically 
stated) . 

Assumption B considers the direct-axis flux linkages (i.e., the voltage e^) 
constant. 
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IV with its improved representation of the variation of the power 
differential give better accuracy than Methods I and III and,* 
in general therefore, are preferable. Method II excels by virtue 
of computational simplicity and is probably, therefore, the most 
advantageous one in usual problems. Method IV when properly 
executed is no doubt superior from the standpoint of accuracy, 
but it is questionable whether its additional complexity warrants 
its use except in special cases where a great degree of accuracy 
is aimed at. 

In Example 3 will be found the solution of a representative 
two-machine stability problem by means of the four methods of 
point-by-point analysis outlined above. Comparison of the 
results will bear out the statement made with regard to their 
relative merits. Swing curves covering a time of one second, 
so as to include also a second swing apart of the machines, will 
be found in Fig. 176. It will be noted that in connection with 
Method I, shorter time intervals have also been used so that 
this effect may be observed. In Table 53 are listed the numerical 
quantities which are particularly pertinent in comparing the 
methods. It gives the initial angular displacement and also 
the angular displacement and the corresponding time at the 
first and second maxima and the first minimum of the oscillations. 

Integraph Solution, — When, in general, not more than two 
machines are involved the swing equation can be solved by inte- 
graph methods. This can be done whether damping is included 
or omitted, provided the synchronous part as well as the damping 
part of the output can be represented graphically as functions 
of the angle and the rate of change of the angle with respect to 
time {i.e,, slip). 

Simplified Criterion of Stability in Two-machine Systems. — 

When two machines oscillate with respect to each other as the 
result of the shock caused by a disturbance, the amplitudes of 
the oscillations will, when the system is stable, ordinarily decrease 
continually until new steady-state conditions prevail. In cases 
where the disturbance results in instability, loss of synchronism 
between the machines will usually occur during the first swing, 
i.e,, the angle between the machines will continually increase. 
If the system manages to swing by the first amplitude of the 
oscillation — the angle between the machines reaches its first 
maximum and begins to decrease — ^the remaining part of the 



Table 53. — Summary of Results from Different Methods of Point-bt-point Analysis and Assumptions 

(Based on Ebcample 3) 
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* ^ alue at 1 0 sec Analysis definitel> indicates pull-out on second saving 
t \ alue at 1 0 sec 
t Slight inaccuracy in initial angle 

§ Value at 1 0 sec Analysis ^ould presumably indicate pull-out on second swing if continued beyond 1 sec 



TRANSIENT STABILITY. SIMPLE SYSTEMS 


403 


oscillations will usually be less severe and the system will be 
stable. This, however, may not always be true,^ but the assump- 
tion is often, and correctly, made. Hence the fact as to whether 
or not the machines in a two-machine system come to rest with 
respect to each other may be taken as the criterion of stability in a 
two-machine system.^ 

The mathematical formulation of Genera! Network y® 

this theorem is readily established. 

Referring to the general two-machine 
system in Fig. 177, and considering 
input and output positive when the machines act as generators, 
the accelerations of the rotors are given by 


Fia. 177. — General two-machino 
system. 


(PS 

dt^ 


M 

= Pi. - 

-Pi = 

APi 

(28) 

njr 

M 2 ^2 

= P2. - 

- = 

APi 

(29) 

en the rotors is 

S = Si 

— Si. Hence 


i 

d^St 

APi 

APi 

(30) 

■ “ dP" 

IP 

Ml 

Mi 


which may also be written 

4(^)1 


AP2' 

M2, 


\dS 


(31) 


The angular velocity with which the machines swing apart is 
consequently 


The machines will swing apart until this angular velocity 
becomes zero. This occurs when 



which is also the desired stability criterion. 

1 Depending on such factors as time of switching, exciter action, damping, 
and power dissipation in the connecting network. 

* See paper by Park and Bancker, he. cit. 
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This criterion assumes that if the machines come to rest 
with respect to each other, the system is stable. Equation (19), 
as it stands, imposes no restrictions on the input to or output of the 
machines. The former may be constant or variable, and the 
latter include damping and flux variations. The power differ- 
entials APi and AP 2 may be represented by functions with any 
arbitrary number of discontinuities. Hence the criterion 
inherently provides for the inclusion of switching, fault clearing, 
etc. As a matter of fact, its validity definitely depends upon all 
operations causing discontinuities taking place before the maxi- 
mum angle is reached.^ 

Switching is always associated with time. It is known how 
long after the occurrence of a fault the faulty line section or 
feeder will be disconnected by the action of the automatic 
circuit breakers. In order that the discontinuity due to switch- 
ing, however, can be introduced at the proper point in equation 
(33), the switching angle must be determined. This can only 
be obtained by determining a portion of the angle-time curve 
sufficient for the purpose of finding the angle corresponding to 
the time of switching.' This part of the angle-time curve must 
usually be calculated by point-by-point solutions of equa- 
tions (28) and (29), or of equation (30). The switching angle 
may also, under certain conditions, be obtained by use of pre- 
calculated swing curves as discussed later in this chapter. 

If stability is to be present, it is evident that the relative 
acceleration (or retardation, as the case may be) of the machines 
with respect to each other must change sign during the first 
swing apart. In other words, the term (APi/Jlfi) — (AP 2 /M 2 ) 
must change sign. If it does not, it is evident that the integral 
in equation (33) can never be zero, the machines will continuously 
swing apart, and stability is definitely lost. 

If one assumes that the acceleration changes sign, and also 
that the condition given by equation (33) is satisfied so that the 
system is stable, there are two possibilities in regard to the value 
of the acceleration (APi/Afi) — {AP 2 /M 2 ) at maximum angle, 
viz,: 

^ If this is not the case, however, it is possible to extend the interpretation 
of the criterion. Not only must the machines come to rest with respect to 
each other during their first swing apart, but also during subsequent swings 
together or apart until all discontinuities are included. Not until then may 
actual conclusions be drawn in regard to the stability situation. 
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1, The relative acceleration may have a finite value. 

2. The relative acceleration may be zero, as indicated by 



In case 1, above, the system is stable with a margin, t.e,, the 
loading is below the critical. Case 2 represents the limiting 
case. The loading is critical and equal to the transient power 
limit of the system for the disturbance in question. 

There are two methods of applying the stability criterion, vtz.: 

1. Use equation (33) and examine whether it 3delds a solu- 
tion for the maximum angle Sm- If it does, the system is stable; 
if no solution exists, the system is unstable. 

2. Find the critical angle 6^, from equation (34). Evaluate and 
examine the sign of equation (33) for this maximum angle 
Sm = If negative, the system is stable; if zero, critical load 
conditions exist; and if positive, the system is unstable. 

Concentration of Inertia at One End of the System. — In a 
two-machine system the inertia may be concentrated at one 
end of the system^ without changing the actual circuit and the 
actual machine inputs provided 

1. The network connecting the machines contains reactance 
only 

2. One machine operates as a generator and the other as a 
motor 

The general expressions for the acceleration of the machines 
in a two-machine system are as given by equations (28) and (29) 

Equation (30) applicable to the general two-machine system 
may be written 

d^d _ APi APi _ M^iPu - Pi) - MiiP^x - P2) /oc\ 

dP Ml M 2 M 1 M 2 ^ ^ 

where as before Pu and P 2 t designate the input to, and Pi and P2 

^ Extension of this theorem will be found in Chap XIV. The general 
two^machine system may also be represented by an equivalent system with the 
inertia concentrated in an equivalent machine at one end of an equtvalenl 
circuit and with an infinite bus at the other The input to the equivalent 
machine will differ from that of either machine and is a function of the 
actual inputs and the inertia constants Similarly, the equivalent circuit 
(including the equivalent machine) and the corresponding equivalent power- 
angle curve depend on the actual circuit and the inertia constants of the 
machines 
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the output of, the two machines, respectively, both being con- 
sidered as generators. If the receiving-end machine is a motor 
and the circuits only contain reactance 


P It — — P 2t — Pt) 

P2 = -Pi = P j 

Under these conditions equation (20) reduces to 


d^b _ Ml + M 2 ,p pv 

dt^ M1M2 ^ ^ 


1 

Mo 


iPi - P) 


(36) 

(37) 


which is the equation for acceleration that would have been 
obtained for the system under consideration were the inertia 
concentrated at one end with an infinite bus at the other. The 
inertia constants of the two machines combine as if they were 
*‘in parallel, and the resultant inertia constant is given by 


Mo 


M1M2 
Ml + M 2 


(38) 


If the expression for the output, which obviously in this case 
is a simple undisplaced^sinusoid, is introduced, the swing equation 
on which the solution may be based is 

- P’- 5 ( 39 ) 


It is here assumed that each machine is represented by a 
single reactance and that the voltage behind this reactance is 
constant (for instance, the direct-axis transient reactance and 
voltage behind this reactance). Furthermore, it neglects 
damping. 

The Equal-area Method. — The simplified stability criterion 
for two-machine systems expressed by equation (33) may be 
translated into an “equal-area” conception. p]vidently 

APdd = f {Pi- P)d5 (40) 

represents an area, viz.^ the area between input and output curves, 
plotted versus angle and bounded by the initial and maximum 
angle. Hence equation (33) may be modified to 

1 / net area ( 1 ) ^ (^) 

Mi\ between 60 and bml M 2 \ between 60 and bm 
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Hence the system is stable when the two areas thus defined and 
divided by the respective inertia constants tire equal. 


an 


laiu/f 


j Infinite 
^ Bus 


Fig. 178. — Generator supplying power to a lar^o system (infinite bus) over a 

two-circuit transmission line with sending- and receiving-end transformers. 

Explicit use of the equal-area method, however, as a criterion 
of stability in a two-machine system is convenient and practical 
only when 

1. One end of the system is an infinite bus. 

2. The inertia can be concentrated at one end so that an infinite 
bus is obtained at the other. 

To gather a more comprehensive understanding of the sig- 
nificance of the equal-angular method its application to the case 
of a line fault will be discussed. Again consider the simple 
system in Fig. 178 consisting of 
a generating station feeding in- 
to an infinite bus over a double- 
circuit transmission line. The 
power-angle characteristic for 
this system based on reactance 
only is given in Fig. 179. The 
power represented is the out- 
put of the generating station 
for constant flux linkages in 
the machines, and the angles 
are the displacements between 
the voltage behind the tran- 
sient reactance of the generators and the voltage of the 
infinite bus. Curve 1 is the power-angle curve with the two 
circuits of the line complete; curve 2, with one circuit dis- 
connected; and curve 3 corresponds to a condition of fault as 
indicated in Fig. 178. 

Assume that point a is the initial operating point before the 
fault occurs. If the fault is not cleared, it is obvious that 
instability will result, since the power input (assumed constant) to 
the generators for any angular position would be larger than the 
output. If h represented the initial operating point, the system 
might be stable even if the fault were sustained. The criterion 



hUne Complete 


x,2-0ne 
Section Out 


3~ Fault On 


Fig. 


90 180' 

Angular Displacemenl* 

179. — Power-angle curve for the 
system in Fig. 178. 
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df stability is that the area dmic must be larger than the area 
bed. The latter in the absence of damping represents energy 
stored in the rotating parts of the generators and the former, 
energy given up by the rotating parts. 

Assume once more that point a represents initial conditions. 
If a short circuit suddenly occurs, the output will drop to that 
given by point / and a power differential represented by af 
will be available for acceleration. Assume that when the 
machine has swung ahead to point g the short circuit is cleared. 
The output is then immediately increased to that corresponding 
to point t. This output is larger than the input and retarding 
action will take place. 9lSk criterion of stability for this short 
circuit and its subsequent clearing is that the area him 2 j should 
be larger than the area afgh. 

If the original operating point with both lines intact had 
been at fc, a short circuit would of necessity result in instability, 
even if the faulty section were tripped out in a very short time. 
This must obviously be true since the initial power exceeds the 
maximum output of the generator with one circuit of the trans- 
mission line disconnected. It is obvious from the foregoing con- 
siderations and the diagram (Fig. 179) that the closer the power- 
angle curves for normal and fault conditions approach each other, 
the less severe will be the shock impressed on the system when 
shprt circuit occurs. 

Application of the Equal-area Method to Some Simple Cases. — 

To illustrate the use of the equal-area principle in the solution 
of transient stability problems a few simple cases^ will be handled 
by this method, viz.: 

1. Tripping of a section of a multicircuit line as a normal 

switching operation. ^ ^ \ t ^ ) 

2. Sustained fault or a fault with long-delayed switching. 

3. Feeder fault with its subsequent clearing by disconnection 
of the feeder. 

4. Line fault with its subsequent clearing by dropping of the 
faulty line section. 

The system will in each case consist of a generator connected 
to an infinite bus through a circuit whose reactance only is 
considered. The input to and the voltage behind transient 
reactance in the generator will be assumed strictly constant. 

' Park and BanckeRi loc. cit. 
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It should be noted that the apparently explicit formal solutions 
for the transient power limits [equations (45), (48), and (51)] 
are actually implicit since the angles involved depend upon these 
same values of power. A quantitative answer, however, is 
readily obtained in a given case by a cut-and-try calculation. 

1. Tripping of a Section of a Multicircuit Line as a Normal 
Switching Operation . — ^The system is shown in Fig. 180(a) and 


©-^Hd 


(a) 

( G ynmi^ 



(b) 



circuit transmission line with sending- and receiving-end transformers. (6) The 
equivalent reactance circuit of (a), (c) Power-angle curves illustrating the 

effect of suddenly tripping out one of the two transmission circuits. 

its reactance-circuit diagram in (5). The power-angle curves 
with the transmission line intact and with one section discon- 
nected are indicated in Fig. 180(c). The notation employed is 
apparent from this figure. 

The system is stable if the area Ai is smaller than or (at 
the limit) equal to the area A 2 . Instead of comparing these areas, 
however, it is more convenient to use the rectangle eadf and the 
irregular area ebcmidf. The input to the generator is given by 

Pi = Pm sin 5o = riPm sin 81 (42) 

and the above-mentioned areas become 
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Rectangle = P,(jr — Si — So) (43) 

Irregular area = riPm | **sm SdS = riP„(cos 5o + cos ii) (44) 

jSo 

Equating these areas the transient power limit of the system 
for the given disturbance is 


P(max) = Pi = riP, 


cos 8o + cos 

" TT - So - 8i 


= riPn 


. . r . Ysin 6 oM 

i So + cos sin“M — 1 

. . J sin So\ 

T - So- Sin J 


(45) 


©t{H 




Feeder (a) 






circuit ttansmission line with sending- and re <oiving-end transformers. Fault on 
local feeder. (6) The equivalent circuit of (o) considering reactance only, 
(c) Power-angle curves illustrating the effect of the feeder fault and its subsequent 
clearing. 


2. Sustained FauU or Fault with Long-delayed Switching . — 
This problem is evidently analogous to the preceding one when 
the second power-angle curve [Fig. 180(c), curve 2] is considered 
to represent the system with the fault applied rather than the 
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system with one line section disconnected. The transient power 
limit, therefore, is given by equation (45). . 

3. Feeder Fault with Its Sxjd)sequent Clearing by Disconnection 
of the Feeder . — ^The system with the faulted feeder is shown in 
Fig. 181(a), its reactance-circuit diagram in (6), and the power- 
angle curves for the normal and the faulted system in (c). 

(a). (6}-||-t^ ^ 


<b) 



Fig. 182. — (a) Generator supplying a large system (infinite bus) over a two- 
circuit transmission line with sending- and receiving-end transformers. Fault 
on one of the transmission circuits. (6) The equivalent circuit of (o) considering 
reactance only, (c) Power-angle curves illustrating the effect of the fault and 
its subsequent clearing by disconnecting the faulty transmission circuit. 

If the fault is cleared at an angle he, it is obvious that for stability 
the area Ai must be smaller than or — at the limit — equal to the 
area A 2 . Instead of Ai and A 2 the rectangle gafh and the 
irregular area gbcdefh will be compared. It will be assumed 
that the clearing angle has been calculated from the specified 
clearing time and hence is known. 

The input to the generator (original output) is given by 
equation (42). The areas of interest are 

Rectangle = Pi{w — 26o) (46) 

Irregular area = sin ddh + ^ sin h d8 

= Pm[(l + ri) cos 3o + (1 - ri) cos Sc] (47) 
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Equating the above areas the transient power limit of the 
system for the disturbance caused by the feeder fault becomes 

P(m.x) - P. - '=°' (48) 

TT — ZOq 


4. lAne Fault with Its Subsequent Clearing by Dropping of 
the Faulty Line Section, — The system with its faulted line is 
shown in Fig. 182(a), its reactance-circuit diagram in (6), and 
the power-angle curves for the system with the transmission 
line intact, with the line faulted, and with the faulty section 
cleared in (c). 

As in the previous case it will also hero be assumed that the 
clearing angle be has been calculated from the clearing time and 
hence is known. For stability the area Ai must be smaller or — at 
the limit — equal to the area A 2 . Instead of the areas A\ and A 2 
the rectangle gafh and the irregular area gbcdefh will be compared. 

The input to the generator (original output) may be expressed 
by 

Pi = Pm sin So = rtPm sin SJ (49) 


from which the angle may be determined so that the maximum 
angle becomes 


5m = TT — = TT — sm ^ ] 


(50) 

(61) 


The areas to be compared are 

Rectangle = Piibm — 5o) 

Irregular area = riPm sin bdb + rzPm f ”* sin 5 db 

= Fm[ri(cos bo — cos be) + r 2 (cos 6c — cos 6m)] 

(52) 

Equating the above areas the transient power limit of the 
system for the disturbance caused by the line fault is given by 

P(max) = P- = P yi(cos 6o — cos 6c) + r 2 (cos 6c — cos 6m) 


6m 6 o 


= p, 


Ti cos 6 o + (^2 — ri) cos be + r2 cos sin""^ j 

. . /sin 6 o\ 


( 53 ) 
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The Use of Precalculated Swing Curves. — Consider a system 
consisting of a synchronous machine connected to an infinite 
bus through a circuit containing reactance only as shown in 
Fig. 183(a). The machine is represented by its direct-axis 
transient reactance behind which constant voltage is assumed. 




(a) 



Fig. 183. — (a) Generator supplying a large system (infinite bus) over a 
transmission line or feeder. Reactive circuit elements only are considered. 
(h) and (c) Power-angle curves for the system in (o) . 

Neglecting damping the equation for the acceleration of the 
machine is 




dt^ 


= Pi — Pm sin 5 


( 54 ) 


Introducing a quantity t related to the time t by 


T 


(PZ, _ IlSOfPm 

yjM^ - V ^ K 


t 


( 55 ) 


(P„ being the rating of the machine) and inserting this in the 
differential equation, equation (54) may be written 


_ P^ 
dri Pm 


sin 5 = P — sin 5 


( 56 ) 


An equation has thus been obtained which is independent of 
the inertia of the synchronous machine and of the absolute 
constants of the circuit. The solution of it (for constant input 
and constant flux linkages) is governed only by the ratio of 
power input to the amplitude of the power-angle curve and, of 
course, by the initial angle. The latter again is defined by the 
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ratio of the initial output (at time < = 0+, i,e.y immediately 
after the discontinuity) to the above-mentioned amplitude. 
[See the power-angle curves, Fig. 183(6) and (c).] Hence when 
the ratios PilPm and Po/Pm are specified, equation (56) yields a 
definite solution for the angle as a function of the modified time r. 
If equation (56) is solved for a suitable range of values of these 
ratios, it is evident that a family of curves will be obtained which 
represent the universal solution of the synchronous machine — 
infinite bus system considered.^ By entering these curves with 
the proper ratios and modifying the time scale in accordance 
with equation (55) the correct angle-time curve may readily be 
determined. 

In determining r from the first part of equation (55), the 
units of power used for Pm and M are immaterial but must, of 
course, be consistent for the two quantities. Thus if Pm is 
expressed in per unit on a selected base, M must be expressed in 
per unit per electrical degree per second squared on the same 
base. In the second part of the equation the units of Pm and Pn 
obviously are arbitrary, if the same. The stored energy 7?, 
however, should always be expressed in kilowatt-seconds per 
kilovolt-ampere. 

The family of curves reproduced in Figs. 184 to 193, inclusive, 
is the result of a large number of integraph solutions of equation 
(56).^ Each curve sheet represents a constant Po/Pm (or 

' See papers by Park and Bancker, loc. ciL; I. H. Summers and J. B. McClure, 
“Progress in the Study of System Stability/’ Trans. A.T.E.E.y p. 132, 1930. 
See also H. L. Byrd, and S. H. Pritchard, Jr., “Solution of the Two-machine 
Stability Problem,” Gen. Elec. Rev., p. 81, February, 1933. In this paper 
the precalculated curves are arranged in a different manner particularly 
convenient for determining maximum permissible switching time corre- 
sponding to a given condition of initial power. 

* These curves were obtained on the M.T.T. integraph in 1929 by Summers 
and M(‘,Clure and are included in their paper, loc. dt. They are reproduced 
in this treatise by courtesy of Mr. McClure and the General Electric 
Company. 

The abscissa (modified time) used is t' = y/ir/lSOr where r is as defined 
by equation (55). As will bo seen, this gives a very convenient scale, 
although actually the difference results from their use of radians rather 
than electrical degrees in the acceleration term of the swing equation. 

For the benefit of those who may refer to Park and Bancker’s paper, it 
may be mentioned that their curves are plotted versus a modified time 
t ” = \/2t^ = y/irl^r. 
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To/Tm), and hence the curves on each sheet start at the same 
angle. The range of Pa/Pm covered is from 0 to 0.90 in 10 per 
cent steps. The individual curves are for constant P = Pi/Pm 
(or Ti/Tm)- On each sheet this ratio varies from a minimum 



Fig. 184. — Angle-time curves for straightaway reactance system for Ttt/Tm = 0. 
T (orP) == TJT„, (otPJP^) 


V' 


t 


Tt (or P») = shaft input 

To (or Po) = initial output (value of torque or power at initial operating angle 
as given by torque- or power-angle curve applying while machine 
is swinging) 

Tm (or Pm) ®= maximum output (as given by torque- or power-angle curve 
applying while machine is swinging) 

7’„ (or Pn) — rating of machine 

H = stored energy in kw.-sec. per kva. 

/ = frequency in cycles per second. 

The unit used for the torque and power quantities Ti, P^, To, Po, Tm, Pm, Tn, and 

Pn IS immaterial if consistently applied (e.g., kilowatts, per cent, per unit). 


slightly larger than the Po/Pm ratio for that sheet up to a maxi- 
mum of 3.00. 

The most important use of these precalculated swing curves 
is in connection with transient-stability analyses by the equal- 
area method. It will be remembered that in problems involving 
the clearing of a fault at the lapse of a specified time, it was 
necessary to determine the corresponding clearing angle before 
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Fia, 186. — Angle-time curves for straightaway reactance system for To/Tm = 
0.10. For legend see Fig. 184. 



Angle in Degrees 



~!S9iSIBIISiK5BBBKB| 




I 2 3 4 5 6 7 8 9 10 

Modified Time (x*) 

Fio. 188. — Axigle>time curves for straightaway reactance system for Tf^/Tm 
0.40. For legend see Fig. 184. 
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Fio. 192. — Angle-time curves for straightaway reactance system for TtITm 
0.80. For legend see Fig. 184. 
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applying the equal-area criterion. The clearing angle corre- 
sponding to any clearing time can obviously be rapidly obtained 
from the precalculated curves 



Fia 193 — Angle-time curves for straightaway reactance system for To/Tm — 
0 90 I or legend sec Fig 184 


EXAMPLE 1 

Statement of Problem 

A simple system consists of a generating station connected to an infinite 
bus over a reactance tie [Fig 1 94(a)] The generator is rated 6,000 kva and 
has 30 per cent transient reactance The stored energy of the rotating 
parts (including prime mover) is 3 0 kw -sec per kva The tie has 30 per 
cent reactance (on generator base) 

With the system operating in the steady state, the generator delivering 
5,000 kw. with a voltage of 120 per cent behind transient reactance and 
100 per cent at the infimte bus, a three-phase fault occurs on a local originally 
unloaded feeder just outside the protective reactance The latter is 10 
per cent (on generator base) The fault is cleared in 0 2 sec 

Determine by the equal-area method whether the system possesses 
stabihty under the above-mentioned condition of fault, making use of 
precalculated swing curves to correlate switching tune and switching angle 

Solution 

If per-unit quantities are used, the power output equation prior to the 
occurrence of the fault and also after the fault has been cleared is 
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EiE% 

Xt 


sin B 


1.2 X 1.0 


0.6 


sin $ - 2.0 sin 5 


and when the system is faulted 

p 1.2 X 1.0 

2 X 0.3 X 0.1 + 0.3 X o.a 


X-J0% 


XrZ0% 


Infinite 

Bus 


Ei*l20X' 


0.1 


•10% 


Eg^iooy. 


sin B 


1.2 X 1.0 
1.5 


sin 5 = 0.8 sin B 


i 3-(P Feeder Fault 
(a) 


Normal 


.^Fautfed 


From the above power expressions, 
the initial operating angle and the 
output immediately following the 
occurrence of the fault may be eval- 
uated. Thus 

P. = 1.0 = 2 sin So 
giving sin do 0.5 and do = 30 deg. 

Po ~ 0.8 sin do = 0.8 X 0.5 = 0.4 Fio. 194. — (a) System analyzed in 

Example^l. (b) Power-angle curves for 
In order to make use of a precalcu- («) illustrating the effect of a local 

lated swing curve, the foUowing generating station 

.... j j and its subsequent clearing, 

quantities are needed: 



* m 


hO 

0.8 


= 1.25 




0.4 

= 0.5 

0.8 


Referring to equation (55) and footnote 2 on page 414, the relationship 
between actual and modified time becomes: 



/V Im/p^ 

ylmyl H p. 



4 


TT X 60 X 0.8 
3.0 


t = 7.10f 


which for a clearing time of 0.2 sec. gives t' = 1.42. 

Entering the curve sheet for Po/Pm = 0.5 (Fig. 189) at t' = 1.42 and 
P = 1.25, the clearing angle is obtained as dc = 67.5 deg. 

Locating this angle in the power-angle diagram [Fig. 194(6)], which is 
plotted to scale, stability requires that the area A 2 be larger than the area Ai, 
It is evident by inspection that this condition is satisfied. Consequently, 
the system is stable and will survive the shock caused by the occurrence of 
the three-phase feeder fault and its subsequent clearing in 0.2 sec. 
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EXAMPLE 2 


Statement of Problem 

Figure 195 represents an equivalent diagram of a substation supplying a 
synchronous motor over a feeder circuit. From the substation bus, there 
is also another feeder A which in this problem is assumed to be unloaded. 
Each feeder, as well as the equivalent circuit connecting the substation 
back to a point which may be considered an infinite bus, has a reactance of 
10 per cent based on the synchronous-motor rating. The infinite-bus volt- 
age is 100 per cent. 


Synchronous’-motor Data 

Rating 

Speed 

Frequency 

Synchronous reactance . 

Transient reactance. . . . 
WR^ 


10,000 kva. 

600 r.p.m. 

60 cycles per sec. 

60 per cent (approximate satu- 
rated value) 

30 per cent 

500,000 lb.-ft.2 (including shaft load) 


The excitation of the motor is adjusted so that unity power factor is 

obtained at the motor terminals when 
the motor is operating at full load. 

a. What is the steady-state power 
limit? 

5. Can a shaft load of 10,000 kw. 
be suddenly applied to the motor 
when it is initially operating at no 
load? If not, how much load can be 
applied? 

c. While the motor is carrying a 
load of 8,000 kw., a symmetrical 
three-phase fault occurs on the idle feeder A, as shown. The fault is 
cleared in 0.2 sec. Will stability be maintained? 

1. Use the equal-area criterion. Obtain clearing angle by point-by-point 
computation of the necessary part of the swing curve. 

2. Use the equal-area criterion in connection with the use of precalculated 
swing curves. 


Infinite 

Bus 


Fia. 195. — Equivalent diagram of a 
substation supplying a synchronous- 
motor load over a feeder circuit. In 
Example 2 is analyzed the effect of a 
fault of an adjacent feeder from the 
same substation. 


^Substation.- 

Bus 


X-tOX 

isym 

X'-10% 




Solution 

a . — The excitation voltage is determined by reference to the vector 
diagram (Fig. 196) as follows: 

P = r/ = 1.00 or y = ^ 

£* = + (0.20/)* = + (0.20/)* 

Ei = V‘ + (0.60/)* 


(o) 

(b) 
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By subtraction 

Ei-E^ ^ (0.36 - 0.04)/* * 0.32/* ' (c) 

From (o) 


1.00 = j-j + 0.04/* 


giving 


/* = 1.044 


Substituting this value in equation (c) gives 


El - 1.00 + 0.32 X 1.044 - 1.334 


^ EHO 


Hence 


Em = 1.155 or 115.5 per cent 

The steady-state power limit is conse- 
quently : 

_ = h9P ^ l>b55 _ 

” X “ 0.8 

1.444 or 14,440 kw. 



Fig. 196. — ^Vector diagram 
for the system in Fig. 195 under 
normal operating conditions 
(Example 2). 


h . — Figure 197 refers to no-load conditions. If the vector diagram is 
solved, the voltage behind transient reactance (E') is obtained. 

Em — E — 0.8/ == 1.155 — 1.0 = 0.155 giving' I = 0.194 
E' - F -b 0.50/ = 1.0 -b 0.5 X 0.194 == 1.097. 

The electrical power input to the motor is consequently given by 


P = 


EE' 

sin 5 

Xt 


1.0 X 1.097 
0.5 


sin 5 = 2.194 sin 


b 


JOI J0.3 ^ 

Egn^USS 


0.21 0.31 


0.31 


E^i.0 V E' 

Fig. 197. — Vector diagram for the system in Fig. 195. 

floating at no load (Example 2) . 


Ejn 

Synchronous motor 


from which the power-angle curve (Pig. 198) is plotted. Since full-load shaft 
power (10,000 kw.) is suddenly to be applied, 


sin d 



1.00 

2.194 


0.455 


5i = 27.1 deg. - 0.473 rad. 
6m = 152.9 deg. = 2.669 rad. 
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For stability, area Ai must be smaller than area A%, The values of these 
areas are: 


Ai = P»5i -- sin 5 dS 

= 1.00 X 0.473 - 2.194(1.00 - cos 27.1") 

= 0.473 - 0.242 - 0.231 

Ai = f HmSdS- - Si) 

J&i 

= 2.194 (cos 27.1 - cos 152.9) - 1.00(2.669 - 0.473) 

= 3.91 - 2.20 = 1.71. 

It may thus be concluded that from the standpoint of stability it would be 
possible suddenly to apply full load to the motor shaft. 



Fig. 198. — ^Powor-angle curve 
for the system in Fig. 195 for 
normal operating conditions. 
No fault on the adjacent feeder 
(Example 2) . 


B 



Fig. 199. — Vector diagram for 
the system in Fig. 196 under con- 
ditions of normal operation with 
8,000 kilowatts on the synchronous 
motor (Example 2). 


c . — Consider first initial operating conditions (see vector diagram. 
Fig. 199) in order to find the voltage behind transient reactance. For 
steady-state operation with 8,000-kw. load, the power-angle relation is 


P = 0.8 = 


EEr, 


sin S 


1.0 X 1.155 

0.8 


sin S 


1.444 sin S 


from which 

0.8 

sin 5 =s - - = 0.554 5 = 33.6 deg. 

1.444 

Taking the motor excitation voltage Em as reference axis, the following equa- 
tions may be written : 

Em + jO.3/ = E' 

Em -f jO.SI = E 


E -- Em 
jO.S 


From the second is obtained 


(d) 

(e) 
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which, substituted in (d), gives 

= %En. + HE 

Hence 

E* » K[6(1.155 + jO) + 3 X 1.00 (cos 33.6 +ysin 33.6)] = 1.054 

Assuming constant voltage behind transient reactance, the power-angle 
curve prior to the occurrence of the fault is 



Fiq. 200. — Equivalent circuits for system in Fig. 195 with fault on substation 
feeder (Example 2). 

from which the initial operating angle (between the voltage behind transient 
resu;tance and the voltage at the infinite bus) is found to bo 

0.8 

sin 5o = = 0.379 6o = 22.8 deg. 

2. 108 


When the system is faulted, the circuit diagrams in Fig. 200(o) and (6) 
apply. By reference to the latter, the power-angle relation may be written 

„ EE' , 1.00 X 1.054 . , . 

P = sm 6 = — sin S = 1.171 sin 5 

X 0.9 


from which 


also 


Po = 1.171 sin 5o = 1.171 sin 22.8 = 0.444 


sin 


0.8 

1.171 


0.683 Bi = 43.1 deg. 


(1) PoiTU-hy-yoird Determination of Angle at Time of Clearing . — Referring 
to the swing equation, equation (1), the inertia constant M needed is^ 
^Computed by equation (3), Chap. XVIII. 
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1.28 X 10-® X WR^ X n» 1.28 X 10“» X 5 X 10» X 600* 

M 5= = — 

/ 60 

= 3.84 kw./elcc. deg./sec.* or 3.84 X 10“^ p.u./elec. deg./sec.* 

Point-by-point Method I will be used. Consequently the following equa- 
tions [equations (7) and (8)1 apply: 

co„ “ (On-i 4- k^APn-i (f) 

=* dn-l 4 ~ Atwn-l + k”APn-l {§) 

In these, using a time interval of 0.05 sec. 


^ _ 0.05 X 10,000 _ 
M “ 3.84 

^ _ 0.05* X 10,000 
2M ~ 2 X 3.84 


130.3 
= 3.256 


The necessary computations carried out in accordance with the equations 
above are included in the following table: 


Inter- 

val 

num- 

ber 

t 

sec. 

1 

Pi 

p.u. 

i 

P 

p.u. 

AP 

p.u. 

(tiM 

Aj'AP 


Ci> 

elec, deg./ 
sec. 

S 

elec. deg. 

0 

0 

0.800 

0.444 

0.356 

0 

46.4 

1.160 

0 

22.27 

1 

0.05 

0.800 

0.466 

0.334 

2.32 

43.5 

1.088 

46.4 

23.43 

2 

0.10 

0.800 

0.529 

0.271 

4.50 

35.3 

0.882 

89.9 

26.84 

3 

0.15 

0.800 

0.625 

0.175 

6.26 

22.8 

0.570 

125.2 

32.22 

4 

0.20 

0.800 






148.0 

39.05 


Hence the angle at the time of clearing, 6c, is equal to 39.1 deg. 

Figure 201 shows the power-angle curves with the significant numerical 
values indicated. The values of the appropriate areas are: 


Ar 


A, 


= Pi(Se - So) - r^'l.171 sin 5 dS 

m/So 

= 0.8(39.1 - 22.3):^- - 1.171(cos 22.3° - cos 39.1) 
180 

= 0.234 - 1.171 X 0.149 = 0.06 

j 'Sp, 

^ 2.108 sin SdS - Pi(S„ - «.) 

= 2.108(co8 39.1 - COB 157.7) - 0.8(157.7 - 39.1)-^ 


= 2.108' X 1.702 - 1.657 = 1.93 

Since the area A 2 is much larger than the area Ai, the system is stable. 
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In view of the ample margin, this conclusion obviously might safely have 
been arrived at merely by inspection of Fig. 201 when the curves are drawn 
approximately to scale. 



Fia. 201. — Power-angle curves for the system in Fig. 195 illustrating the effect 
of a substation feeder fault and its subsequent clearing (Example 2). 

(2) Using Precalculated Curves . — Referring to equation (55) and footnote 
2 on page 414, the relationship between modified time and actual time is 
given by 



irPm 

180M 


t = 


V 


TT X 11,710 
180 X 3.84^ 


= 7.2e< 


Hence at time of clearing te — 0.02 second, r' = 1.46. Also 


A 

P^ 


0.44 4 

1.171 


= 0.379 


and 


^ _ 0.80 

Pn. “ ri7i 


0.682 


Interpolation between the curve sheets, Figs. 187 and 188 in this case, 
becomes necessary. It is found that 

p 

If ^ = 0.30 = 38 deg. 

•» m 

If ^ = 0.40 S. = 38 deg. 

TO 


The clearing angle obtained by this method therefore is 38 deg. This 
checks well with that previously found (39.1 deg.). The conclusion as to 
stability of course remains as previously stated. 


EXAMPLE 8 

Statement of Problem 

A generator G of moderate size is supplying 8,000 kw. over a double-line 
circuit to a large system (to be treated as an infinite bus of 100 per cent 
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voltage), as shown in Fig. 202. The power is supplied at unity power factor 
at the generator terminals. A symmetrical three-phase fault occurs at the 
mid-point of one line. The fault hangs on for 0.2 sec. and is, at the end of 
this time, cleared by simultaneous operation of the automatic circuit breakers 
at the ends of the faulted line. 



Fia. 202. — (a) Generator supplying power to a large system (infinite bus) 
over a double-circuit lino (Example 3). (6) Circuit diagram of (a) for normal 

operating conditions, (c) Circuit diagram of (a) with one of the lines faulted, 
(d) Equivalent circuit for the fault condition illustrated in (c). 

The line reactances (on a 10,000-kva. base) are as shown in the figure. 
The following data apply to the generator: 


Rating 10 , (XK) kva. 

Speed 200 r.p.m. 

Frequency 60 cycles per sec. 

Direct-axis reactances: 

Synchronous. . . . 100 per cent (unsaturated value) 
Synchronous. ... 60 per cent (approximate saturated value) 

Transient 30 per cent 

(Quadrature-axis reactances: 

Synchronous 60 per cent 

Transient 60 per cent 


WR'^ = 3 X 10® Ib.-ft.* (including turbine) 

a. By means of a point-by-point analysis plot curves of accelerating power 
differential A/^, rotational speed above or below synchronous speed <o, and 
angle with respect to the infinite bus 6 versus time. Using time intervals 
of 0.05 sec. (unless otherwise is specifically stated below), carry out the 
analysis for a full second. 
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5. Apply the equal-area criterion for stability to the above problem. 

For the purpose of comparing the effect of different assumptions and 
different methods of point-by-point analysis, as well as the effect of length ' 
of time interval, the following solutions are to be presented: 

(1) Point-by-point Method I, Assumption A. 

(2) Point-by-point Method I, Assumption A, time interval 0.02 sec. 

(3) Point-by-point Method I, Assumption A, time interval 0.01 sec. 

(4) Point-by-point Method I, Assumption B. 

(6) Point-by-point Method I, Assumption A, using actual rotor angle. 

(6) Point-by-point Method II, Assumption A. 

(7) Point-by-point Method II, Assumption B. 

(8) Point-by-point Method III, Assumption A. 

(9) Point-by-point Method III, Assumption B, 

(10) Point-by-point Method IV, Assumption A. 

(11) Point-by-point Method IV, Assumption B. 

(12) Point-by-point Method IV, Assumption A, using actual rotor angle. 

The pointrhy-point methods I to IV are those outlined in detail in the first 

part of this chapter. 

Assumption A considers the generator represented by its direct-axis 
transient reactance and the voltage behind this reactance constant, and 
uses the angle to this voltage rather than the actual rotor angle (unless 
otherwise is specifically stated). 

Assumption B considers the direct-axis fiux linkages (i.c., the voltage ej) 
constant. 


Solution 

Only solution (1) based on Point-by-point Method I, Assumption A, will 
be presented in detail. 

Pre-fault Conditions 

Referring to Fig. 202(6) 

EtI = 0.8 

from which 

Ei = 0.996 

giving 

El » 1.026 = 1.03 


The power equation is 


EiEi 


sin 


5 


1.03 X 1.00 


sin 


d 


2.58 sin S 


P 


0.40 
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and the initial operating angle 


5o = sin“^ 


^8 X 0.4 
1.0 X i.03 


18.1 deg. 


Fault Conditions 

Referring to Fig. 202(c), the Y-circuit li, 2<, Gt is transformed to a A as 
follows: 


^ 0.3 X 0.1 -f 0.3 X 0.2 -f 0.2 X 0.1 

X., - 

N 

A'lo = jrx = 0-550 
“ 0.367 


Paralleling X^a with 0.1 gives 


A'' 


0.1 X 0.367 
0.1 + 0.367 


= 0.0785 


and the final equivalent ir-cireuit shown in Fig. 202 (d). Hence 


and 


Xt — 1.10 p.u. 


P = 


1.03 X 1.00 

l.lb 


sin S 


0.936 sin 8 


Fault Cleared Conditions 

Xt = 0.50 p.u. 

„ 1.03 X 1.00 . . 

^ == — — sm 8 = 2.06 sm 8 
0,50 


Inertia Constant 

Using equation (3), Chap. XVIII, the inertia constant becomes 


M 


1.28 X 10-» X WR^ X n* 

/ 

1.28 X 10~” X 3 X 10^ X 200» 
60 


2.56 kw. per elec. deg. per sec.* 


or, in per unit on a 10,000-kva. base, 
2.56 


M = 




= 2.56 X 10”* p.u. per elec. deg. per sec.* 
2.76 kw.-sec. per kva.^ 


10,000 

180 X 60 X 2.56 


10,000 
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Swing-curve Calculations . — Method I is used. The constants involved 


k' = 




0.05 


= 195.3 


M 2.56 X 10“* 

(AO* 0.05 X 0.05 
2M 2 X 2.56 X 10“* 


4.88 



Fig. 203. — Curves of angular displacement, angular velocity, and accelerating 
power versus time for the system in Fig. 202 illustrating the effect of a line fault 
and its subsequent clearing in 0.2 second. These curves are determined by 
point-by-point analyses using Method I and are based on Assumption A (see 
Example 3). Note the effect of length of time interval upon the calculated 
oscillations. Appreciable cumulative error is inherent in Method I, unless a 
very short time interval is used. 


The point-by-point calculations are carried out in Table 54. The swing 
curve and curves of AP and a are plotted in Fig. 203. Swing curves based on 
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TaBLB 64. — PoiNT-BY-POINT CALCULATION OP SwiNG CURVBS BY METHOD I 

(Example 3) 


(1) 

Int. 

no. 

(2) 

t 

(3) 

Pi 

(4) 

P 

(5) 

AP 

(6) 

At • (a 

( 7 ) 

Jk'AP 

(8) 

k"AP 

( 9 ) 

ta 

(10) 

s 

0 

0 


rnfM 

IB 


99.4 

2.48 

0 

18.1 

1 

0.05 



■m 

4.97 

91.8 

2.29 

99.4 

20.6 

2 

0.10 



0.362 

9.57 


1.77 

191.2 

27.9 

3 

0.15 

0.800 

BjQ 


13.1 



261.9 

39.2 

4 

* 

0.20 


1.652 


15.1 

-166.7 

-4.16 

302.5 

53.3 

5 

0.25 


1.854 


6.78 


-5.14 

135.8 

64.2 

6 

0.30 


1.880 


-3.51 

-211 

-5.27 


65.8 

7 

0.35 


1.729 


-14.0 

-181.7 

-4.53 

-281.2 


8 

0.40 

Bcffl 

1.273 


-23.2 

-92.4 

-2.31 


38.5 

9 

0.45 

B^o 

mm 

BBR>! 

-27.8 

65.8 

1.65 

-555.3 



0.50 



1.267 

-24.5 

247 

6.18 

-489.5 

-13.1 

11 

0.65 


ns 

1.874 

-12.1 

366 

9.14 

-242.5 

-31.4 

12 

0.60 


-1.163 

1.963 

6.17 

384 

9.58 

123.5 

-34.4 

13 

0.66 



1.457 

25.4 

284 


507.5 

-18.6 

14 

10.70 


mm 


39.6 

59.8 

1.49 

791.5 

13.9 

16 

0.75 


1.688 

-0.888 

42.6 

-173.6 

-4.33 

851.3 


16 

0.80 

B^o 


-1.26 

33.9 

-246 

-6.14 

677.7 

93.3 

17 

0.85 

B^o 

1.763 

-0.963 

21.6 

-188.1 


431.7 

121.1 

18 

0.90 


1.379 

-0.579 

12.2 

-113.2 

-2.83 

243.6 


19 

0.95 

lAiiiiiJ 



6.52 

-60.6 

-1.51 


147.4 


1.00 


0.954 

-0.154 

3.49 



69.8 

152.4 

21 

■WlM 




1.99 

-13.1 

-0.32 

39.7 

155.1 

22 

1.10 

0.800 

0.811 

-0.011 

1.33 

-2.2 

BD 

26.6 

156.8 

23 

1.16 

0.800 

0.768 


1.22 

6.3 

mB 

24.4 

158.1 

24 

1.20 

0.800 



1.54 

15.6 

m 

30.7 

159.5 

25 

1.25 







46.3 

161.4 











AP„:— Col. (5)„ = (3)„ - (4)„ k' = 195.3 

a,„:— Col. (9)n * (9)„-, + (7)n-j fc" = 4.88 


Col. (10). = {10)._, + (6)._, + (8),_, Pn = ’ v 8“ *- 

A t 

== 0.936 sin (during 
fauU) 

— 0.06 sin 3n (after 
clearing) 


* Quantities below this line hold only after (or just after) clearing. 
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time intervals of 0.02 and 0.01 sec. are also shown. The effect of the cumula- 
tive error involved in the 0.05-sec. interval is clearly evident. 

Check on Clearing Angle by Use of Precalculated Smng Curves 


Po 

0.291 

Pm 

“ 0.936 

Pi 

= ( 

Pm 

0.936 

( 1 

feoir 0.936\ 

V\ 

2.76 1.0 / 


0.311 


0.855 


1.2 » 1.60 

From precalculated curves (Figs. 187 and 188), 


dc = 53.5 deg. (as compared with 53.3 deg. from the swing curve) 



Disploicement Angle in Electrical Degrees 


Fig. 204. — Power-angle curves for the system in Fig. 202 illustrating the effect 
of a line fault and its subsequent clearing in 0.2 second (Example 3). Com- 
parison of the relative size of the two cross-hatched areas indicates stability with 
an ample margin. 

Application of Equal-area Criterion . — The power-angle curves are given 
in Fig. 204. It is evident by inspection that the equal-area criterion indicates 
stability with a considerable margin. 

EXAMPLE 4 


Statement of Problem 

Solve Example 3 using a clearing time of 0.25 sec., using (1) point-by- 
point Method I, Assumption A, and (2) point-by-point Method IV (3), 
Assumption A. 
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Fia. 205- — Auxiliary curves used in determining the oscillations of the gener- 
ators in the system in Fig. 202 by point-by-point analysis Method IV. The 
curves shown apply when the fault is on the system (Example 4) . 



Fio. 206. — Auxiliary curves used in determining the oscillations of the gener- 
ators in the system in Fig. 202 by point-by-point analysis Method IV. The 
curves apply after the fault has been cleared (Example 4) . 
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Solution 

Part 1. — Details of the solution to this part will^ not be presented, since 
they are identical in principle with that presented in Example 3, the only 
difference being the increase in clearing time. The resulting time curves, 
however, are plotted in Fig. 207. 

Pari 2. — Auxiliary curves to be used in accordance with equations (26) 
and (27) must first be plotted. If reference is made to the solution of 
Example 3, Part (1), the power differentials with the line faulted and with 
the fault cleared may be written 

^ _ J (8,000 — 9,322 sin 5) kw. — line faulted 
” ( (8,000 — 20,508 sin 8) kw. — ^fault cleared 


cu* 

25.000 1000 

20.000 800 

15.000 600 

10.000 400 
5000 200 


-5000 “200 
- 10,000 -400 




IKSRBPil 

■SBHi 



T»me in Seconds 

Fig. 207. — Curves of angular displacement, angular velocity, and accelerating 
power for the system in Fig. 202, illustrating the effect of a line fault and its 
subsequent clearing in 0.25 second. The curves marked AP Constant are deter- 
mined by point-by-point analysis Method 1 and those marked AP Variable by 
Method IV. All curves are based on Assumption A (Example 4). 


At = 0.05 sec. and M — 2.564 kw. per elec. deg. per sec.* 
A<* 

— = 1.624 X 10-* 


Consequently 


.3 — 1.513 sin 8 — line faulted 
.3 — 3.335 sin 8 — ^line cleared 


From the above, using assumed values of 5, the quantities AtAP/{2M) 
and 8 — APAP/iQM) may be computed, and 8 and AtAP/(2M) plotted 
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against B — At^AP/{6M). The necessary values are collected in the tables 
below. 


Line Faulted 


8 

elec. 

deg. 

sin 8 

M 

1.3 - 1.513 
sin 8 

^,(1.3 - 1.513 
sin 8) 

^At* 

Col. 1 - Col. 4 

18 

0.309 


0.832 

50.0 

17.2 

30 

0.500 

0.757 

0.543 

32.6 

29.5 

40 

0.643 

0.975 

0.325 

19.5 

39.7 

50 

0.766 

1.160 


8.40 

49.9 


0.866 

1.310 

-0.010 



70 

0.940 

1.411 

-0.111 

-6.67 

70.1 


Fault Cleared (5 Positive) 


8 

elec. 

deg. 

sin 8 

3.335 
sin 5 

1.3 - 3.335 
sin 8 

1^(1. 3 - 3.335 
sin 8) 

At* 

Col. 1 - Col. 4 

0 

0 

0 

. 1.3 

78.0 

-1.3 

10 

0.1736 

0.58 

0.72 

43.2 

9.28 

20 

0.342 

1.14 

0.16 

9.6 

19.84 

30 

0.500 

1.67 

-0.37 

-22.2 

30.37 

40 

0.643 

2.14 

-0.84 

-50.4 

40.84 

50 

0.766 

2.56 

-1.26 

-75.6 

51.26 

60 

0.866 

2.89 

-1.59 

-95.4 

61.59 

70 

0.940 

3.14 

-1.84 

-110.4 

71.84 

80 

0.985 

3.29 

-1.99 

-119.4 

81.99 

90 

1.000 

3.34 

-2.04 

-122.4 

1 92.04 


When the fault is cleared, the angle 8 also assumes negative values. The 
value of the expression 


8 —AP = 5 - 1.3 + 3.335 sin 8 

GM 

for 8 negative is — (2.6 + value for 5 positive). Hence the values computed 
for positive 8*s can })e used by simply adding 2.6 and reversing the sign. 

The expression 

At 3 

— AP = — (1.3 — 3.335 sin 8) 

2M At 


for negative values of 8 becomes 


( 


value for 8 positive — 2. 


.ei). 

£U/ 


Hence 
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Tabus 56. — Point-bt-foint Calculation of Swinq Cobvbs by Mbthod 

IV(3) 

(Example 4) 


t 

sec. 

5n-l 

deg. 


1 AP ^ 

3oAP,_,2j^ 

Bn - 

APn — - 
%M 

AP ^ 

tOn-l 

: deg./ 
Bee 

AP._i 

kw. 

0 

18.2 

0 

1.65 

19.9 

49.5 

0 

5,080 

0.05 

20.5 

4.77 

1.53 

26.8 

45.8 

95.4 

4,700 

0.10 

27.3 

8.86 

1.20 

37.4 

36.0 

177.2 

3,690 

0.16 

37.5 

11.77 

0.74 

50.0 

22.2 

235.4 

2,280 

0.20 

50.0 

13.31 

0.3 

63.6 

8.1 

266.3 

831 

0.25 

63.6 

13.56 

- 0.1 

77.1 

- 3.1 

271.3 

-318 

0.25 + 

63.6 

13.56 

- 3.39 

73.8 

- 101.8 

271.3 

- 10,440 

0.30 

72.0 

2.82 

- 3.76 

71.1 

! - 112.7 

56.5 

- 11,550 

0.35 

69.3 

- 8.30 

- 3.64 

57.4 

- 109.8 

- 166.0 

- 11,260 

0.40 

56.0 

- 18.19 

- 2.93 

34.9 

- 88.0 

- 363.8 

- 9,030 

0.45 

34.2 

- 24.34 

- 1.17 

8.7 

- 35.0 

- 486.8 

- 3,590 

0.50 

9.7 

- 23.84 

1.50 

- 12.6 

45.0 

- 476.8 

4,610 

0.55 

- 10.5 

- 15.8 

3.86 

- 22.4 

115.8 

- 316.0 

11,880 

0.60 

- 20.0 

- 2.66 

4.90 

- 17.8 

147.0 

- 53.2 

15,080 

0.65 

- 15.3 

11.29 

4.4 

0.4 

132.0 

225.8 

13,540 

0.70 

1.6 

21.49 

2.4 

29.5 

72.0 

429.8 

7,380 

0.75 

29.0 

24.09 

- 0.7 

52.4 

- 20.0 

481.8 

- 2,050 

0.80 

51.0 

19.19 

- 2.6 

67.6 

- 78.0 

383.8 

- 8,000 

0.85 

65.8 

10.04 

- 3.5 

72.3 

- 105.0 

200.8 

- 10,780 

0.90 

70.5 

- 0.76 

- 3.7 

66.0 

- 111.0 

- 15.2 

- 11,400 

0.95 

64.2 

- 11.45 

- 3.43 

49.3 

- 102.8 

- 229.0 

- 10,540 

1.00 

48.0 

- 20.14 

- 2.37 

25.5 

- 71.0 

- 402.8 

- 7,280 

1.05 

25.4 

- 24.11 

- 0.28 

1.0 

- 8.5 

- 482.3 

-872 

1.10 

2.1 

- 21.02 

2.34 

- 16.6 

70.3 

- 420.5 

7,220 

1.15 

- 14.3 

- 11.08 

4.28 

- 21.1 

128.5 

- 221.7 

13,180 

1.20 

- 18.8 

2.49 

4.80 

- 11.5 

143.0 

49.8 

14,680 

1.25 

- 9.5 

15.24 

3.73 

9.5 

112.0 

304.8 

11,500 

1.30 

10.0 

22.49 

1.43 

33.9 

43.0 

459.8 

4,410 

1.35 

33.1 

23.52 

- 1.08 

55.5 

- 32.4 

470.4 

- 3,300 

1.40 

54.0 

17.67 

- 2.82 

68.9 

- 84.5 

353.5 

- 8,670 

1.45 

67.0 

8,11 

- 3.56 

71.5 

- 106.8 

162.2 

- 10,960 

1.50 

69.8 

- 2.75 

- 3.68 

63.4 

- 110.5 

- 55.1 

- 11,340 
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the values for positive angles can also here be used by subtracting 156 and 
reversing the sign. This gives 


Fault Cleared (6 Negative) 


6 elec, 
deg. 



-10 

112.8 

-11.82 

-20 

146.4 

-22.44 

-30 

178.2 

-32.97 


The auxiliary curves for the system faulted and after the fault has been 
cleared will be found in Figs. 205 and 206, respectively. 

The details of the point-by-point computations, making use of the 
auxiliary curves in accordance with the method previously outlined (page 
398), will be found in Table 55. The curves of power differential and 
angle are plotted from the tabulated values in Fig. 207. 



CHAPTER XIV 

TRANSIENT STABILITY. COMPOUND SYSTEMS 


The General Two-machine System. — The general two-machine 
system involves two synchronous machines connected by a dis- 
sipative network which may or may not contain static loads (or 
their equivalent).^ It represents an important case, and quite 
frequently practical transient-stability analyses are based on this 
layout. It may be identical with the system actually at hand 
but is more often the result of 
a simplification of the actual 
system.^ 

The stability of such a system 2O8. — General two-machine sys- 

(for instance, the one in Fig. 208), 

when its equilibrium is upset by a disturbance, may, in general, 
be examined by inspecting the swing curves of the machines. 
Such swing curves are obtained by solving the differential 
equation 

M^ = P-P, = AP ( 1 ) 

for each machine by means of a point-by-point process, as 
previously has been described.^ Either the angle of each machine 
with respect to some standard reference line or else the angle 
between the machines (the difference between the separate 
angles) may be plotted versus time. The former indicate the 
actual movement of each machine, the latter, their relative 
movement which, of course, is of principal interest from the 
standpoint of stability. Swing curves for a general two-machine 
system are illustrated in Fig. 212. 

‘Dahl, O. G. C., Stability of the General Two-machine System,'’ 
Trans. A.I.E.E., p. 185, 1935; Pritchard, S. R., Jr., and Edith Clarke, 
‘^Calculation of Two- Machine Stability, with Resistance,” Gen. Elec. Rev.^ 
p. 87, February, 1934. 

* See Chap. IX. 

* See Chap. XIII. 
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The primary thing during a point-by-point analysis is the 
determination of the output at each point as the calculations 
progress. If damping is neglected and it is assumed that the 
entire circuit, including the machines, is linear, i.e., the satura- 
tion in the machines is neglected, the output may be determined : 

1. By direct calculation. 

2. From power-angle curves. 

3. From circle diagrams. 

1. Output Determined by Direct Calculation , — The outputs of 
the machines^ are given by 


Pi = ^ cos ^11 — cos (5 + ^ 12 ) (2) 

Zfii Z/12 

and 

Pi = cos Bii - ^ cos (b - du) (3) 

Z22 ^12 

Three sets of these equations must in general be available: 
(a) for operation with the system intact, (h) for operation with 
the system faulted, and (c) for operation with the faulty section 
cleared.^ Discontinuities in the outputs occur when the fault 
comes on and when it is cleared. The initial operating angle is 
obtained from the first set. Using this angle in the second set 
gives the outputs immediately after the occurrence of the fault. 
These outputs in connection with the inputs to the machines 
fix the initial power differentials, assumed constant during the 
first interval.® The outputs for successive intervals are obtained 
from the same set of equations by substituting the proper system 
angles. When the time elapsed equals the clearing time, the 

1 The given equations [see Chap. VIII, equations (8) and (9) in par- 
ticular] apply only when the machines are represented by a single impedance. 
Fundamentally, therefore, they apply to non-salient-pole machines but 
may also be used for salient-pole machines provided properly corresponding 
impedances and internal voltages represent the latter. This matter is fully 
covered in Chap. XII. 

* If the faulty section is cleared by sequential switching, part c may 
require two sots of equations. In systems with reactance compensation by 
series capacitors additional sets may also be necessary. 

® Modification in regard to this assumption is evidently possible and 
depends, in general, on the accuracy desired. Discussed in detail in Chap. 
XIII. 
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third set of equations supersedes the second. The outputs 
immediately following the clearing of the fault are determined by 
using the ‘‘clearing angle/' i.e., the system angle at the instant of 
clearing, in these equations. 

2. Output Determined from Power-angle Curves. — ^The procedure 
is as before except that the out- 
puts are determined from 
power-angle curves instead of 
by calculation. Data for the 
power-angle curves are obtained 
from the output equations or 
from circle diagrams. Power- 
angle curves for a general two- ^ 
machine system are shown in J 
Fig. 209. The output of each 
machine is plotted versus dis- 
placement angle between them 
with machine 1 considered 
leading. 

3. Output Determined from 
Circle Diagrams. — ^The charts 
giving the output of the 
machines — input to each end 
of the circuit with machine 
impedances included — are best 
constructed from formulas in terms of general circuit constants 
(Chap. X, Vol. I). Let the general circuit constants (excluding 
C as not needed in the present application) be 



Fia. 209. — Actual and equivalent 
power-angle curves and input line for a 
general two-machine system. The 
maximum angle 5m is reached when the 
areas Ai and A 2 are equal. 


A = \A\la = ai + ja2 
B = \B\l±^hi+3h2 (4) 


assuming that the “sending" end is at generator 1. Since the 
synchronous machines are considered to operate as generators, 
both charts should evidently be of the sending-end type. The 
horizontal and vertical displacements of the center and the radii 
of the circles are consequently given by: 


♦ This symbol 5 adopted and systematically used in Vol. I for the angle 
of the general circuit constant Z>, when written in polar form, must not be 
confused with the angle b representing synchronous-machine displacement. 



442 


ELECTRIC POWER CIRCUITS 


For generator 1 : 


Ao, = VVl = 

(5) 

Tf _ „/Tr2 _ ~ 

Box -mVi- K 1 

(6) 

Cox = n'V^ = -7-^= W 

Ex Vbl + bl Ex 

(7) 

For generator 2: 


A,. - tVi - if^Yt 

(8) 

B„ - mvi - ■■’I;; ^ if’Vl 

(9) 

+ 11 Ei 

(10) 


The charts are, as seen, of the ^^modified^^ type universally 
applicable independent of voltage. The active- and reactive- 



Fiq. 210. — Elements of circle diagrams giving the output of the generators of a 
general two-machme system under fault condition. Note the abnormal amount 
of reactive power supplied. 


power scales are correct and direct-reading at the nominal value 
of voltage at the end in question. The circles represent ratios of 
the voltages at the two ends. The power unit used is immaterial. 
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Charts for the three operating conditions previously discussed 
may be constructed. Since the first set in general is used only for 
determining the initial operating conditions, it may be omitted if 
desired and if not required for any other purpose. This may 
possibly save some time. The two other sets, z.c., for operation 
with the system faulted and for operation with the faulty section 
cleared, are needed during the point-by-point analysis proper. 
The outputs for the respective intervals are readily ascertained 
by entering the charts with the voltage ratio and the angle. 

Elements of charts for the two machines are shown in Fig. 210. 
They are for operation with the fault on the system (note the 
abnormal amounts of reactive power supplied). The zero- 
angle lines are located in the usual manner by means of the angles 
of the general circuit constants A and D. Arrows indicate the 
direction in which the voltage vector swings in the two charts, 
respectively, when the machines move apart. The operating 
point immediately after the occurrence of the fault is located 
by means of the initial angle Bo. 

Representation of Performance of the General Two-machine 
System by a Single Equivalent Power -angle Curve. — It has been 
previously shown (Chap. XIII) that in the special case of a 
two-machine system where one machine operates as a generator 
and the other as a motor and the circuit contains reactance 
only, it was permissible to concentrate an equivalent mass at 
one end of the system and consider the other as an infinite bus.^ 
The circuit itself was to be retained as in the actual layout, 
and the input to the equivalent machine the same as the input 
to the actual machine. 

A somewhat similar procedure is possible also with the general 
two-machine system. It is possible also here to locate a machine 
with an equivalent mass at one end and to consider the other end 
as an infinite bus and hence enable the solution to be based on a 
single power-<ingle curve. In the general case, however — and 
this distinction should be carefully noted — it is necessary (1) 
to modify the circuit so as to obtain an equivalent power-angle 
curve, and (2) to use an equivalent input to the machine, 

1 See papers by R. H. Park and E. H. Bancker, “System Stability as a 
Design Problem/’ Trans, A.I.E.E.^ p. 170, 1929; I. H. Summers and J. B. 
McClure, “Progress in the Study of System Stability,” Trans. A,I,E,E., p. 
132, 1930; and others. 
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The relative acceleration of the two machines is given by 

P i\ P\ P i 2 P2 


dH 

dP 


Ml 


AP2 

M 2 


Ml 


M 2 


( 11 ) 


which for the purpose of getting an equation of standard form 
[corresponding to equation (1)] may be written 

M1M2 d^b _ M2AP1 — M1AP2 _ M 2 Pii — MiPi 2 

I 

P\ - P' (12) 


Ml + M2 dP Ml M2 ilf 1 + M2 

M 2 P 1 - M 1 P 2 


Ml + M 2 


or, more simply, as 


d^b 


= P'i -P' == AP' 


(13) 


Here the equivalent input PJ is given by 

p, _ M 2 P a — MiPi2 

Ml +lf2 

and the equivalent output P' by 

P' = MyPi - M 1 P 2 

Mi + M 2 


(14) 


(15) 


while the equivalent inertia constant Moj as in the simpler case, is 
obtained by “paralleling^' the actual inertia constants of the two 
machines and is hence given by 


Mo = 


M1M2 
Ml + M 2 


(16) 


Equation (13) is, as seen, of exactly the same form as that 
for a machine connected to an infinite bus through a circuit of 
arbitrary constants. The stability of the general two-machine 
system may be correctly examined by the solution of this equation 
by point-by-point or other methods. Hence the general two- 
machine case at hand has been reduced to that of an equivalent 
generator supplying power over an equivalent circuit to an 
infinite bus. The input to the equivalent machine is a function 
of the inputs to the actual machines and the inertia constants, 
while the output of the equivalent machine similarly depends 
upon the outputs of the actual machines and the inertia constants. 
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From the standpoint of relative motion, this representation, 
as well as equation (13) based on it, is ex'act in every respect.^' 
The inputs may be constant or variable, and the outputs may 
or may not include the effect of damping. Its use in stability 
solutions based on simplified criteria, however, is practical 
only when the inputs are constant and the damping neglected. 
Under these conditions, the equivalent input is fixed, and the 
output is a function of the internal voltages of the machines 
and the displacement angle between them the displacement 
angle between the equivalent machine and the infinite bus). 

Introducing the expressions for the outputs from equations 
(2) and (3) and collecting constant and variable terms, equation 
(13) becomes 


M — P' 


E^ 

cos ^11 — Mr— cos 022 

Zii Z22 


Ml + Mi 

E E 


M. 




By combining the trigonometric functions, this equation again 
reduces to 


= p;- -P'= P'i - [P'c - PL cos (6 + ^)] (18) 

Here the displacement term, the amplitude, and the phase angle 
of the equivalent sinusoidal power-angle curve are given by 


E\ El 

Milf^ cos 011 — Mi^ cos 022 
Zii Z22 

Mi + Mi 

f = tan-»( j^^± - ^n angx.) (21) 

In Figs. 209 and 211 are shown actual and equivalent power-angle 

^ Subject, of course, to the usual limitation resulting from the assumption 
of constant actual speed of rotation (t.e., constant relationship between 
torque and power). 
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curves and input lines for a representative general two-machine 
system. Figure 209 involves a single (initial) discontinuity only 
and may, for instance, represent the case of a fault with either 



Fig. 211. — Actual and equivalent power-angle curves and input lines for a 
general two-machinc system. The curves illustrate the effect of a line fault and 
its subsequent clearing (at angle ««). The maximum angle is reached 

when the cross-hatched areas on eitW side of the equivalent input line (the 
accelerating and decelerating areas) are equal. (The curves here shown are 
results from an actual examination of the stability of a large power-transmission 
system.) 


long-delayed or instantaneous clearing. Figure 211 involves two 
discontinuities (one initial) and may be taken to illustrate the 
case of a fault and its subsequent clearing after the lapse of a 
certain time. 
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Simplified Stability Criterion Applied to the General Two- 
machine System. — This criterion, which ha^ already been out- 
lined in the preceding chapter, assumes that if the machines 
come to rest with respect to each other during their first swing 
apart, the system is stable. The mathematical formulation 
of this criterion, as given by equation (33), Chap. XIII, is 



introducing in the second term the equivalent power differential 
and inertia constant in accordance with equation (13). In 
the previous detailed discussion of this criterion and its applica- 
tion, it was stated that in a stable system there were two possi- 
bilities in regard to the value of the relative acceleration 



at maximum angle, viz,: 

1. The relative acceleration may have a finite value. 

2. The relative acceleration may be zero. 

In the equivalent formulation of the general two-machine 
system, it is evident that the equivalent power differential is 
proportional to the relative acceleration. Hence zero accelera- 
tion occurs when AP' = 0. Graphically this corresponds to 
the point of intersection between the equivalent input line and 
power-angle curve. 

Equivalent power-angle curves as well as time curves of angle, 
rate at which the machines swing apart (relative slip), and 
acceleration are plotted for the two cases in Figs. 212 and 213, 
respectively. These are based on a single (initial) discontinuity 
only and arc merely intended to illustrate principles. Either case 
indicates stability. In the former the machines come to rest 
with respect to each other while the acceleration still is negative. 
This would cause the machines to swing together again and 
oscillate with respect to each other before finally merging into 
new steady-state conditions. In the second case, where the 
load is critical, the machines come to rest with respect to each 
other, and the acceleration becomes zero simultaneously. The 
system is aperiodic, and the new steady-state conditions, reached 
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at the end of the first swing, are represented by the maximum 
angle. ^ 



Fig. 212. — Equivalent power-angle curve and time curves of relative angle, 
slip, and acceleration for a general two-machine system with loading below the 
critical. 



Fig. 213. — Equivalent power-angle curve and time curves of relative angle, 
slip, and acceleration for a general two-machine system for critical load con- 
ditions. Stability requires that the area .4 1 be smaller than or, at the limit, equal 
to the area Az. 

For the purpose of further illustration and comparison, curves 
for two unstable cases are plotted in Figs. 214 and 215. In the 

^ It is evidently necessary that some margin actually be present. If 
exactly the critical load were carried and, in accordance with the above, the 
system attempted to settle at the maximum angle, the operation here would 
be statically unstable and could not be sustained except under conditions of 
dynamic equilibrium. 
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former the equivalent input line lies above the maximum of the 
equivalent power-angle curve. Hence the power differential and 
the acceleration, although decreasing for a while and passing 



Fig. 214. — Equivalent power-angle curve and time curves of relative angle, 
slip, and acceleration for a general two-machine system with loading above the 
critical. Stability is definitely lost. Since the equivalent input line lies entirely 
above the power-angle curve the sign of the acceleration remains unchanged and 
there is no tendency to check the swinging apart of the machines. 



Fig. 216. — Equivalent power-angle curve and time curves of relative angle, 
slip, and acceleration for a general two-machine system with loading above the 
critical. Stability is definitely lost. Since the equivalent input line intersects 
the power-angle curve the acceleration changes sign and there is hence a ten- 
dency, although insufficient, to check the swinging apart of the machines. 
Area Ai is larger than area A 2, indicating that synchronism cannot be maintained. 

through a minimum, do not change sign. The angle and relative 
slip continuously increase. In Fig. 215 the power differential 
and the acceleration change sign but the kinetic energy stored 
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during the (positive) acceleration period is not fully given up 
prior to reaching the optimum angle. The relative speed after 
reaching a maximum passes through a minimum at the critical 
angle. The angle continuously increases as in the preceding 
case. (It is of interest to note that the angle curve in Fig. 215 
has two points of inflection, while in Fig. 214 there are none.) 

It has already been shown that the simplified stability criterion 
for two-machine systems may be converted into an equal-area^' 
method [equations (40) and (41), Chap. XIII]. To apply this 
equal-area criterion of stability directly on the power-angle 
curves, however, is not practical when separate power-angle 
curves are used because the optimum angle to which the system 
may be permitted to swing is not inherently defined geometrically 
by the power-angle curves and the input lines (see Figs. 209 and 
211). With separate power-angle curves, the graphical determi- 
nation of optimum angle requires an auxiliary plot of relative 
acceleration (APi/ilfi) — (AP 2 /ilf 2 ) versus angle. Explicit use of 
the equal-area method, therefore, as a criterion of stability in the 
two-machine system is especially convenient and practical when 
the inertia is concentrated at one end so that an infinite bus is 
obtained at the other, z.c., when the equivalent system previously 
described is utilized. 

With respect to the equivalent power-angle curve, the equal- 
area method is directly applicable as such. The optimum angle 
is here fixed by the intersection of the equivalent power-angle 
curve and the equivalent input line. Referring to Fig. 213, 
stability requires that the area ili be smaller than or — at the 
limit — equal to the area A 2 . 

General Multimachine System. — The complexity of the 
transient-stability analysis increases with the number of syn- 
chronous machines or generating stations which have to be 
considered as separate entities. A multimachine syst(im there- 
fore should always be reduced as much as practicable and con- 
sistent with accuracy prior to the analysis. Machines or 
stations which are closely connected electrically and which 
therefore may be considered to oscillate together as a group may 
be combined into a single equivalent machine. Sometimes 
inspection of the system will reveal to what extent this can be 
done and what machines or stations may be joined together 
into groups. Obviously, no general rule can be given. The 
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grouping will depend on the layout of the particular system, 
on the position of the faults to be considered, and on the relative 
size and characteristics of the machines. With respect to 
the last, it is principally the transient characteristics and their 
inertia which are of importance. The proper combination into 
groups would in each case depend upon the judgment of the 
engineer handling the problem and is greatly facilitated when he 
has experience in handling multimachine stability problems and 
can draw upon this experience and utilize facts from previous 
analyses as a guide. 

Maximum simplicity results if and when the multimachine 
system can be reduced to a two-machine setup. In the case of an 
isolated hydroelectric station supplying power over a long- 
distance transmission line to a metropolitan load area, such a 
reduction is usually practicable and gives sufficient accuracy 
when the faults to be studied are on the transmission line. From 
the steady-state point of view, reduction of this system has been 
discussed in detail in Chap IX utilizing the conceptions of 
equivalent generators and equivalent loads developed in Chap. 
VI. Much of the treatment there given has a bearing also on 
the methods of reduction which may be used in transient- 
stability problems. 

If reducible to a two-machine system, the methods for check- 
ing transient stability are as outlined above. In other words, in 
this case a point-by-point analysis may be dispensed with and 
simplified criteria utilized. In the multimachine problem on the 
other hand {i.e., in any case where the system to be analyzed 
contains more than two machines, it being immaterial in this 
connection whether this system represents the actual system or a 
simplification thereof), complete point-by-point analyses must in 
general be made. In other words, it is necessary to determine 
angle-time curves of all machines or at least of those machines 
(or groups of machines) which are critical under the examined 
fault conditions. These curves must be extended over a time 
interval long enough for conclusions to be reached as to the 
stability of the system. Furthermore, in the multimachine 
case, actual machine angles with respect to a common reference 
axis (which, of course, may coincide with the field structure of 
one of the machines) must be used rather than the relative 
angles between the various machines. Of course, the latter 
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angles may easily be obtained and plotted after the former have 
been determined. 

Equivalent Representation of a Machine Group with Associated 
Circuits and Loads. — When several machines associated with a 
certain part of the network and certain loads are to be grouped 
together, the fundamental criterion must be that the equivalent 
used to represent them has essentially correct transient character- 
istics (electrical as well as inertia characteristics) at the point of 
connection to the system. This requirement can seldom be 
accurately met. If the proper machines are combined, however, 
and the combination judiciously handled, an acceptable approxi- 
mation may be obtained. Since the machines are assumed to 
swing together, the relative angles among them remain at their 
initial values during the transients. Furthermore, in the reduc- 
tion it is assumed that some internal voltage in the machines 
(usually the voltage behind transient reactance) also remains 
fixed and equal to the initial value. In regard to the loads, these 
should strictly be represented by their transient characteristics 
which may or may not be the same as during steady-state 
operation. Frequently, however, they are replaced by constant 
impedances which eliminates any possibility of nonlinear rela- 
tions and makes the reductions simpler from the standpoint of 
computation. 

With regard to inertia, it is usual practice to assign to the 
equivalent machine an inertia constant equal to the sum of the 
inertia constants of the actual machines involved in the equiva- 
lent representation. 

In order to obtain the transient operating characteristics of 
a combination of machines, circuits, and loads at the point of 
connection with the system, a procedure similar to that outlined 
in Chap. VI for steady-state conditions may be followed. Com- 
ments or details at this point therefore do not seem necessary. 
It should be borne in mind, however, that transient reactances 
must be used for the machines and transient characteristics for 
the loads. 

When machine saturation is taken into account and the load 
characteristics are nonlinear, the characteristics at the tie-in bus 
are a family of curves of power versus reactive power at various 
values of voltage. Curves of constant angle (displacement 
angle between junction-point voltage and '^nternaF^ equivalent- 
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machine voltage) must also be located in this diagram. As an 
alternative to this, the performance may be represented by a , 
family of power-angle and reactive-power-angle curves at various 
values of voltage. The use of these curves in the subsequent 
stability analysis usually necessitates graphical processes. 

When machine saturation is not considered and the load 
characteristics are linear (t.c., replaced by constant impedances), 
the above-mentioned curves become circles. This means that 
the group of machines with their associated circuits and loads 
actually may be reduced to a three-terminal network (T- or 
^-circuit). One terminal of this equivalent circuit represents 
the point of connection to the system (the system bus), another 
the equivalent internal machine bus, and the third the neutral 
(or ground). The voltage applied to the internal machine bus 
is an equivalent internal voltage, depending upon the actual 
internal voltages of the machines and the (fixed) phase displace- 
ment among them. The performance of this equivalent circuit 
is representable by a standard circle diagram or computable by 
simple equations.^ 

As in the steady state, the characteristics at the system bus 
or the equivalent representation is valid only for a given condi- 
tion of initial loading. If this is changed, new transient charac- 
teristics or a new equivalent circuit must be determined. 

In obtaining the equivalent representation of a group of 
machines and their associated circuits and loads, it was assumed 
above that the angular displacement among machines was fixed 
and equivalent to their actual values under initial steady-state 
operating conditions. In order further to simplify the situation, 
the internal voltages of the machines may be considered in phase 
and of the same magnitudes. When in addition linear character- 
istics are assumed, the problem of obtaining the equivalent 
circuits is much simplified, this being true whether the reduction 
is performed by computation or by representation and measure- 
ments on a Network Analyzer. In the above considerations, it 
was also tacitly assumed that the part of the system to be reduced 
ties in with the remainder at a single point only. This resulted 
in single families of performance characteristics or equivalent 
three-terminal networks. If there are two or more points of 
connection, serious complications are introduced when nonlinear- 

^ Equations (23) and (24) reduced to a two-machine case apply. 
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ity is involved. With linear characteristics, on the other hand, 
the situation is readily handled. With two points of connection 
to the system, the equivalent representation becomes a four- 
terminal network, with three points of connection, a five-terminal 
network, and so on. It is believed that most practical cases 
seldom require the retention of more than two tie-in points. 

The method for determining the equivalent of a machine group 
with its associated circuits and loads actually most frequently 
used in transient-stability studies assumes that all machine, 
circuit, and load characteristics are linear and that the voltages 
behind transient reactance of the various machines are equal 
and in phase. It should be noted, however, that also with this 
method it becomes necessary to reevaluate the equivalent circuit 
when the load conditions are changed. 

The analytical reduction can be performed by successive 
applications of A-Y and Y-A transformations. Sometimes also 
the more general star-mesh transformations may be necessary. 
This has been fully covered in Chap. VI in connection with 
reductions in the steady state. The process may be somewhat 
lengthy and complicated, l)ut the principles involved are obvi- 
ously straightforward. 

In a relatively complicated setup, much time and effort may 
be saved by making use of a Network Analyzer. The group of 
machines with its associated circuits and loads are set up on the 
analyzer, and all the machine reactances (on their internal side) 
are connected together to a common bus. The identity of this 
as well as the identity of the connection points with the system 
is to be preserved. By proper voltage and current measure- 
ments from which impedances may be computed at these buses, 
the elements of the equivalent circuit may readily be determined. 

Representation by an Equivalent Generator and an Equivalent 
Load. — In discussing the representation of a receiving-end 
system in connection with the problem of steady-state stability 
(Chap. VI), the advantage was pointed out of using a separate 
generator and equivalent load both connected directly to the 
system bus. In general, this is practical only when connection 
to the system occurs at a single point and eliminates the necessity 
of completely redetermining the equivalent circuit when load 
conditions change. Obviously the same idea may be extended 
to the transient case. The very same methods may be applied 



TRANSIENT STABILITY. COMPOUND SYSTEMS 455 


here, the difference being, of course, that the machines must be 
represented by their transient reactances instead of their syn-, 
chronous reactances. Also, if the loads are not to be represented 
by constant impedances transient load characteristics must be 
introduced (assuming that there is a difference between these 
and the steady-state characteristics).^ 

Equivalent Generator . — The size of the equivalent generator is 
determined from the consideration that the short-circuit kilovolt- 
amperes which it would supply to a symmetrical three-phase 
short circuit at its terminals are the same that the machine group 
to be represented would supply to a similar short circuit at the 
point of interconnection to the system. 

These short-circuit kilovolt-amperes may be determined on 
three bases (similar to those used for steady-state conditions) 
viz., (1) with the voltages behind transient reactance of all 
generators phase-displaced by the proper amount and having 
the proper values to supply the loads on the system and with the 
loads attached; (2) with the voltages behind transient reactance 
of all generators in phase but equal to their actual values with 
load on the system without, however, considering the load in 
obtaining the short-circuit kilovolt-amperes; and (3) with the 
voltages behind transient reactance of all generators in phase and 
equal to unity and omitting the loads. 

It is not considered necessary to discuss the procedure in 
further detail, reference being made to Chap. VI. Whether 

^ Network-analyzer studies of receiving-end-system representation for 
transient-stability analyses have been made at the Massachusetts Institute 
of Technology in the following Master's theses: 

Keefe, W. E., and W. E. Peterson, “Equivalent Circuits Representing 
Receiving-End Systems for Transient Stability Studies," 1935. 
Lebenbaum, Paul, Jr,, “Equivalent Circuits for the Representation of 
Large Metropolitan-area Loads and Generating Stations in Transient 
Stability Studies," 1936. 

Hori, Taichiro, “Equivalent Circuits for the Representation of Large 
Metropolitan-area Loads and Generating Stations in Transient Stability 
Studies," 1936. 

Falls, O. B., Jr., and C. Hobson, “Equivalent Circuits for the Representa- 
tion of Large Metropolitan-area Loads and Generating Stations in 
Transient Stability Studies," 1937. 

Perouse, M. J. and R. M. Stinglhamber, “Equivalent Circuits for the 
Representation of Large Metropolitan Areas in Transient Stability 
Studies," 1937. 

These studies arc being continued. 
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carried through by computation or on a Network Analyzer, the 
ultimate result will be an equivalent generator of a certain size 
with a certain equivalent transient reactance attached directly 
at the point of interconnection to the system. 

Equivalent Load , — The equivalent load is also obtained by 
methods similar to those applying to steady-state conditions as 
discussed in Chap. VI (except that transient characteristics 
may have to be used). The ultimate result is a single equivalent 
load at the point of interconnection to the system. The equiva- 
lent load may be given approximate load characteristics if 
desired, or considered as a constant-impedance load. In either 
case adjustments as a consequence of varying load conditions may 
be directly reflected in the equivalent load. 

An Alternative Approximate Method for Determining the 
Equivalent Generator and the Equivalent Load. — This method 
involves the use of the size of equivalent generator and equivalent 
load determined on the basis of steady-state considerations. To 
this generator is then arbitrarily assigned a transient reactance 
of reasonable value. It may even be taken equal to what may be 
considered normal for the types of machine involved, or a value 
may be selected based upon the weighted average of the actual 
transient reactances of the machines in the group. 

With respect to the size of the equivalent load, this will be 
the same as for steady-state conditions. If actual load character- 
istics are to be applied to it, these would be transient character- 
istics rather than the steady-state characteristics if there is any 
difference between the two. 

Determination of Output. — As previously stated one of the 
essentials in a point-by-point stability analysis is the determina- 
tion of the outputs of the machines for each step in the analysis. 
In the multimachine system this may be done by (1) calculation, 
and (2) measurements on a Network Analyzer. In a compli- 
cated system, the latter is usually the only practical procedure 
from the point of view of time and labor. 

Output by Calculation , — The output of any machine depends 
upon the internal voltages of all machines in the system, the 
phase position of all machines with respect to a common reference 
axis (or the relative displacement angles among the machines, 
which in effect amounts to the same thing), and the electrical 
constants of the connecting network as well as of the loads. 
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Power-flow equations can be readily established only when each 
machine is represented by a single impedahce and the loads by 
constant impedances. The general type of output equation is 
then the same as would hold for steady-state conditions^ and 
may for the nth machine be written 

Pn + jQn = ^ COS 0„n - COS («. - + 0,i) - ^ 

^nn ^nl ^n2 

cos (dn “ ^2 + Bnz) — * * * 

+ j\ — sin $nn + sin (5„ — 5i + Bni) + 

L ^nn ^nl 

— - sin (5n —52+ Bn 2 ) + • * * j 

„ sin (Xnn + sin (On 5i Otn\) + rv 

^nn "nl "n2 

sin (5n — 52 — an 2 ) + • • • 

+ j\ cos Otnn H ^ — - COS (5« — 5i — ttnl) + 

L "nn ^nl 

^ cos («„ - «2 - am) + • • ■ j (23) 


or, since 5n — 5i = 5ni, etc., 

Pn + jQn = P- COS (?„„ - COS (5.1 + ffnl) “ COS 

^nn "nl "n2 


+ 4 -Z 7 ,” 


(5n2 + Bn^ — . . . 

, EnEi . , I n \ I EfJEz 

Sin Bnn H )7 Sin ( 5 nl + ^nl) H >7 

^nl 


sin (5n2 + ^n2) + 


II 

Znn 

+ Ji 


Sin 


, EnE\ • /js \ 1 EnE2 . 

ctnn H — ^ — Sin (o„i — ani; H — ^ — sin 

^nl "n2 

(5n2 — <Xn2) + 


1 Znn 


, EnEi v , EnE^ 

COS ttnn H iT COS (Onl ““ Ornlj H fj 

^nl ^»2 


COS (5n2 — Otn^ + 


(24) 


The first of these involves, as will be noted, angles with respect 
to a common axis while the second makes use of relative angles. 


‘ The first and second part of equation (23), above, are identical with 
equations (9) and (12) respectively, of Chap. VIII. 
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It is evident that the latter are positive when the nth machine 
leads the other machine in question. The voltage symbols 
represent magnitudes of the internal voltages, and the impedance 
symbols represent magnitudes of the driving-point and transfer 
impedances, respectively. The ^’s are the angle of the corre- 
sponding impedances, while the a^s represent the complements of 
the impedance angles. In most stability analyses, it is usually 
only the active-power output which is of interest and needs 
evaluation. 

If each machine is represented by its direct-axis transient 
reactance, a method which is frequently adopted for salient- as 
well as non-salient-pole machines, all internal voltages should be 
those behind transient reactance, in other words (using the 
nomenclature introduced in Chap. XII) En = ^tn, Ex = Cti, etc. 

All driving-point and transfer impedances entering into the 
equations should be evaluated from a setup utilizing direct-axis 
transient reactances for the machines. The angles involved will 
then, according to the equation used, either represent the phase 
displacements of these voltage vectors with respect to a common 
reference or the relative phase displacement among them. With 
this representation, the true angular position of the machine rotors 
is not obtained. 

If each machine is represented by its quadrature-axis reactance, 
a procedure sometimes followed with salient-pole machines in 
order that the correct angles of the field structures may be 
properly reflected, voltages behind quadrature-axis reactance 
must be used. Thus: En = ez>n, Ex = C/n, etc. These voltage 
vectors, as previously demonstrated, rigidly follow the field 
structure of a salient-pole machine. If the machine is a non- 
salient-pole machine and a representation is desired which will 
give the correct rotor angles, direct-axis synchronous reactaiKjes 
and voltages behind these the excitation voltages) should 
be used. It is to be recalled that these voltages (voltage behind 
quadrature-axis reactance and excitation voltage) may never be 
considered as constant during the oscillations of the machines, 
neither when the usual simplifying assumptions are made (see 
Chap. XII) nor when exciter action is included in the analysis. 

It should not be inferred from the above that in a multi- 
machine system all machines must be represented in the same 
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manner. This is, of course, not necessary. On the contrary, it 
may at times be desirable to apply a different type of representa- 
tion to some of the machines than is used for others. This may 
be due to the fact that the system contains both salient- and 
non-salient-pole machines, assuming that it is desired to dis- 
tinguish between their characteristics beyond what is reflected 
by differences in the value of a single constant (for instance, the 
direct-axis transient reactance). Different representation is 
more likely to be introduced, however, in order to increase the 
accuracy of treatment of those machines which are of particular 
interest in the problem at hand (for instance, the machines in a 
contemplated station, machines which are critical under the 
examined fault conditions, etc.) especially when refinements, like 
exciter response, etc., are to be taken into account. 

It is obvious that the use of the output equations rapidly 
becomes complicated in a multimachine system. Furthermore, 
and this usually is still more serious, it is a very complicated and 
laborious task to obtain the necessary driving-point and transfer 
impedances entering into the equations by purely computational 
processes. 

Output by Network Analyzer . — ^The system in its final form for 
the point-by-point analysis, i.e., after the required amount of 
preliminary reduction, grouping of machines, etc., is set up on 
the analyzer. If within analyzer limits, it may sometimes be 
convenient to represent the system more completely even 
though in the actual analysis certain machines will be considered 
to swing together as a group. The group feature can obviously 
be taken care of by merely connecting the reactances of the 
machines which go with the group to the same generating unit 
(phase shifter). Such complete representation may be of 
advantage if the effect of a number of faults in different parts 
of the system is to be studied, since for the various faults it may 
not always be feasible to consider the same group arrangements. 

On the network analyzer, each machine must be represented 
by a single reactance (previously discussed in Chap. XII). This 
will, for salient-pole machines, be either the direct-axis transient 
reactance or the quadrature-axis reactance and, for non-salient- 
pole machines, the direct-axis transient reactance or direct-axis 
synchronous reactance. 
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Further Comments on the Use of a Network Analyzer in Con- 
nection with Transient-stability Analyses of Multimachine 
Systems. — The positive-sequence system is represented on the 
analyzer and the necessary adjustments made to secure the 
proper steady-state operating conditions. The fault is then 
applied at the proper point. Its subsequent clearing at the 
correct time is accomplished by merely opening the appropriate 
connections. If the fault is a solid three-phase symmetrical 
short circuit, the proper representation on the analyzer is a 
metallic connection between the fault point and the neutral or 
ground bus. If the arc resistance of the fault is to be consid- 
ered, the connection just referred to should include this resist- 
ance. 

If the fault to be represented is dissymmetrical (as for instance 
a line-to-ground, a line-to-line, or a double-line-to-ground, 
short circuit), the proper representation is an impedance between 
the fault point and the ground bus. This impedance usuallj^ 
referred to as the fault shunt depends upon the type of fault and 
on the total negative- and zero-sequence impedances of the 
system as viewed from the* point of fault. ^ For a line-to-ground 
fault, the impedance equals the negative- and zero-sequence 
system impedances in series; for a double-line-to-ground fault, 
the negative- and zero-sequence impedances in parallel; and for 
a line-to-line fault, the negative-sequence impedance alone. 

The necessary negative- and zero-sequence system impedances 
may be determined by direct measurements on an analyzer 
setup of the system^s negative- and zero-sequence networks, 
respectively. This may be done (and this is undoubtedly the 
preferable procedure when the system is a complicated one) prior 
to the stability analysis. If the system is less elaborate so as to 
permit the simultaneous setup of the positive-, negative-, and 
zero-sequence networks without exceeding the limitations of the 
board, the fault effect may be obtained by interconnecting the 
sequence,, ttipt^orks in the proper manner.^ This method, when 
applicable for physical reasons, possesses an advantage in such 
problems where it is desired not only to measure positive- 
sequence quantities (and only these quantities can be obtained 
from the positive-sequence network alone) but also certain 
negative- and zero-sequence quantities. This may be desirable in 
such problems, for instance, as involve determination of short- 

» See Chap. XI. 
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circuit currents or deal with circuit-breaker duties and rela3dng. 

If it is not possible simultaneously to set up all three sequence, 
networks, the required negative- and zero-sequence quantities 
may still be determined relatively easily provided values of the 
proper transfer constants are determined by previous measure- 
ments on the negative- and zero-sequence networks separately. 
These transfer constants (complex numerics) relate either the 
negative- or zero-sequence fault current with the corresponding 
sequence quantity in some other part of the system. During 
the measurements on the positive-sequence setup, the current 
flowing in the fault shunt is recorded. From this the negative- 
or zero-sequence fault current can readily be obtained and thus 
the above-mentioned transfer constant applied to give the desired 
quantity at the other point. 

The application of the fault shunt (or the corresponding inter- 
connection of the sequence networks) as outlined above changes 
the voltages as well as the active- and reactive-power distribution 
in the system. The analyzer readings of machine outputs 
together with the proper inputs determine the power differentials 
tending either to accelerate or decelerate the machines, as the 
case may be. These differentials are then used in the ordinary 
manner for computing the amount of angular swing of each 
machine during a short interval of time. Hence, the angular 
position of all machines is obtained at the end of the interval 
permitting a corresponding displacement of all phase shifters to 
be made on the analyzer. Direct measurement now once more 
gives the output of the machines and hence new values of 
accelerating or decelerating power differentials so that the further 
angular travel of each machine during the second interval of 
time may be computed. By continuing the point-by-point 
analysis in this manner, obtaining each time the network solution 
from the analyzer, the displacements of the various machines 
may be mapped out over a sufficient length of time so as to 
permit a reliable conclusion as to whether or not the system will 
be stable under the given conditions of fault. 

Schedules for Point-by-point Analysis of Transient Stability. — 
As previously pointed out, the point-by-point analysis is best 
carried out according to a definite schedule. There are several 
ways in which such schedules may be arranged. The number 
of items to be included depends upon the results desired and 
upon the degree of refinement to be used. 
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If the aim of the analysis is merely to determine whether or 
not the system is stable, output power and angular displacement 
are the principal quantities which require recording. The 
absolute angular velocities with which the machines oscillate are 
necessary if the inputs are influenced by governor action, whereas 

Transient Stability Analysis 
Point-by-point Analysis Using Network Analyzer 
SCHEDULE A: constant voltage ‘‘behind transient reactance 
DAMPING neglected 

Generating plant: 

Units operating: 

Transformer banks operating: 

Loads: 

Remarks: 
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Examples of schedules which have been found practical are 
presented. Each of these applies to some one synchronous 
machine in a multimachine system and involves different basic 

Transient Stability Analysis 
Point-by-point Analysis Using Network Analyzer 
SCHEDULE C: e:i|^citer action included (neglecting effect 
OF saturation); damping neglected 

Generating plant: 

Units operating: 

Transformer banks operating: 

Loads: 

Remarks: 


Row 



num- 

Item 

Where read or how obtained 

ber 



1 

n 

(No. of time instant; interval) 

2 

t 

~ nAt (seconds) 

3 

€d 

Read: Bus. . . .to AT 

4 

et 

Read: Bus. . . .to N 

6 

id 

Read: Phase shifter G 

6 

idix, - x'i) 


7 

ir 

Read: Fault shunt 

8 

c/ 

€/<o) = V«»- Other values from ex- 



citer-response curve. 

9 

if 

= + id(xd — x'a) 

10 


At f . . 

= — VM-1 

11 



12 

P. 

Read: Phase shifter G 

13 

AP 

= P. - P - P. - P. 

14 

kAPn^l 

* =. 2k" = 

M 

15 

A5 

Abn = A5„_i 4- kAPn-i 

16 

6 

bn *= 5n-l 4” A5n 

17 

<a 

A5„ 


Initial 

conditions 

Before After 
fault fault 


Notb: Swing computations proper (rows 14-17, inclusive) are based on Method II. 

assumptions and varying degrees of refinements. It should be 
borne in mind, of course, that they are all subject to such modifi- 
cation and changes (in number and order of items, etc.) as may 
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be dictated by specific requirements in a particular analysis. 
The following schedules are included: 

Schedule A . — Constant voltage behind transient reactance. 
Damping neglected. 

Schedule B , — Constant fiux linkages in the direct axis. Damp- 
ing neglected. 

Schedule C . — Exciter action included (neglecting effect of 
saturation in the alternator). Damping neglected. 

Schedule D . — Exciter action included (neglecting effect of 
saturation in the alternator) . High-resistance damping included. 

Schedule E . — Exciter action included (neglecting effect of 
saturation in the alternator) , High- and low-resistance damping 
included. 

These schedules as set up arc particularly adapted to Network- 
analyzer solutions. They are, however, essentially equally 
applicable to solutions which are exclusively based on analytical 
methods. In the latter case the entries which are now indicated 
as ‘^read^^ in some manner on the analyzer would be calculated 
by the appropriate formulas. 

It is considered logical to include the schedules at the end 
of the present chapter in spite of the fact that certain details 
entering into Schedules C, Z>, and E have not as yet been covered. 
Thus the problem of exciter action will be comprehensively 
discussed in the three chapters which are to follow. In order 
fully to appreciate the manner in which the effect of regulator 
action and exciter response is brought into the point-by-point 
analysis, a study of these chapters is desirable. Chapter XVH 
is particularly pertinent in this respect. 

Damper action, which is included in Schedules D and E^ is 
treated in some detail in Chap. XIX. Consideration of the 
effect of high-resistance damper windings in a certain machine 
requires * merely the keeping track of the negative-sequence 
currents supplied by this machine as the point-by-point analysis 
progresses. This can be done by calculation using appropriately 
developed formulas for the case at hand, or by measurement 
on the Network Analyzer, as previously pointed out. 

The swing computations themselves, t.e., the determination 
of the angular displacement of a certain machine during a short 
interval of time when the accelerating or decelerating power 
differential is known, depends upon the method adopted. It 
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will be recalled that four methods were described and their 
relative merits discussed in Chap. XIII. The swing computa- 

Transient Stability Analysis 
Point-by-point Analysis Using Network Analyzer 
SCHEDULE D exciter action included (neglecting effect 
OF saturation); high-resistance damping included 
Generating plant 
Units operating 
Transformer banks operating 
Loads* 

Remarks 




— 1 

Initial 

Row 



conditions 

num- 

Item 

Where read or how obtained 




ber 



Before 

After 




fault 

fault 

1 

n 

(No of time instant, interval) 



2 

t 

= nA< (seconds) 



3 

CD 

Read Bus to N 



4 

et 

Read Bus to N 



5 

td 

Read Phase shifter G 



6 

•Q 

1 




7 

IF 

Read Fault shunt 



8 

e/ 

e/( 0 ) = 1 /( 0 ) Other values from ex- 





citer-response curve 



9 

»/ 

= -f tdixd - x'a) 



10 


At, . 

— V)n-1 

1 d 



11 

e'd 

— 4" Ae^i 



12 

P, 

Read Phase shifter G 



13 


x~~ — kr If 



14 

Pi 

^ Po(t-y- (R- - 



15 

AP 

= - p = I\ -PJ -p. 



16 

A;AP( „_i) 

k = 2k" = ^ 

M 



17 

AS 

ASn = ASn-l + kAPn^l 



18 

S 

Sn = Sn-l -{-ASn 



19 

O) 

__ ASn 




Notb Swing calculations propei (rows 16-19, inclusive) arc based on Method II 


tions in the schedules presented herein are predicated upon 
Method II which is both simple and essentially devoid of cumula- 
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Transient Stability Analysis 
Pointrby-point Analysis Using Network Analyzer 
SCHEDULE E: exciter action included (neglecting effect 
OF saturation); high- and low-resistance damping included 

Generating plant: 

Units operating : 

Transformer banks operating: 

Loads: 

Remarks: 


Row 

num- 

ber 

Item 

Where read or how obtained 

1 

n 

(No. of time instant; interval) 

2 

t 

= nAt (seconds) 

3 


Read: Bus to iST 

4 

et 

Read: Bus to N 

5 

id 

Read: Phase shifter G 

6 

id(^g 


7 

tF 

Read: Fault shunt 

8 

e/ 

^/(o) = V(o)- Other values from ex- 
citer-response curve 

9 

if 

= c'd + idlxd — 

10 

Ae^ 


11 


= + Aci 

12 

Ps 

Read: Phase shifter G 

13 

i" 

«*. 

1 

II 

j 

14 

Pi 

/ \ ^ if ^ 1 

dt = 360/ 

(A5i — A52)n \ f 

At “36o/"‘ 

, , 1 _ 1 

15 

Sl 2 

16 

Sl3 

3(j(,y.( )^ — 

(AJi - A«3)» 1 , , 

A^ *■ 3^^^^* . 

17 

Pdl2 

== fli 2 sin* (di — 62 ) H” 0 x 2 cos* (5i — 62 ) 

18 

PdM 

== fli 3 sin* (5i — Sa) -j- 5is cos* (61 — 63 ) 

19 

Pt 

“ P^\2 "f" -^dia ~ Pdl 2 Sl 2 + Pdl8«13 

20 

AP 

= Pi - p = p.-p.-p+ -p^ 

21 

kAl^(^n—l) 


22 

A5 

= A«„_, + kAPn-i 

23 


6 n ~ 5 n— 1 “f" A5 n 

24 

<a 

A«» 

- -M 


Notb: The particular arrangement in this schedule for calculation of low-resistance 
damping (rows 15-19, inclusive) applies to Generator 1 in a three-machine system. Suitable 
modifications are readily made when a different number of marhines is involved (see dis- 
cussion of schedules in Chap. XIX). Swing calculations proper (rows 21-24, inclusive) 
are based on Method II. 
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tive error. If it is desired to use other methods, corresponding 
modifications in the last four rows of the schedules will be 
necessary. 

EXAMPLE 1 

Statement of Problem 

Consider the system described in Example 1 of Chap. VI and for which 
the steady-state stability limit was determined in Example 1, Chap. IX. 



Fig. 216. — Swing curves for the synchronous machines of the system analyzed 
in Example 1, illustrating the effect of a transmission line fault and its subsequent 
clearing in 0.2 second. The curves were determined by a point-by-point analysis 
based on Method II associated with measurements on the M.I.T. Network 
Analyzer. 

Determine by means of a point-by-point analysis, in conjunction with 
measurements on the Network Analyzer, swing curves for the synchronous 
machines in this system and estimate the transient-power limit of the 
hydroelectric station when a solid three-phase fault occurs near the sending- 
end high-tension bus of the transmission line and complete clearing takes 
place at 0.2 sec. by simultaneous action of the automatic circuit breakers at 
the two ends of the faulted section: 

a. Handling the system as a multimachine system. 

b. Representing the metropolitan system to which the transmission line 
feeds by an equivalent generating station and an equivalent load directly 
at the receiving-end bus. 
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The Bynchronous machines are to be represented by their direct-axis tran- 
sient reactances and the voltages behind these assumed constant. The 



Flo. 217. — Swing curves for the system analysed in Example 1 when the 
receiving-end machines are represented by an equivalent generator directly at 
the receiving-end bus. (Additional explanation in caption to Fig. 216.) 


load characteristics as given in Example 1, Chap. VI, are t/O be used in (o) 
and (6). Part (6) is to be repeated using a constant-impedance load. Addi- 
tional data necessary for the transient analysis are as follows: 


Generating 

station 

Rating, 

kva. 

Direct-axis 
synchro- 
nous react- 
ance, 
per unit 

Direct-axis 
transmis- 
sion react- 
ance, 
per unit 

Negative- 
sequence 
reactance, 
per unit 

Inertia 
constant, 
kw./elec. 
deg. /sec.* 

G\ 

262,500 




63.9 

G, 

100,000 


0.25 


101.9 

G, 

75,000 


0.25 


76.4 

Gi 

60,000 

1.00 

0.25 

0.13 

61.1 

G, 

60,000 


0.25 


61.1 

Synchronous 
condenser .... 

125,000 


0.40 

0.25 

17.3 
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Solution^ 

a. Pertinent steady-state conditions in the system at a certain system 
load (corresponding to less than half the normal transmission-line loading) 
are: 



Qi 

Gt 

G, 

Gi 

Gb 

Gt 

Trans- 

mission 

line 

P kw 

110,000 

51,000 

95 

26 

48.000 

-28,200 

112 

14.2 

55.000 

-39,000 

120.5 

17.6 

43,000 

-27,500 

118.5 

17.4 

43,000 

-34,000 

121.6 

16.4 

0 

-33,000 

116 

6 

101,000 

-62,000 

Q kva 

«» per cent. . . . 
5i elec, deg 


Here hi represents the angular displacement between the voltage behind 
direct-axis transient reactance and a standard synchronous reference. 



Fia. 218. — Swing curves for the system analyzed in Example 1 when the 
receiving-end machines are represented by an equivalent generator directly at 
the receiving-end bus. (Additional explanation in caption to Fig. 216.) 


Method II (see preceding chapter) was used in carrying out the point-by- 
point analysis. The swing curves so obtained are plotted in Fig. 216. 

^ Results quoted herein taken from thesis by P6rouse and Stinglhamber, 
loc. cit. 
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h. The steady-state conditions for the equivalent system at two values of 
system load (the reason for using these particular loads will appear latei;) 
are: 



Oi 

Geg 

Transmission line 

Load 1 

Load 2 

Load 1 

Load 2 

Load 1 

Load 2 

P kw 

129,000 

50,000 

96 

16 

145,000 

48,000 

97 

17 

185,000 

-176,000 

121 

2 

186,000 

-196,000 

123 

0.5 

119,000 

-15,000 

132,000 

-12,000 

Q kva 

e% per cent .... 
St elec, deg .... 


The swing curves for load 1 using the actual load characteristics are given 
in Fig. 217. The swing curves for load 2 using a constant-impedance load 
are given in Fig. 218. 

In each of the above cases the load was so chosen that an addition of 
5 per cent to the system load will make the remote station Gi unstable. 
Actually point-by-point solutions were made for these additions in load, 
and the load limit was determined by interpolation. The table below 
gives the results. 


Case a. Actual load characteristics: 

Stable 

Limit 

Unstable 

Case b. Actual load characteristics: 

Stable 

Limit 

Unstable 

Case h. Constantr-impedance load: 

Stable 

limit 

Unstable 


Output of Git kw. 

... 110,000 
... 125,000 
... 129,000 

... 129,000 
... 134,000 
... 145,000 

... 145,000 
... 156,000 
... 166,000 
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ANALYSIS OF UNLOADED EXCITERS 

When automatic voltage regulators are installed, the exciters 
and their action play an important part in the problem of 
transient stability. Their operating characteristics, especially 
with reference to their terminal voltage variations when the 
regulator inserts or short-circuits resistance in their field circuit, 
influence the stability of the system in no small degree. In 
order to appreciate the magnitude and nature of this effect, it is 
necessary to understand the transient processes in the exciter 
itself and to know the factors which govern them. 

Were the iron in the exciters and the generators unsaturated, 

i.e., their magnetization curves straight lines, the transient 
behavior could be analyzed by such methods and equations as 
apply to linear circuits. Only when operation actually takes 
place below the point where saturation effects are noticeable, 
will such methods give rigorous results, while, in general, they 
may be applied as approximations only. In the discussion of 
exciter behavior, therefore, which is to follow, cognizance will 
be taken of the presence of saturation. 

While linear circuits give rise to differential equations with 
constant coefficients ^ variable coefficients characterize those 
representing the nonlinear circuits. There are in general four 
methods available for the solution (integration) of these differen- 
tial equations, viz,: 

1. Formal analytical solutions. 

2. Graphical solutions. 

3. Point-by-point solutions. 

4. Integraph solutions. 

In order to obtain an analytical solution by formal methods, 
it is necessary (1) that the variable coefficients be expressed 
mathematically in terms of one of the variables, and (2) that 
the differential equation as it then stands actually be integrable. 
In connection with the exciter problem, this means that the 
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magnetization curve, or a function thereof, must be represented 
mathematically and this expression properly inserted in the 
differential equation. As a rule it is the Frohlich equation 
which serves this purpose, although there are alternatives that 
also may be employed. 

In transient electrical problems, the time variation of the 
electrical quantities are of interest, and in the solutions it is, as 
a rule, more convenient to have these quantities explicitly 
expressed in terms of the time than vice versa. When formal 
methods are used to determine exciter transients, explicit solu- 
tions for the electrical quantities, t.e., voltage and current, 
cannot always be attained. More often the result is an explicit 
solution for the time in terms of one of the electrical quantities. 

The graphical solutions involve the carrying out of the inte- 
gration of the differential equation by graphical means. Upon 
having adapted the form of the differential equation to this 
method of solution, the integrand is plotted and the integral 
evaluated by measuring areas. This can be done by a planim- 
eter, if such an instrument is available, or else with suflScient 
ease and accuracy by counting little squares on the cross-section 
paper. The methods of graphical integration are very effective 
in connection with analysis of exciter problems. 

The point-by-point solutions are applicable to any transient 
problem, and it makes no difference whether the circuit is 
linear or nonlinear. The point-by-point methods are often 
convenient in exciter analysis and may be applied alone or in 
conjunction with graphical methods, as may be practical in the 
case of the loaded exciter. 

By the integraph method the solutions are obtained by machine 
integration and recorded graphically. Such solutions may be 
rapid as well as accurate, but the application of this method 
obviously depends on whether or not an integraph is accessible, 
which frequently will not be the case. 

Independent of the method used, there is one factor omitted 
in the treatment which follows: viz., the possible screening effect 
of eddy currents set up in the iron when the flux varies.^ This 

1 Webbr, Ernst, ‘‘Field Transients in Magnetic Systems,^' Tram, 
A.LE.E.f Vol. 50, p. 1234, December, 1931; Wagner, C. F., “Transients in 
Magnetic Systems, “ Trans. A.I.E.E., Vol. 53, p. 418, March, 1934. 

RCdenbero^ R., “Elektrische Schaltyorg&nge,“ 3d ed., p. 327, Julius 
Springer, Berlin, 1933. 
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effect is uncertain at best, and depends upon the nature of the 
magnetic circuit and upon the rapidity of flux variation. The 
effect is noticeable particularly with thick solid cores of low 
resistivity, but should be negligibly small with laminated cores 
of low-loss irons, especially when the flux does not change too 
rapidly. Since the eddy currents counteract the change in flux, 
their effect is always to lengthen the transient process and 
virtually to add to the time constant of the circuit. 

Unfortunately, exact calculation of eddy currents is a com- 
plicated proposition, and rigorous inclusion in the analysis of 
their effect, therefore, is not easy. The most practical way of 


Fiq. 219. — Schematic diagram of Fio. 220. — Magnetic 

iron-cored coil. zation curve of iron- 

cored coil. 

approximately reflecting their effect is probably to shade the 
time constants upward.^ If handled in this manner the various 
methods of solution developed below remain directly applicable. 

Omitting the consideration of eddy currents entirely may give 
rise to a certain error in some instances. It is believed, however, 
that this error will not be serious in most exciter and other iron- 
core-circuit problems where the variations in flux are relatively 
slow. 

The Iron-cored Coil. — As a preliminary to the study of the 
transient behavior of exciters, it may be of value to consider 
the simple iron-cored coil. The principles utilized in connection 
with this problem are, with the necessary modifications, appli- 
cable also in the analysis of the exciters. 

Referring to Fig. 219, a direct-current voltage can be suddenly 
applied to the coil by the closing of the switch Si, Also, the coil 
can be short-circuited and made to discharge by means of the 
switch ^ 2 .^ The magnetization curve for the coil is available, as 

^ ReDENBERG, loC. cit., p. 327. 

• The carrying out of this operation in the laboratory would obviously 
necessitate the protection of the source by a current-limiting resistance or by 
an automatic breaker. 
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shown in Fig, 220. Assume that this curve gives the relationship 
between the iron flux proper and the current. In other words, , 
any leakage flux is not included, the data for the curve, for 
instance, being obtained by use of a search coil of small dimen- 
sions wound tightly on the core. 

The differential equations for the charge of the coil is then 

and for the discharge 

AT^ + t-g' + «.■ . 0 (2) 

The symbols employed have the following meaning: 

E = direct-current voltage applied 
i = instantaneous current 
(f) = instantaneous value of iron flux 
= instantaneous value of leakage flux 
L' = leakage inductance 
N = number of turns X lO""* 

R = total resistance 
i = time 


Analytical Solution . — The magnetization curve will be repre- 
sented by the standard form of the Frohlich equation, viz., 


4 > = 


ai 

h~^i 


( 3 ) 


This inserted in the differential equation,* equation (1), gives 

[(5^t + + «.' - « w 

* In handling the differential equations for a linear circuit, it is cus- 
tomary to solve separately for the transient and steady-state current. The 
former is obtained by putting the differential equation equal to zero, the 
latter by letting it equal the applied voltage. Mathematically this is 
equivalent to determining the complementary function and the particular 
integral. If, for instance, the differential equation is 


dH di 

(«) 

where a and h are constants, and the total current is considered equal to 
the sum of the transient and the steady-state -current, i.e., i ~ it -f- i«, 
it may be written: 
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which, separating the variables, may be written 

(E - iR)ib + iy^'’ E - ^ 


( 6 ) 


To accomplish integration of the first term of this equation, 
it must be split into partial fractions. Thus: 

{E - iR)ib + iy E ib + iy b + i 

giving the following three equations for the determination of the 
coefficients : 


o 

II 

0 

1 

(7) 

A2b -BR + CiE -bR) = 0 

(8) 

Ab^ + BE + CEb 

(9) 


By simultaneous solution of these, the coefficients are found 
to be 


R2 

^ ~ {E + Rby 

(10) 

R - ^ 

E + Rb 

(11) 

f. R 

{E + Rb)^ 

(12) 



Transient part = 0; Steady-state part; t, sus- 

no voltage to sustain it tained by the applied voltage 


When the circuit is nonlinear, the above procedure is not applicable. This 
is due to the fact that the variable parameter (or parameters) depends on 
the total value of some electrical quantity (flux, voltage, current, as the case 
may be). Assume that in equation (a) the coefficient 6, for instance, is a 
function of the current, i.e.j h = f{i) — f{it + t«). If a segregation into 
parts involving transient and steady-state currents only is attempted the 
result is 

dHt dit dHa di» 

Ip “ A + 

which shows that complete splitting into a transient and a steady-state part 
is impossible. Differential equations for nonlinear circuits, therefore, must 
be solved without distinguishing at the outset between transient and steady- 
state quantities. 
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Substituting in equation (5), the equation to be integrated 
now becomes 

NabR^ Neb 

{E + Rby{E - iR)^^ ^ {E + Rb){b + ^ 

NabR j. , L' j. _ j, 

(E + Rbnb + if'’ ^ E - iR^' ~ * 

Carrying out the integration gives 

NdbR , Nab , 

{E + RbY (jB + Rb)(b + i) 

{E + ^Y ~ F - *i2) = < + ii: (14) 

where JC is a constant of integration. Combining the first and 
fourth term equation (14) may be written 
Nab , NabR , /, , -x 


{E + Rb){h + i) ^ {E + RbY 
r NabR U 
L(j& + «6)* . 


log (6 + i) - 

] log {E -iR) =t + K (15) 


To simplify, introduce 

= l^b ^16) 

= (ITTO 
’ (£ + RbY R 

Inserting these constants equation (15) reduces to 

+ K 2 log (b+i)- K, log {E -iR) = t + K (19) 

The integration constant K depends on the initial conditions 
and may be determined from these. In the present case the 
current is zero when the switch <Si is closed, i.c., at zero time. 
Hence 

t = 0 when t = 0 

and consequently 

+ K, log b - K,logE = K (20) 

This inserted in equation (19) gives 

4 *^1 I zr \ ^ "1” I 1 ^ 

b+l + ‘og - T“ + 


( 21 ) 
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The above expression is the desired solution and gives the 
relationship between current and time during the build-up 
process. As seen, the time is obtained explicitly in terms of the 
current. If a curve is plotted, however, by assuming values of 
current and calculating the corresponding values of time, the 
current corresponding to any arbitrary time may at once 
be selected. The relationship between time and flux may be 
obtained formally by substituting in equation (21) for the current 
in terms of flux from the Frohlich equation. When a graph of 
current versus time has been plotted, data for a flux-time curve 
can at once be secured by reference to the magnetization curve. 

For the condition of discharge of the coil (switch S 2 suddenly 
closed) the differential equation (13) still holds with the exception 
that the external voltage E now is zero. Th(i re\sistance may 
or may not be another. Introducing the following constants: 


K[ 

K', 

K', 


R 

Rh 

Na U 
Rh R 


( 22 ) 

(23) 

(24) 


the solution becomes 

-^i + K', log {h + i) 


Ag log i ^ t K' 


(25) 


The initial conditions for the determination of the constant 
of integration K' are given by the fact that the current at zero 
time has a certain known valuer Hence 


i = io when < = 0 

and consequently 

+ K'^ log (6 + i„) - K', log io = K' (26) 

o -r U 


If this is inserted in equation (25), the final form of solution 
giving the relationship between current and time during the dis- 
charging process becomes 


K 
h + io 


_^L 

h + i 


- log 


h + H 
h + i 


+ K', log k 

V 


(27) 


It should be noted that a better representation of the mag- 
netization curve may be secured by the use of a modification of 
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the Frohlich equation, viz.: 

^ = 6^- + (3a) 

As seen, this differs from the standard form [equation (3)] merely 
by the addition of a corrective linear term, which especially tends 
to increase the degree of coincidence in the region of high values 
of flux. 

With the modified flux-current relationship, the differential 
equation [equation (4)] becomes 

+ + + «•■ = « ( 4 ») 

Hence the effect is an apparent increase in the leakage inductance 
by an amount Nc. All solutions based on the standard Frohlich 
equation, therefore, are directly applicable also when the modified 
equation is used. An “apparent^' leakage inductance Nc + L' 
is simply substituted for the actual leakage inductance U 
wherever the latter appears in the formulas. 


EXAMPLE 1 


Statement of Problem 


The following data apply to the magnetization p\irve of an iron-cored 
coil: 


Flux Density, 
Gausses 
0 

5.000 

8.000 
10,000 
12,000 
13,000 


Magnetizing Current, 
Amperes 
0 

0.10 

0.35 

0.83 

2.15 

3.60 


Establish the Frohlich equation and the modified Frohlich equation for 
this magnetization curve. Plot the analytical curves and the experi- 
mental one on the same curve sheet so that the degree of coincidence may 
be observed. 


Solution 


a. The Fr&hlich Equation . — Referring to equation (3), the constants will 
be determined at flux densities of 8,000 and 12,000 gausses. Hence 


8,000 

12,000 


o X 0.35 
h + 0.35 
a X 2.15 
h + 2.15 


(a) 


{h) 
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Simultaneous solution gives 


a » 13,300 
6 = 0.231 

The desired equation is therefore 

13,300t 

Data for the curve calculated from equation (c) are collected in Table 56. 
6. The Modified Frohlich Equation . — Referring to equation (3o), the 
constants will be determined at flux densities of 8,000, 10,000, and 12,000 
gausses. Hence 

a X 0.35 
a X 0.83 

rXTT^ + c X 0.83 (s) 

0 “h 0.83 

a X 2.15 

Simultaneous solution gives 

a = 11,120 
, h « 0.152 
c = 714 


Table 56. — Data for Calculated Magnetization Curves 
(Example 1) 



Frohlich equation 


Modified FrOhlich equation 


amp. 

13.300i 

0.231 + i 

B 

gaUSBCB 

ll,120t 

0.152 + t 

714i 

ll,120t 

0.152 + i 

B 

gauBBes 

0 

0 

0.231 

0 

0 

0.162 

0 

0 

0 

0.1 

1,330 

0.331 

4,020 

11,120 

0.252 

71.4 

4,420 

4,491 

0.2 

2,660 

0.431 

6,180 

22,250 

0.362 

142.8 

6,040 

6,182 

0.3 

3,990 

0.531 

7,510 

3,340 

0.452 

224.2 

7,400 

7,624 

0.4 

5,320 

0.631 

8,450 

4,450 

0.552 

285.6 

8,070 

8,355 

0.5 

6,650 

0.731 

9,100 

5,670 

0.862 

367.0 

8,540 

8,897 

0.6 

7,980 

0.831 

9,600 

6,670 

0.752 

428.0 

8,880 

9,308 

0.8 

10.640 

1.031 

10,310 

8,900 

0.952 

672.0 

9,350 

9,902 

1.0 

13,300 

1.231 

10,800 

11,120 

1.162 

714.0 

9,640 

10,354 

1.5 

19,950 

1.731 

11 ,510 

16,690 

1.652 

1,072.0 

10,080 

11,152 

2.0 

26,600 

2.231 

11,920 

22,250 

2.152 

1,428.0 

10,330 

11,758 

2.5 

33,250 

2.731 

12,200 

27,750 

2.652 

1,786.0 

10,470 

12,256 

3.0 

39,900 

3.231 

12,360 

33,350 

3.152 

2,145.0 

10,680 

12,726 

3.5 

46,550 

3.731 

12,490 

3,890 

3.652 

2,500.0 

10,660' 

13,150 

4.0 

53,200 

4.231 

12,600 

4,440 

4.152 

2,856.0 

10,680 

14,535 
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The desired equation is therefore 

Data for the curve calculated from equation {g) are collected m Table 66. 

The expenmental ma|(netization curves as well as the two calculated 
curves are shown in Pig 221 It will be noted that the modified Frohhch 
equation fits the experimental data better than the standard over the entire 

15x10* 

14x10* 

13x10* 

12x10* 

11x10* 

810x10* 

I 9x10* 

'|««I0* 

.§7x10* 

J 6x10* 

J SxlO* 

•^4x10* 

3x10’ 

2x10* 
lx 10* 

° , 

Maqnetiiing Current in Amperes 

Fig 221 — Experimental magnetization curve of iron-cored coil and its 
approximation by means of the Frohhch equation and the modified Frbhlich 
equation (Example 1) 

range Exact coincidence of either calculated curve with the experimental 
one IS obtained at the points which served as basis for the constants It is 
evident that, by judicious selection of these points, almost exact coincidence 
may be obtained over a limited range of the magnetization curve using either 
one of the formulas 

Solution by Oraphtcal Integration .^ — When the current has 
built up to its steady-state value depending upon the impressed 
voltage and the resistance, and given by 

/ = I (28) 

' This particular method of solving the differential equations of saturated 
direct-current circuits was first suggested by Riidenberg See RtlDBNBBRo, 
R, “Fremd-und Selbsterregung vom magnetisch gesattigten Gleichstrom- 
kreisen,” Wxbb V erbffenilich Siemem-Konzerny Vol I, p 179, 1920; “Elek- 
trische Schaltvorgange,^' J Springer, Berlm, 1923 and 1933 
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the steady-state value of the flux is simultaneously reached. 
The final operating point is shown on the magnetization curve in 
Fig. 222. It is still assumed that the curve gives the relationship 
between the flux confined to the iron and the current in the coil. 



Fig. 222. — Build-up of flux and current in an iron-corod coil. Solution by 
graphical integration. 

If for the present the leakage is entirely neglected, the differential 
equation (1) may be written 

= E - Ri = R{I - i) = RAi (29) 

Here, At, as seen, represents the difference between the final 
steady-state current arid the instantaneous current actually 
flowing. Solving equation (29) for the time gives 


N 


(30) 


The lower limit of integration <^o is the initial flux at zero time. 
The upper limit is the variable <f> which evidently may be given 
any arbitrary value between the initial flux 0o and the final 
flux 0a. Equation (30) may be integrated graphically as it 
stands. It is more convenient, however, first to modify it by 
introducing a variable A0, having flux dimensions, which is a 
linear function of Ai and given by 


^ = T (31) 

Graphically interpreted A0 at a certain value of current is the 
difference between the final flux and the value given by a straight 
line drawn from the origin through the final operating point 
on the magnetization curve, as indicated on Fig. 222(a). Sub- 
stituting for Ai from equation (31) in equation (30) gives 
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This equation is in a form suitable for graphical integration. 
It will be noted that the integral itself represents a pure numeric. 
Its value depends upon the limits of integratioriy upon the shape 
of the magnetic characteristic between these limits^ and upon the 
final flux since this affects A<>. The value of the integral, on 
the other hand, is not influenced by the circuit constants other- 
wise, nor by the applied voltage, except insofar as these quantities 
govern the final operating conditions. 

The quotient before the integral depends, as seen, on the 
number of turns, on the steady-state flux, and on the impressed 
voltage, and has the dimensions of time. It is a time constant 
and may be called the time constant of the saturated direct-current 
circuit. It is given by 


rp N <j>8 LJ Lg 


(33) 


This time constant is always calculated using the final flux value. 
It may, as seen, also be expressed in terms of a conventional value 
of inductance taken as the number of flux linkages per unit 
current^ at the final operating point. 

The most compact form for equation (32) is therefore 



Figure 222 shows how this equation is integrated graphically. 
It is evident that the integral represents the area between a curve 
of the reciprocal of A0 plotted versus flux (<^), and the axis of 
flux, taken, of course, between the proper limits. In Fig. 222(6), 
this area is shown shaded between the initial flux (equal to zero) 
and an arbitrary flux value. It may be determined by planimeter 
or by counting squares on the cross-section paper used for the 
plots and gives, when multiplied by the time constant, the time 
required for build-up from the initial flux to the particular value 
of flux considered. By evaluating successive areas, points 
on a flux-time curve are obtained. In Fig. 222(c), the flux is 
plotted against the ratio of the time to the time constant. 


^ This does not represent the acttml value of inductance at the final 
operating point. Further statements regarding inductance of saturated 
circuits will be found on p. 492 in connection with the discussion of point-by- 
point solution of circuits containing iron. 
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Having the flux plot, the corresponding values of current are 
found by reference to the magnetization curve. Hence the 
current-time curve may also be drawn. 

If the circuit considered had been linear, both flux and current 
curves would have been exponentials. As it is, the flux curve 
resembles and, as a matter of fact, does not deviate appreciably 
from an exponential, although it finally approaches the steady- 
state value more rapidly. The current, however, is far from 
being exponential. It generally rises in two distinct steps. 
This is due to the shape of the magnetization characteristic, 
the curvature of which may be reversed at low values of flux 
density. 



Fig. 223. — Build-down of flux and current in an iron-cored coil. Solution by 
graphical integration. 

During discharge of the coil, when switch S 2 is suddenly closed 
the differential equation corresponding to equation (29) for 
build-up, becomes 

= -Ri = RAi (35) 

Ai is still defined as the difference between the final current — 
now zero — and the instantaneous current. Introducing again 
a quantity A<t> as given by equation (31), the differential equation 
(35) solved for the time may be written. 



(36) 


The graphical interpretation of Ai and A<^ during the build- 
down process is as indicated in Fig. 223(a). Also here A<^ is the 
difference between the flux corresponding to the final current 
(zero current) and the straight line drawn as previously explained. 
Both Ai and A0 are now inherently negative. Hence the flux 
and the current will decrease. 
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Equation (36) is integrated graphically as explained for the 
build-up case. The solution is shown ill Fig. 222(a), (6), and (c) 
and requires no further comment as to procedure. In regard 
to the shape of the time curves, it may be said that again the 
flux variation approaches the exponential. The current, how- 
ever, decreases very rapidly at first and then slowly. The current 
curve differs materially from the exponential. 

Leakage Considered . — ^The problem is susceptible to solution 
by graphical integration also when the leakage is taken into 
account. The leakage inductance U in equations (1) and (2) 
equals the rate of change of leakage-flux linkages with respect to 
current. Hence 


i' = 

dt di 


(37) 


where X' represents the leakage-flux linkages and an equivalent 
leakage flux assumed to link with all turns in the coil. From 
equation (37) it follows that 


L'f. = 
at at 


and that 


= 


N 


(38) 


(39) 


Substituting from equation (38) in equation (1) gives 


= E-Ri 
at 

which in form is identical with equation (29). 
omitting intermediate steps 

d{4> + 0') 




(40) 

Consequently, 

(41) 


Obviously this can be integrated graphically by methods similar 
to those already described. If the available magnetization curve 
includes the leakage flux, the procedure is exactly as before. It 
should be noted, however, that in this case the time constant T 
will have a slightly different value being then determined from 
the total steady-state flux, viz.: 

N{4>. + 4>[) L.^V 
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The quantity A0 is also in this case obtained with reference to the 
total flux. 

If the available magnetization curve does not include the 
leakage flux, the time constant is based on the core flux only as 
per equation (33), and A<^ is measured correspondingly. For the 
purpose of integrating by taking areas, however, the relationship 
between this A<^ and the total instantaneous flux [see equation 
(41)] must be plotted. The total flux for this purpose may be 
obtained by adding the leakage flux as calculated by equation (39) 
to the iron flux given by the magnetization curve for the same 
values of current. Graphically the total flux is readily obtained 
by simply displacing the horizontal axis of the magnetization 



Flo. 224. — Build-up of flux and current in an iron-cored coil when leakage is 
considered. Solution by graphical integration. 

curve by an amount corresponding to the leakage flux, and 
measuring the ordinates from the so-displaced axis. The angle 
by which the axis should be displaced is evidently given by 

^ = tan-* ^ (43) 

Figure 224 illustrates the solution for the build-up process when 
leakage is taken into account in this manner. 

It follows directly from the preceding how leakage may be 
taken into account in a solution for the discharge of the coil. 
It is not considered necessary to discuss this in further detail. 

EXAMPLE 2 

Statement of Problem 

A small experimental transformer^ has a rating of approximately 2 kw. at 
133 volts and 60 cycles. The core is built of silicon-steel laminations of 
dimensions 8 X X 0.014 in. At a lamination factor of 95 per cent the 
net cross-sectional area is 18.4 sq. cm. 

^ Referred to in Examples 2 and 3 of Chap. II of Vol. I. 
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There are four coils on each leg, numbered ^ 3, and 4, in order of their 
proximity to the core. In this problem only winding No. 1, consisting of 
the two No. 1 coils in series, will be considered. The number of turns with 
this connection is 200. The selMeakage reactance of this winding at 60 
cycles is 2.36 ohms and its ohmic resistance is 0.284 ohm. 

The direct-current magnetization curve (obtained as the mean of a 
hysteresis loop) may be constructed from the following data (already given 
and used in Example 1): 


Flux Density, 
Gausses 
0 

5.000 

8.000 
10,000 
12,000 
13,000 


Magnetizing Current. 
Amperes 
0 

0.1 

0.35 

0.83 

2.15 

3.60 


A battery voltage of 2 volts is suddenly applied to the winding, using an 
external resistance of 0.383 ohm in series. 

Determine and plot the curve giving the relationship between the current 
and the time during the build-up process: 

а. By using a method of graphical integration. 

б. By analytical solution representing the magnetization curve by the 
standard and modified Frohlich equation. 

Solution 

a. By Graphicdl Integralion . — When leakage is considered, the following 
equation [see equation (41)] lends itself to the process of graphical integration: 

+ *') 

Z - (o) 

0 A* 


The given numerical values are: 

W = 200 X 10-®, JS? = 2 volts, R = 0.667 ohm 
The leakage inductance is: 

~ == 0.00627 henry 

377 

and the leakage fiux 


Ui 0.00627i 
W 200 X 10-8 


3,130i maxwells 
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At a current of 3 amp., the leakage flux becomes 9,400 maxwells. This 
value was used to locate the leakage line in Fig. 225, which shows the mag- 



Fiq. 225. — Magnetization curve of small experimental transformer considered 
in Example 2 with leakage-flux and resistance line drawn in. The reciprocal of 
the flux differential is also plotted versus the total flux. 

netization curve and the curve of 1/A<^ plotted versus the total flux, 0 -f <t>\ 
the latter having been plotted from the following data: 


0 + 0' 
Maxwells 

1/A0 


0 

4 3 X 10-« 

7 

X 10* 

4 4 X 10-® 

14 

X 10^ 

4 8 X 10-® 

20 

X 10^ 

6 8 X 10~* 

22 

X 10^ 

10 4 X 10-* 

23 

X 10* 

18 2 X 10“» 

23 

4 X 10* 

27 4 X 10-® 

23 6 X 10^ 

36 6 X 10-® 


The time constant becomes 


200 X 23.2 X 10^ 
2 X 10« 


0.232 sec. 


The integral [equation (a)] is evaluated by measuring areas under the 
curve of 1/A<#> to appropriate limits on the scale of total flux. Such areas, 
multiplied by T to give time in seconds, are tabulated below. Values of 




Seconds 

Fio. 226. — Calculated build-up curves of flux and current when a direct-current 
voltage is suddenly apj)lied to one of the coils of the small experimental trans- 
former considered in Example 2. 

b. Analytical Solution Representing the Ma,gnetization Curve by the Stand-- 
ard and Modified Frdhlich Equation . — Referring to equation (21), the solution 
for either of these cases has the following form: 


E -Ri 





490 


ELECTRIC POWER CIRCUITS 


where in accordance with equations (16), (17), and (18), 


^ Nah 
' E ^Rh 
NdbR 

’ “ (£ + Rby 

K,=K,+^ 


(d) 

(e) 

(f) 


Solution Based on Standard Frdhlich Equation. — Using values already 
determined in Example 1, 

a = 13,300 X 18.4 — 245,000 maxwell /amp. 
h == 0.231 amp. 

Hence 


Ki - 

K, - 


200 X IQ-^ X 245,000 X 0.231 
2 -f 0.667 X 0.231 
0.113 X 0.667 


2.1542 


= 0.01625 


Kz « 0.01625 + == 0.0257 


0.11 3 

2.154 


= 0.0525 


Using these constants in equation (c), the calculations are carried out in 
Table 57. 

Solution Based on Modified Frdhlich Equation. — Using values previously 
determined in P]xample 1, 


a = 11,120 X 18.4 = 205,000 maxwell /amp. 
h = 0.152 amp. 

c — 714 X 18.4 = 13,150 maxwell/amp. 


Hence 


K, = 

K2 - 


200 X 10~" X 205,000 X 0.152 
2 -1-0.667 X 0.152 
0.06232 X 0.667 


2.1014* 


= 0.00944 


0.06232 

2.1014 


= 0.0297 


In formula for Kzy the following must be used for Ui 

ATc -h L' = 200 X 10-» X 13,150 + 0.00627 = 0.0326 henry 


BO that 


0.0326 

Kz - 0.00944 -h - 0.0583 

0.667 


Employing these constants in equation (c), the calculations are carried out 
in Table 58. 



Table 57 — Calculated Flux and Current Build-up Curves Based on Standard Frohlich Equation 

(Example 2) 
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m 
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The build-up curves of flux and current are plotted in Fig. 226. The curves 
based on graphical integration may be considered to represent the correct 
solution. It will be noted that the analytical methods give reasonable 
accuracy, especially when the modified Frohlich equation is used to represent 
the magnetization curve. 

Point-by-point Solution of Circuits Containing Iron, — It is 

assumed that the reader is familiar with the general principles 
of the point-by-point method for the solution of problems 
involving transients. In the following its application to a simple 
circuit containing iron will be briefly reviewed without undue 
emphasis on details. 

Consider an iron-cored coil whose terminals are connected 
to a source of electromotive force which for the sake of generality 
may be assumed to be a function of time. This time relationship 
may be either mathematically or graphically expressed. Assume 
a discontinuity to be suddenly impressed on this circuit as, for 
instance, by the sudden application of the above-mentioned 
voltage or by a sudden change in the circuit constants. The 
magnetization characteristic of the coil is known. 

The differential equation [corresponding to equation (1)] then 
becomes 




which when a solution in terms of flux is desired may be written 


d(</> “H E(jt) — Ri 

(it N 


(45) 


and when the current is wanted 


dt Ld L' 


(46) 


The relations between leakage inductance and leakage flux 
have been previously discussed. The inductance due to the flux 
in the iron equals the rate of change of core-flux linkages with 
respect to current and is given by 


di di di 


(47) 


Hence this inductance is a variable and depends on the slope of 
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the magnetization curve. If needed, for particular values of 
current or flux, tangents must be fitted to the magnetization* 
curve and their slopes determined, as shown in Fig. 227. 

The point-by-point method considers the rate of change of 
current or flux constant during a short interval of time. The 
length of this interval must be suitably selected but, in order to 
save labor, should, in general, be taken as long as is consistent 
with accuracy. Its length, therefore, somewhat depends on the 
nature of the problem, but usually lies 
between 0.05 and 0.10 sec. The rate of 
change is determined for each interval as 
the analysis progresses, either from con- 
ditions at the beginning of or at the mid- 
point of the interval. The former is the 
more common, as well as the speedier and 
will as a rule give sufficient accuracy. 

The increment in flux or current during 227.— Determination 

any interval evidently equals the rate of of inductance of an iron- 

change times the length. Knowing the oTe'atLuon!^*^*™"* 
conditions as regards flux or current at 

the beginning of an interval, the conditions at the end of the same 
interval are obtained by algebraic addition of the increment. 
Obviously the conditions at the end of one interval represent the 
initial conditions for the next one, etc. 

Considering the nth interval, the manipulations may, in the 
problem at hand [equations (45) and (46)], be formally expressed 
as follows: 

When the point-by-point analysis is carried out in terms of flux 





m) - Ri\. 


-M 


dt j„_r N 

(0 + 0')n = (0 + 0O»-1 + A(0 + 0')n (49) 

When the point-by-point analysis is carried out in terms of 
current 


- [aL.“ - <“> 

in = in-1 + Ain (51) 

Since the relationship between flux and current is given by 
the magnetization curve, the actual point-by-point calculations 



494 


ELECTRIC POWER CIRCUITS 


need, of course, be carried out for one of these quantities only. 
The corresponding values of the other are obtained by reference 
to this curve. It is convenient to arrange the calculations in 
tabular form as suggested in Tables 59 and 60. In the former 
the analysis is in terms of flux, in the latter, in terms of current. 

Table 59. — Schedule for Point-by-point Calculation of Flux and 



Table 60. — S<’hedule for Point-by-point Calculation of Current and 

Flux 



EXAMPLE 3 


Statement of Problem 


The circuit (Fig. 228) represents a transformer T, with N turns on l)oth the 
primary and secondary, for whicli the graphical 
relation — f{Ni) is given. Assume Ri = R^. 
A battery having a voltage E is suddenly 
impressed. 

Set up the necessary differential equations 
and indicate manipulations for finding ii and 
i 2 as functions of time by graphical integra- 
tion. Illustrate the procedure by means of 
sketches, and sketch the result. Neglect 



Fig. 228. — Schematic dia- 
gram of transformer con- 
sidered in Example 3. 


all leakage fluxes. 


Solution 

In the absence of leakage the following differential equations may be 
written: 
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N-^ X 10-« + Rtii = E 
at 

N^ X 10-* + B,i, = 0 
at 


from which, by subtraction, 

E = It\i\ Riii = R(ii — i|) 


that is, 



Adding equations (a) and (h) gives 
dd> 

2N~— X 10~* — JS7 — Riii -|-t2) — R{iai — ii — ^* 2 ) — R At 


(o) 

(h) 


(c) 

(d) 


(e) 


The core flux as represented by the magnetization curve evidently depends 
upon the resultant ampere turns, i.e., upon the sum of the primary and 



Fig. 229. — Determination of build-up of flux and primary and secondary 
current in the transformer in Fig. 228 by the method of graphical integration 
(Example 3). 

secondary currents during the build-up process. It is obvious that in the 
final steady-state conditions the secondary current is zero, so that the final 
operating point on the magnetization curve. Fig. 229(o), corresponds to the 
final steady-state current in the primary E/R. Defining Ai and A0 as indi- 
cated in Fig. 229, the following relation may be written: 


At = A<f > — 


Inserting this in equation (c) gives 


dib Ri»\ E 

2N-^ X 10-» = 

dt if>a <t>$ 


(f) 

(a) 


which, solved for the build-up time, gives 
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This is in convenient form for obtaining the build-up of the flux graphically 
by the standard processes previously described and is carried out as indi- 
cated in Fig. 229(6) and (c). Referring back to the magnetization curve 
from the flux-time curve gives the time variation of the sum of the primary 
and secondary currents ii + u. This curve may in mathematical form be 
represented as 


ii i% = Fif) (t) 

which, when added to equation (d), gives 

The primary current is hence obtained graphically by adding the primary 
steady-state current to the build-up curve of the sum of the primary and 
secondary currents and dividing by two, as shown in Fig. 229(c). Having 
thus determined the primary current, the secondary current is readily 
obtained by application of equation (d) or {%), 

General Remarks Concerning Transients in Exciters. — In 

exciter problems the discontinuity which gives rise to the trans- 
ients is usually a sudden change in the resistance in the field 
circuit of the exciter itself. This may be due to hand regulation 
or to the action of automatic voltage regulators which inter- 
mittently short-circuit and reinsert a certain amount of resist- 
ance. In an excitation system the transients may in addition 
be caused by an abrupt resistance variation in the alternator 
field circuit, i.c., on the output side of the exciter. 

In order to analyze the exciter transients taking saturation 
into account, the magnetization curve must be available. This 
is an open-circuit characteristic giving the relationship between 
the terminal voltage on open circuit (equal to the induced arma- 
ture voltage) and the field current. Data for this curve, if 
obtained experimentally, should preferably be taken with the 
machine in question separately excited, even though it may be 
intended for operation as a self-excited machine, in order to 
eliminate any effect of armature-resistance drop and armature 
reaction. However, these factors will as a rule be negligibly 
small at the low values of current required for excitation purposes 
only. 

The induced voltage is directly proportional to the armature 
ilux which, owing to the dispersion, is somewhat smaller than the 
field flux. Hence the question of leakage enters. Of course, as 
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an approximation, the effect of the leakage may be ignored, but 
since it may be comparatively large in certain designs, it may 
be better to take it into account. In the preceding analysis 
of the transients in the iron-cored coil, the leakage flux was 
considered to be a linear function of the current and hence the 
leakage inductance constant and independent of the saturation. 
This is, for instance, generally true in transformers where the 
path of the leakage flux is predominantly in air and where in 
most designs any flux of the core-leakage type is comparatively 
insignificant.^ In a direct-current machine the situation is 
somewhat different. On account of the air gap which the entire 
armature flux has to traverse and in which a very large portion 
of the total reluctance is concentrated, there is considerable 
opportunity for leakage fluxes of the core-leakage category to 
exist. The leakage fluxes extend between the tips of the pole 
shoes, between the pole cores, and between cores and yoke, and 
although they have appreciable air-paths, yet the reluctance 
of their iron-paths is by no means inappreciable. This reluctance 
depends upon the saturation with the result that the leakage 
flux, i.e,j the flux which does not enter the armature, is not 
entirely a linear function of the field current. 

The conventional theory of direct-current machines assumes 
the leakage flux to be a certain constant fraction of the armature 
flux. To a machine is assigned a constant coefficient of dispersion 
giving the ratio of field flux to armature flux. This field flux is 
actually an equivalent flux producing complete linkages with all 
turns in the field coils. The equivalent flux may be looked upon 
as representing approximately the average value of flux in the 
field cores. Considering the leakage in this manner is very 
convenient in calculations, steady-state as well as transient. No 
doubt, however, the method somewhat overemphasizes the 
effect of saturation on the leakage flux. 

An alternative method — going to the other extreme — ^is to 
consider the leakage fluxes wholly independent of saturation 
and to introduce a strictly constant leakage inductance in the 
transient analysis. In the following, solutions based on either 
method will be discussed. 

Exciters used in present-day practice may be separately 
excited as well as self-excited. In the former case excitation is 

^ See Chap. II, Vol. I, for a discussion of transformer leakage. 
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supplied from a pilot exciter or other constant-potential source, 
Fig. 230; in the latter from the machine itself, Fig. 231. In the 
former case the voltage across the field circuit is constant, in the 


Fiq. 230. — Schematic diagram of separately excited exciter. 

latter, variable. The transients, and especially the rapidity 
of the voltage and current variations, therefore, are different for 

the two types of exciters. The funda- 
mental differential equations which 
immediately may be written are 

aN^ + Ri = E (or = e) (52) 

Fig. 231. — Schematic dia- 

gram of self-excited exciter. , 

applicable when use is made of a constant 
coefficient of dispersion, and 

+ Ri = E (or = e) (53) 

holding when the leakage inductance is considered constant. 

The following notation will be adhered to: 

E = voltage of the pilot exciter 
e = induced armature voltage 
i = field current 
<l> = armature flux 
= leakage flux 

N = number of field turns X 10~® 
a = coefficient of dispersion 
L' = leakage inductance of the field 
R = net resistance in the field circuit 

k = proportionality factor relating armature flux and voltage 
t = time 

T = time constant based on armature flux 
r' = time constant based on leakage flux 

Subscripts 1 and 2 attached to the symbols e, f, and 0 refer to 
initial and final conditions of operation, respectively. 
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Since the magnetization curve always is plotted in terms of 
voltage, it is more convenient to have the differential equations 
in terms of voltage instead of flux. Let 

e = k4, and ^ (54) 

the proportionality factor k being given by 

where p = number of poles 

a = number of parallel paths in the armature winding 
Z = number of armature conductors per pole 
n = speed in r.p.m. 

Substituting from equation (54) in equations (52) and (53) 
the fundamental differential equations become 

+ (or = e) (56) 

and 


In the solution of the differential equations given above it is 
in general convenient to introduce the time constant of the exciter 
field winding. As was done for the iron-cored coil time constants 
corresponding to the final fiux conditions will be used for the 
separately excited machine. For the self-excited machine, it 
makes no difference at what condition of flux the time constant 
is calculated. With the formulation used, the time constant of 
this machine is independent of saturation. 

The time constant, due to the part of the flux which crosses 
the air-gap and enters the armature, is for the separately excited 
machine 


T == 

Ri2 E kE 
and for the self-excited machine 

qy N<t>2 N<I>2 N€2 N 

Ri2 Ci ke2 ~ K 


(58) 

(59) 


It will be seen that the latter is constant, as mentioned above. 
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When leakage is considered by introducing a constant leakage 
inductance, the time constant due to the leakage flux is 

r = ^ (60) 

The actual time constant of the field winding, or the time constant 
due to the total number of flux linkages, is the sum of the time 
constants due to armature and leakage flux. Hence, this time 
constant is given by 

= T+r (61) 

When leakage is taken into account by assuming a constant 

coeflScient of dispersion, the time constant of the field winding 
due to the total flux evidently becomes 

Tt = aT (62) 


Attention is called to the statement on page 473 with regard to 
screening effect of eddy currents tending, if present, to prolong 
the build-up and build-down processes. Particularly appropri- 
ate to note at this poifit is the possibility of reflecting their 
effect approximately in the analysis by shading the time constants 
upward. 

Separately Excited Machines. Analytical Solutions, 1. Con- 
stant Leakage Inductance . — A Frohlich equation of the same form 
as equation (3)^ may now be used to express the relationship 
between induced voltage and field current, i.e., to represent the 
magnetization curve. 

Hence 


ai 

^ ~ r+1 


(63) 


Inserting from this in the differential equation (57) gives 

which when integrated yields a solution in terms of current. 
Comparison shows that this equation is identical in form with 
equation (4) for the iron-cored coil, the only actual difference 

* The modified Frohlich equation [equation (3a)] may, of course, also be 
used. This will not change the form of the solutions (see statements on 
p. 479). 
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being the factor k in the denominator of the first term. The 
general solution, therefore, is given by eqilation (19)^ and the 
constants can without difficulty be written down by inspection 
with reference to equations (16), (17), and (18), inclusive. How- 
ever, in exciter problems, it may be convenient to obtain the 
solution for time in terms of the time constant. Factoring 
out the time constant corresponding to the armature flux (which 
in this case is the iron flux proper) as given by equation (58), 
the three constants evidently become 


^ _ Eab 
“ e2{E + Rb) 

EohR RK\ 

* “ ei{E + Rhy ~ E + Rb 
^ _ EabR kEU _ ^ , r 
® et{,E + RbY NciR T 


(65) 

( 66 ) 
(67) 


Assuming that the field current flowing when the discontinuity 
is impressed is t'l, i.e., that 


i — ii when t = 0 


the integration constant K [see equation (19)] is given by 

- 5^ + log (^ - f (68) 


Substituting this in equation (19) gives the final solution as 



h + ii 


_Ki 
b + i 


+ K 2 log 


b + i 
b + ii 


+ Ki log 


E — Ri\ 

W^Ri) 


(69) 


When the time-current relationship has been found, the 
variation in voltage with time is obtained by reference to the 
magnetization curve. It is entirely possible, however, to estab- 
lish a formal solution for the voltage by the same methods as 
were used above for the current. The Frohlich equation may 
be solved for current, viz.: 


t = 



(70) 


Making use of this in the differential equation (57) the latter 
becomes 


N L'ab Ide Rbe ^ 
k {cl — ey dt a — e 


( 71 ) 
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Separating the variables gives 

r ^ 

...lii. y “ ^ V dc dl 

which again may be written 


(72) 


Na 


k[Ea - {E + Rb)e] 


de — 


Ne 


k[Ea - {E + Rb)e] 
L'ab 


.de + 


(a - c)[Ea - {E + Rb)e] 


de = dt (73) 


In order to integrate tlie last term on the left-hand side partial 
fractions will be resorted to. Thus 


(a - e)[Ea - \E -|- «6)e] a - c'^ Ea - {E + Rb)c 

giving the following simultaneous equations for the determination 
of the coefficients 


AEa + Ba = 1 
A{E + Rh) + ^ = 0 

from which the coefficients are found to be 


abR 

= B_±hR 

abR 


(75) 

(76) 


(77) 

(78) 


Inserting in equation (73), the equation to be integrated 
becomes 


-^+j^(E + bR) jc 

Ea- iE + Rb)e Ea - {E + Rb)e 


-dc — 


R 


de = dt (79) 


giving upon integration 

Ne r NEa Na /.'] 

k(E + Rb) lk{E -f Rby k{E +'Rb) R J 

{E + Rb)c\ +^\og(a-e) = t + K 


( 80 ) 



ANALYSIS OF UNLOADED EXCITERS 


503 


Introducing the following constants in order to simplify 


ei{E + Rb) 

« E^cl Ed KEL^ 

““ e2(E + Rhy ““ e2(E + Rb) "" 7^ 


(81) 

= aKiie^Ki - 1) - 


„ ^ KEL' ^ r 

® Ne2R T 

and applying the initial condition that 

e = ei when < = 0 


(82) 

(83) 


the final solution giving the relationship between time and voltage 
is obtained as 


= T 


Ki(e — Cl) + K 2 log 


Ed — (E -f- Rb)e 
Ed — (jB7 -f- Rb)ei 


+ Kz log 


g — e 1 
a — cij 


(84) 

Equations (69) and (83) are equally applicable to the build-up 
and the build-down process. Subscript 1 designates in either 
case the stdrting conditions whether these happen to be the 
upper or the lower conditions and subscript 2 similarly the final 
conditions. The correct net field-circuit resistance must, of 
course, be used. 

2. Considut Coefficient of Dispersion . — Substituting from the 
Frohlich equation (63) in equation (56) the differential equation 
to be handled becomes 




k(P + iydt 


(85) 


This is identical in form with equation (64) with L' equal to zero. 
Hence the constants in the general solution may with reference 
to equations (65), (66), and (67) be written by inspection as 


__ Edb 
' ~ CiiE + Rb) 

^ ^ _ EdbR _ RKi 

* “ * - CiiE + Rby ~ w^m 


( 86 ) 

(87) 


Referring to equation (69), the solution for the current-time 
relationship becomes 


t 



Kx 

b -|- ii 


Kx 

b + i 


+ Ki log 


(6 + i){E - iiJii)] 
(6 -I- ixKE - ii!f) ,| 


( 88 ) 
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To obtain a formal solution in terms of voltage, substitute 
from the rewritten Frohlich equation (70) in the differential 
equation (56). This gives 


(tN ^ , Rbe _ 
K dt a — e ~ 


(89) 


which in form is identical with equation (71) with L' equal to zero. 
The three constants in the general solution are obtained from 
equations (81), (82), and (83) by inspection 


= 

Ki = 


E 


-|- Rh) 
E^a 


ei{E + RbY 


K3 = 0 


(90) 

(92) 


By using equation (84), the solution for the voltage-time rela- 
tionship may be written 


< - ,(e - + K, log (93) 

Solution by Graphical Integration. 1. Constant Coefficient of 
Dispersion, — For the purpose of the graphical integration the 
differential equation (56) may be written in a more convenient 
form, viz.: 


(tN de ^ 


Ri = R(i2 — i) = RM 


(94) 


Introduce a quantity Ac directly proportional to Ai in accordance 
with the relation 


Ac _ Az 
C2 ^2 


(95) 


The graphical interpretation of Ae is evident from Fig. 232(a). A 
straight line is drawn through the origin and the final operating 
point on the magnetization curve corresponding to the final 
current Z 2 . It is seen that Ac at any arbitrary value of current is 
equal to the difference between the final voltage C 2 and the value 
of voltage given by the straight line. Substitution of Ac from 
equation (95) in equation (94) and solving for the time gives 

kR^Jei^e kE JeiAe ^ JeiAc 


(96) 
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This equation lends itself readily to graphical integration 
by processes similar to those already described in some detail / 
in connection with the iron-cored-coil problem. The integral 
itself represents a pure numeric, the remarks already made 
during the discussion of the problem just mentioned being 



Fia. 232. — Build-up of voltage and field current of separately excited exciter. 
Solution by graphical integration. 

pertinent also here. The integral is multiplied by a time con- 
stant calculated for the final conditions of flux linkages. 

The graphical solution for a build-up process Is shown in 
Fig. 232. In (a) is shown the magnetization curve, in (b) the plot 
of the reciprocal of Ae versus voltage where successive areas 
are measured between the curve and the vertical axis, and in 
(c) the time curves of voltage and current. As far as the general 
shape is concerned, the voltage- and current-time curves for the 



Fia. 233. — Build-down of voltage and field current of separately excited exciter. 

Solution by graphical integration. 

separately excited machine resemble those of flux and current 
for the iron-cored coil. 

Figure 233 shows the solution for a build-down process. This 
is also based on equation (96) which is valid as it stands when only 
the proper resistance and time constant are used. The resistance 
and time constant should always correspond to the final condi- 
tion. Furthermore, Ae should always be taken as the difference 
between the final voltage 62 and the voltage values given by the 
straight line through the origin and the final operating point 
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on the magnetization curve. For build-down Ae is obviously 
inherently negative. 

2. Constant Leakage Inductance, — The differential equation 
(57) may be modified as follows: 


= E — Ri = Riu i) = RAi (97) 

Substituting for At from equation (95) and solving for the time 
gives 



The numerator of the integrand represents the differential of 
the voltage due to the total flux referred to the armature, t.e., 
the sum of the induced armature voltage and the voltage pro- 
duced by the change in the leakage flux, the latter voltage being 
referred to the armature. For the puri)ose of integrating 
graphically, therefore, the reciprocal of Ae must be plotted versus 
the total voltage inst('ad of against e alone. This may be done 
by adding the leakage term to the voltage read from the magnet- 
ization curve either analytically during the process of i)reparing 
data for the 1/Ac curve or graphically, using the principle pre- 
viously illustrated in Fig. 224, by displacing the horizontal axis 
by an angle 

IcT/ 

^ = taii"^ ^ (99) 

and measuring ordinates from the so-displaced axis. 

Equation (98) also holds for build-down subject to proper 
interpretation of the time constant and the quantity Ae as 
previously discussed. 

Self-excited Machines. Analytical Solutions. 1. Constant 
Coefficient of Dispersion. — The differential equation for this 
case is equation (56) using, of course, the variable voltage on 
the right-hand side. Substituting in this for the time constant 
from equation (59) gives 

<rrj + fti = e 
at 


k dt 


( 100 ) 
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which upon introducing the Frohlich equation (63) becomes 
aTah di , n- /i 

Separating the variables this may be written 


» + 

which again reduces to 

To integrate resolve into partial fractions as follows: 

1 ^ 1^1 ^ 

(6 + i)i{a - Kb -Ri) '' b + 1 a - Rh - Ri ^ ^ 

from which the following three simultaneous equations for the 

determination of the coefReieiits may be formed: 

-AR - BR + C = 0 (105) 

A (a - Rb) + B{a - 2Rb) + CT = 0 • (106) 

B{a - Rb)b = 1 (107) 

Solution of these gives 

A = -I (108) 


di == dt 


^ ^ {a -~MTa 

If the partial fractions in equation (103) are inserted, the 
expression to be integrated becomes 

rpf di . a di bR^ di \ 

"" \ h+1 * J T-~Rb ' a - Rb - Ri) 


giving 


cT - 


log (6 + i) + log ( - log (a- Rb- 

Ri)\=t-lrK (112) 
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Applying the initial condition that the current is ii at zero 
time, viz.y 


i = ii when < = 0 


the constant of integration K is given by 


-log (6 + ix) + log log {fl-Rh- 

= K (113) 

By substitution of this in equation (112) the final solution for 
the current-time relationship is obtained as 


t 


= <tt\ — - 
a — 




h + i 
h + ii 


Rb , a — Rb — Ri 
a - Rb^^^a - Rb - Rii 


(114; 


To establish the formal voltage-time relation insert for the 
current in equation (100) by means of the rewritten Frohlich 
equation [equation (70)], This gives 


, 7 ^ + ^ 

at a — c 


= e 


(115) 


Separating the variables 

= dt (116) 

e ^ 

a — e 


which again may be written 

7 ^ == ( 117 ) 

{a -- Rb — eje a — Rb — e ^ ^ 

The first term may be integrated by splitting it into partial 
fractions; thus 


1 A . B 

{a — Rb -- e)e a — — e ^ c 

from which are obtained the following simultaneous equations 
for the determination of the coefficients: 


A - B = 0 
B[a ~ 726) = 1 


(119) 

( 120 ) 
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giving 

By substituting in equation (112), the expression to be inte- 
grated now becomes 

<tt\ — ^ + -) ^ ] = dt (122) 

[a — Rh\a — Rb — e e / a — — ^ 

resulting in 

+ log (a - ra -«)]-( + K (123) 

Applying the initial condition that the voltage is ex at zero 
time, viz.y 

c = ei when < = 0 


the constant of integration K is given by 


a- m-c * ‘"g - -)] - ^ 


This inserted in equation (123) gives the desired solution for 
the voltage-time relationship as 


= (tt\ — ~ 
a — 


Rh 


log 


e{a — Rb — cQ 
Ci(a — Rb — e) 


- log 


a — Rb -- fi l 

a — i?6 — e J 


(125) 


The established solutions [equations (114) and (125)] are 
equally applicable to the build-up and the build-down process 
provided, of course, the proper resistance and time constant are 
used. 

2. Constant Leakage Inductance , — Substituting for the time 
constant [equation (59)] in equation (57), the differential equa- 
tion to be used becomes 


"[a+f + 

which, using the Frohlich equation [equation (63)], may be 
written 




ah 


ib + iy 


+ 


kL'\di , 

irjs + ®’ - 


ai 

b + i 


( 127 ) 
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Separating the variables gives 
ah 


r 06 ^ W 

+ Hrfi - “) "G-fi 


\di = dt (128) 


which again reduces to 
ah 


T 


(6 + i)i{a — Rh 


Ri) Ntia 


kUb 


+ 


-TS)]*' - 


dt (129) 


Rh — Ri) 
kU 

N{a - Rh~ 

The first term may be put into a form suitable for integration 
by reference to the equivalent expression in equation (104) in 
conjunction with equations (108), (109), and (110). The second 
term is handled by partial fractions, viz., 

1 A , B 


_ = 

i(a ~ Rh — Rt) i a — Rh — Ri 

from which are obtained the simultaneous equations 

-AR + B = 0 
Aa + ARh = 1 

yielding the coefficients 


A = 
B = 


1 

a - Rh 
R 

a -- Rh 


(130) 


(131) 

(132) 


(133) 

(134) 


Inserting in equation (129) the expression to be integrated 
becomes 

- 6^7 + «<] - 

where 


K, 

K, 


,kL' 

a 

T' 

a + 


(136) 

1 1 

^1 

1 

a ^ Rh 


kJ/ 

Rh + -^-*6 

II 

+ 

T' 

Y^ + Rb 

(137) 

a — Rh 

a — Rh 
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Carrying out the integrations gives 

T[Ki log i - log (6 + i) - K 2 log (a - - Ri)] = t + K 

(138) 

Using the initial condition that the current is ii at zero time, 
i.e., that 

i = ii when < = 0 
the constant of integration K becomes 
T[Ki log ii = log (& + ii) - log (a - Rh- Rii)] = K 

(139) 

and the final solution for the current-time relationship is obtained 
as 

log • - log - K. log 1^2 ^.] <“») 

In order to develop the formal voltage-time relation the Froh- 
lich equation [equation (70)] is used in equation (126) giving 

, kVab \de , Rbe 

which, separating the variables, may be written 


T 


e — 


Rbe 


+ 


kL'ab 


a — e 

which in turn reduces to 


"<“ - '•>’(« - 5^). 


dc = dt (142) 


t\-, . dc dc + 

L(a — /^o — c)c a — Rb — e 

kL'ab ,1 

~N^a - e)e(a - Bb - ~ ^ 


The first term may be handled by reference to equations (118) 
and (121), the third by resolution into partial fractions as 
follows: 


1 _ A B C 

(a — e)e(a — Rb — e) a — — Rb — e 


( 144 ) 
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From equation (144) three simultaneous equations 

are obtained, 

viz.y 


-A + 5 - C = 0 

(145) 

A(a - Rb) - B(2a - Rb) + Ca = 0 

(146) 

Ba(a — Rb) = 1 

(147) 

the solution of which gives the coefficients as 


A L 

Rab 

(148) 

R - 1 

a(a - Rb) 

(149) 

C — ^ 

fib(a - Rb) 

(150) 


Making substitutions equation (143) may now be written 

t(k,- - K, ) = cU (151) 

\ e a — e a — Rb — e/ '' 

where the constants ai'e given by 


,kL\ ,T', 
a + a + -y fib 

a — Rb a — Rb 

= = IL 

NR T 


(152) 

(153) 


Ki 


/, , W\ r , 

_ , W + 

A T-»7 r 


(154) 


Rb 

/ ^ _£ 

a — Rb a — Rb 

Equation (151) gives upon integration 

T[Ki log e Ki log (a — e) + Kt log {a — Rb — e)] = t + K 

(156) 

Using the initial condition that the voltage is ei at zero time, 
f.e., that 


e = Cl when f = 0 
the integration constant K becomes 

T[Ki log Cl + K 2 log (a — Cl) + Kz log (a — Kb ci)] = K 

(156) 
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Inserting this the final solution for the voltage-time relation- 
ship is obtained as 

I - log t + K, log + K, log (157) 

Solution hy Graphical Integration.^ 1. Constant Coefficient of 
Dispersion, — ^As for the separately excited machine the differen- 
tial equation (56) may also here be written in a more convenient 
form for graphical integration, viz.^ 

^ ^ = e - = Ac (168) 

The quantity Ac represents the difference between the induced 
voltage and the resistance drop in the field circuit. Graphically 
it is given by the vertical distance between the magnetization 
curve and the straight line drawn from the origin through the 
final operating point, the latter being defined by the final volt- 
age 62 or current Z 2 . With the self-excited machine, this straight 
line has a slope equal to the field resistance and is the resistance 
line of the field. It will be noted the Ae^s do not represent 
identical quantities for the separately and the self-excited 
machine. This is important from the standpoint of rapidity of 
response as will be discussed in full later. 

Solving equation (158) explicitly for the time gives 



which lends itself well to graphical integration by processes 
already described. Also here the integral itself represents a pure 
numeric. The quantity Ac should here, as for the separately 
excited machine, always be taken with respect to the resistance 
line through the final operating point. The time constant, on 
the other hand, need not correspond to final flux conditions, 
since, as previously pointed out, it is definitely constant and 
independent of the fluxes. The equation is applicable to the 
build-up as well as to the build-down process. 

Figure 234 illustrates the solution for build-up. In (a) is 
shown the magnetization curve, in (5) a plot of Ac versus voltage, ^ 

^ RUdbnbbrg, loc. cit. 

* This curve, superfluous for the graphical solution, is included in order 
to show its shape, which may be roughly approximated by a parabola. 
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discussion applies. Figure 236(a), (5), (c), and (d) illustrates the 
graphical solution for a build-up process. The effect of leakage 



Flo. 236. — Build-up of voltage and field current of self-excited exciter. Solu- 
tion by graphical integration when field leakage inductance is considered 
constant. 


is, as seen in (a), taken into account by displacement of the 
horizontal axis for the magnetization curve. 

Equation (161) also holds for build-down subject to proper 


time constant and 
previously pointed 


interpretation of the 
the quantity Ae as 
out. 

An Approximate Analytical Solution , — 

Inspection of Fig. 234(6) shows that the 
curve of Ae against e bears a certain resem- 
blance to a parabola. An approximate 
solution may be established on the assumi>- 
tion that the relation between the voltage 237— Voltage 

difference Ae and the induced armature differential during 
voltage e is represented by a symimU exclterCRgSw 
rical parahola^^ as suggested in Fig. 237. approximated by a 

The general equation for a parabola in x-y ®y““®trical parabola, 
coordinates with its axis parallel to the x-axis and its concave 
side towards the left is 



(y — ny = ~p(j — m) 

For the symmetrical case at hand, Fig. 236, evidently 


(162) 


n = 


€2 


and 


m = Ae„ 


(163) 


‘ Rt^DBNBERO, he. cit. 
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Hence 




p(Ae - Ae J 


When Ac = 0, then e = 0 or e = C 2 , and consequently 


The equation for the symmetrical parabola is therefore 




- Ae„) 


from which Ac is obtained as 


Ae = - e) (167) 

Using equation (155) and substituting for Ac by means of the 
above equation gives 


„T ^ de 

Je,Ae 4Ae„J„e(«’2 — 


from which the following solution is obtained: 


< = loE ~ 

4Ae„ ei(c 2 - e) 


This may be solved explicitly for the voltage. To abbreviate, 


C2 — Cl 


Then from equation (169) 


from which the solution for the voltage is obtained as 


1 4 - Ce-^ 


(173) 



ANALYSIS OF UNLOADED EXCITERS 


517 


This expression gives, as seen, a sii^ple explicit solution for 
the voltage during build-up as a function of time. It should, 
however, be considered as a comparatively rough approximation 
only, convenient perhaps in certain instances for rapid estimating 
purposes. 


EXAMPLE 4 


Statement of Problem 


The sketch (Fig. 238) shows a self-excited compound-wound exciter 
operating with a long shunt. 

The magnetization curve with separate excitation applied to the shunt 
field is known in terms of armature open-circuit voltage 
versus shunt-field current. The resistances of the ^ ^ 

shunt and series fields are Rf and respectively, 
and the number of turns in these fields, N / and N,. i 

This machine operates open-circuited and is driven Ny f 
at constant speed when the external resistance R in 
the shunt-field circuit is suddenly short-circuited. Out- 
line a method of determining the build-up curve of 
the open-circuit terminal voltage versus time. 

Neglect armature resistance as well as armature 
inductance and reaction. Also neglect all leakage 
fluxes. 



Fiq. 238.— Self- 
excited compound- 
wound exciter 
considered in 
Example 4. 


Solution 

Since the leakage fluxes are to be neglected, all the turns of the shunt field, 
as well as all the turns of the series field, will link with the same flux, and 
the following differential equation applies: 

nM + + Rfi + R.i - e (a) 

ai at 

Introducing 

Nf Na — Nq and R/ + Rb ^ Rq (6) 

this differential equation reduces to 


dih 

No— + Rot 
at 


(c) 


which, in turn, may be written 


dc 

Tfrr = e — R^i 
at 


Ae 


(d) 


where the time constant To is defined by 
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Solving equation (d) explicitly for the time gives 



which IS in a convenient form for graphical integration The original 
magnetization curve gives the relationship between induced armature volt- 
age and shunt-field current Its shape is modific d by the fact that the senes 
field, when connected, also contributes to the excitation Before perform- 
ing the graphical integration, therefore (by the standard processes desc ribed 
in the text), the magnetization curve must be corrected by multiplying the 
abscissa if by the ratio of the number of shunt field turns to the sum of the 
turns m the shunt field and the senes field N/fiN/ + AT,) The graphical 
integration is then carried out as indicated in Fig 234, giving the desired 
build-up of voltage and field current 

Note Since the number of turns in the series field usually is negligible as 
compared with the number of turns m the shunt field, and therefore has 
only negligible effect when the exciter operates on open circuit, the above 
mentioned correction of the magnetization curve may be omitted Also the* 
time constant To may be computed using the number of shunt turns only 
(t e , in the nomenclature heretofore used, To becomes identical with T) 

EXAMPLE 6 

Statement of Problem 

A certain self-excited exciter is designed to operate at moderate flux 
densities, the effect of saturation being very small It is contemplated to 
modify this design so as to increase the flux dc nsity in the pole cores and the 
yokes Assuming that the dimensions, circuits, and constants are other- 
wise unchanged, determine the influence of this modification in design as 
regards (a) ceiling voltage, (6) mitiil build-up rate from a voltage of, say, 
20 per cent of normal, and (c) time of build-up from initial voltage to sub- 
stantially ceiling voltage 


Solution 

The differential equation (assuming const int coefficient of dispersion) 
is [see equation (158)] 


zE 

k 


de de 

— = crT— ■ — e — Hi — At 
dt dt 


{o) 


The build-up rate and the time of build-up are hene e given by 


and 


de Ac 

7t~7f 



(&) 


(c) 
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In the following, subscnpts I and II will be used to designate quantities 
before and after the design has been modified so as to increase the flux 
density in the pole cores and yokes, respectively Smce dimensions are 
not altered, a higher flux density will result in saturation effects being more 
pronounced, and hence give rise to a magnetization curve which is more 
curved than in the less saturated case, as indicated in Fig 239(a) 

a The ceiling voltages are obtained at the intersection of the field-resist- 
ance line with the magnetization curves Referring to Fig 239, it is evi- 
dent that the ceiling voltage decreases when the design is modified as 
contemplated 

h The initial build-up rates are given by, and may be compared on the 
basis of, the following equation 



Build-up takes place from an initial voltage of 20 per cent of normal It 
IS obvious from Fig 239 that the voltage differentials are substantially equal 



Fig 239 — (a) MaRnetization curves and Q>) curves of 1/Ae for self-excited 
exciter considered in Eixuiuple 5 (I; as origin illy dt signed (II) after modification 
in design increasing the flux density in the pole cores and the yoke 


for the two cases, since the openxting point lies on the straight part of the 
magnetization curve Furthc riiiore, the time constants are identical. In 
other words. 


(Ac/)o = (Ae//)o and Ti = Tn 


(e) 


Hence the initial builcl-up rates are the same before and after the design 
modific ation 

c The time of build-up to substantially ceiling voltage, say 96 per cent 
of this voltage, is given by 


T 



Ac 


if) 


Since the time constants are identical in the two cases, conclusions may be 
based upon a comparison of the integral, the latter being proportional to the 
cross-hatched areas in Fig 239(6) The ceiling voltage, as already stated, 
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is larger for the less saturated case, and it will be noted that the power 
differentials are larger for this case also. In other words, 

(C 2 )/ > (€ 2 )// and (Ac)/ > (Ae)// {jg) 

It is seen from the equation for build-up time that an increase in ceiling 
voltage and an increase in voltage differential have opposite effects and 
therefore cannot be definitely evaluated except for a specific numerical 
case. It is probable, however, that the effect of the decreased ceiling volt- 
age is predominant, and inspection of the cross-hatched areas also seems to 
bring out this point. Hence it is reasonable to anticipate a slightly 
decreased build-up time by the design modification contemplated. 

EXAMPLE 6 

Statement of Problem 

Discuss the effect on {a) the initial build-up rate and (ft) the time of 
build-up of the self-excited direct-current machine of 

1. increasing the field resistance; 

2. increasing the speed; 

3. increasing the shunt field turns; 

4. carrying out both (1) and (2) in the same ratio. 

In each of the above cases all other design constants are assumed to 
remain unchanged. 


Solution 

The following equations give the response rate and the time of build-up 
to 95 per cent of ceiling voltage: 


de ^ e — Ri Ac 

li " aT ^ 

*dc 


= .rj 


Ac 


The time constant and the proportionality factor k are given by 

T 

e k4> k 


and 


e _ p nZ 
<t> a 60 


(a) 

W 

(c) 

(d) 


It is assumed in what follows that the ceiling voltage C 2 lies well up on the 
saturated part of the magnetization curve. Quantities designated by 
primes refer to conditions after the specified changes have taken place. 

o. The effect of increase in field resistance is illustrated in Fig. 240. It is 
assumed that the initial operating point is kept unchanged by adjustment 
of the external resistance. Changing the field resistance does not affect the 



ANALYSIS OF UNLOADED EXCITERS 


621 


time constant. It decreases, however, the ceiling voltage by a relatively 
small amount, since it is well up on the saturation curve, and decreases the 
voltage differential Ae. 

Hence, referring to equation (o), the initial 
response rate is decreased. Referring to equation 
(6), the value of the integral is increased owing to 
the fact that the effect of the smaller Ae most prob- 
ably is predominant over the effect of the decreased 
ceiling voltage. Hence, increasing the field resist- 
ance will increase the time of build-up. 

b. Increasing the speed increases the proportion- 
ality factor k in direct proportion, and the time 
constant in inverse proportion. The induced volt- 

age for a given field current is increased in direct j^^ce of self-excited 
proportion to the increase in speed, as illustrated exciter (Example 6). 
by the magnetization curves in Fig. 241 (o). It is 

further seen that the initial operating voltage as well as the final operating 
voltage (the ceiling voltage) is increased. 




Fig. 241. — Effect of increasing the speed of rotation of self-excited exciter 
(Example 6). The top curves correspond to the higher speed. 


Referring to equation (a), therefore, the initial response is increased. In 
equation (6) the effect of the increased Ae is predominant over the increase 



Fig. 242. — Effect of increasing the number of shunt-field turns of self-excited 
exciter (Example 6). In (a) and (&) the top curves correspond to the increased 
number of turns. In (c) the situation at the lower straight-line part of the 
magnetization curves is shown to an enlarged scale. 


in ceiling voltage, and the value of the integral therefore is decreased, as 
illustrated by the areas in Fig. 241 (6). This fact, combined with the decrease 
in time constant, will result in a decreased time of build-up. 
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c. Increasing the number of field turns increases the time constant in 
direct proportion. To produce the same induced voltage, a smaller field 
current (it is proportional to the inverse-turn ratio) is required, as illustrated 
by the magnetization curves in Fig. 242(a). The field resistance line remains 
the same, and (assuming also the same external resistance) increasing the 
number of turns will increase the initial voltage as well as the final voltage. 
The former will increase almost in the same proportion as the turn ratio, 
owing to the linearity of the magnetization curve in this range; and the 
latter (the ceiling voltage) will increase by a small amount only, owing to 
the effect of saturation. The voltage differential Ae increases. 

Referring to equation (a), therefore, it is seen that the increased voltage 
differential tends to increase the initial response rate, while the increased 
time constant tends to have the opposite effect. The net result in a specific 
case depends upon relative values. Further light on the situation is thrown 
by the following analysis: 

Figure 242(c) shows the lower straight part of the magnetization curves 
[t.e.f the lower left comer of Fig. 242(a)] enlarged. They start at the same 
residual voltage, but have different slopes, m and m'. The relationship 
between these is determined from the following equations written for the 
same voltage: 

N 

e — er + mt = er + mv = Cr + t (e) 

- iV' 

from which 

m' - — w (/) 


The voltages obtained at the points of intersection between the magnetiza- 
tion curves and the resistance line corresponding to the initial resistance are 
given by 

c[ = Hii[ = Cr + m'i[ (g) 

Cl = Rii\ = Cr + mil (h) 

By subtraction is obtained 


Ri(i[ — ii) = m'i\ — mil 



(i) 


from which the ratio of the two initial values of current becomes 


ii 

ii 


Ri — m 

Rj — -z-m 
N 


O') 


The ratio of the initial build-up rates [see equation (a)] is 


€[ — Ri\ 


\d^/o N 



N (Ri - R)i[ 
N'(Ri - R)ii 


Ni[ 

N'ii 


(k) 
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which, upon substitution from equation (i), reduces to 


/ 



An examination of this equation indicates that an increase in the number 
of field turns may result in an increase, as well as a decrease, in the initial 
response rate, depending upon the relative values of the quantities involved. 
It may be noted that the turn ratio N'/N can never be larger than R\/m. 
If they were equal, an infinite response ratio would theoretically be obtained 
— an obviously entirely trivial case. The quantity Ri/m must always be 
larger than 1, as otherwise no operating point would be obtained, t.e., there 
will be no intersection between the lower straight part of the magnetization 
curve and the resistance line. Its value may not be very much larger than 1, 
however, and probably seldom exceeds 1.5. The practical possibilities, 
therefore, for increasing the number of field turns (without at the same time 
modifying the design in many other respects) is limited. With these prac- 
tical restrictions, the effect of an increase in the number of field turns will 
also be an increase in the initial response rate. 

It may be of interest to substantiate this by a numerical example based 
on reasonable initial operating conditions. For instance, consider a residual 
voltage of 5 per cent and an initial operating voltage of 25 per cent. Then 

Cr = 0.05 and R\i\ — 0.05 + wti = 0.25 (w) 

from which are obtained 

, Ri 0.25 

mty = 0.20 and — = = 1.25 (n) 

m 0.2 

These values may now be inserted in equation (1) giving 



For illustration assume increases in the number of field turns of 20, 10, 2 and 
1 per cent, respectively. Using these values, the following ratios of initial 
build-up rates result: 




NWN 

(de/dt)Q 

1.20 

4.17 

1.10 

1.51 

1.02 

1.065 

1.01 

1.03 
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These values bear out the correctness of the conclusions previously set 
forth. 

The time constant increases directly as the number of turns, as previously 
pointed out, but it is reasonable to expect that the value of the integral 
[the area in Fig. 242(6)] will decrease in more than direct proportion. It has 
been demonstrated that the initial response rate, and consequently the 
voltage differential Ac, increase in more than direct proportion, and it is 
consequently reasonable to expect that the area depending upon Ae will do 

likewise. The net probable effect of an 
increase in the number of field turns, there- 
fore, should be a slight decrease in the time 
of build-up. 

d. The time constant is affected as in the 
previous case (c), and the magnetization 
curves are also similarly affected, as illustrated 
in Fig. 243. Since, however, the field resist- 
ance (including the external resistance) is 
increased in the same proportion as the 
number of turns, different resistance lines 
must be used in the two cases, as also indi- 
cated in Fig. 243. This results in the same 
initial and final operating voltages, although, 
of course, the initial and final currents will be 
different. Furthermore, the voltage differ- 
ential Ac is not affected by the change. 

Referring to equation (a), it is evident that the initial response rate will 
decrease in direct ratio as the number of field turns is increased. Equation 
(6) shows that the value of the integral remains the same as before, and the 
only factor modifying the build-up, therefore, is the time (jonstant. Hence 
the time of build-up is increased in direct ratio as the number of field turns. 



Fig. 243. — Effect on mag- 
netisation curve and field- 
resistance line of self-excited 
exciter of increasing the field 
resistance (including external 
resistance) and the shunt- 
field turns in this same ratio 
(Example 6). 


EXAMPLE 7 


Statement of Problem 

A four-pole, self-excited exciter is designed to operate at a fairly high 
saturation. This exciter is being driven at a constant speed and is discon- 
nected from the alternator field circuit which it usually supplies. The field 
switch is closed and the voltage across the armature terminals starts to 
build up. It requires a certain time to build up from the residual value to, 
say, 90 per cent of its final value. Discuss the effect on this time when the 
following changes are made: 

o. The length of the air gap is increased by a small amount, say 20 per 
cent. 

6. The armature winding is changed from simplex lap to simplex wave, 
and the cross section of the armature conductors is halved. 

All the other factors are assumed to remain the same. A qualitative 
discussion is all that is needed in (a), but a numerical answer should be 
given for (6). Neglect armature resistance and armature reaction. 
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Solution 

The time of build-up from residual voltage to 90 per cent of the final 
voltage 18 given by 


.t\ ^ 

Jet Ae 


(a) 


a It IS assumed that increasing the air gap by about 20 per cent does not 
materially change the field leakage (coefficient of dispersion). The reluct- 
ance in the air gap is increased in proportion to its lengthening, and hence 
the magnetization curve will be about 20 per cent lower over the straight 
portion, the difference decreasing as satura- 
tion IS approached. This is illustrated in Fig. 

244 It IS apparent from 


e 


N 

k 


60 oi\r 

pZn 


0 ) 



that the time constant remains unaltered It 
will be noted, however, that the voltage differ- 
ential Ae IS a good deal smaller when the air gap 
is lengthened At the same time, however, the 
upper voltage limit — the ceihng — is decreased 
Thus there are two counteractmg effects pres- 
ent, but it is probable that the effect of the 
decreased voltage differential will predommate 
Accordingly, the time of build-up is mcreased 
by lengthening of the air gap It should be borne m mind, however, that 
a completely definite conclusion would have to be based on a specific 
numencal case 

b The following table relates to number of poles, number of parallel 
paths in the armature winding, and mduced armature voltage for simplex 
lap and simplex wave windings, asuming the same fiux 


V# 

244 — Effect of 
lengthening the air gap of 
self-excited exciter (Exam- 
ple 7) 



Simplex 

lap 

Simplex 

wave 

Number of poles, p 

4 

4 

Number of parallel paths, a 

4 

2 

Ratio, p/a 

1 

2 

Voltage 

e 

2e 


The shape of the magnetization curve is not affected by a change in wind- 
ing type, but the voltage scale would be doubled for the wave winding. 
Referring to equation (&), it is obvious that the time constant for the wave 
wmdmg would be one-half that for the lap winding, t.e,, 
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The integral part of the equation for time of build-up is equal for the two 
winding types, since 


wave .t/fl 


Hence the time of build-up is halved when the winding is changed from 
simplex lap to simplex wave. 


Exciter Response. — It is evident from the preceding that, when 
an exciter is called upon to change its voltage by virtue of a 
sudden change of resistance in its fiedd circuit, the build-up or 
build-down takes place gradually. Furthermore, during the 
change the rate of change of voltage with res])ect to time is not 
constant. In other words, the response rate^ or exciter speed 
as it is also termed, expressed in volts per second is a variable. 

The response rate of an exciter is an important quantity whicdi 
has considerable bearing on its effectiveness as a regulating 
agent, and particularly so in connection with the question of 
stability. 

The American Institute of Electrical Engineers is contemplat- 
ing standardization of definitions regarding the response of 
excitation systems. Final formulations are not yet available. 
As far as essential ideas go, however, the following statements 
may serve the purpose: 


1. Exciter Response . — Exciter response is the rate of build-up or 
build-down in volts per second of the main exciter voltage when a short 
circuit across the regulating rheostat in the exciter field is suddenly 
applied or removed by the action of the voltage regulator. 

Note: The response, which, in general, varies appreciably during the 
build-up or build-down process, depends on the characteriKstics of the 
excitation system as a unit, on the value of exciter voltage, and on 
the characteristics of the alternator field and armature circuits. 

2. Nominal Exciter Response. — a. The nominal exciter response is 
the constant rate of build-up in volts per second of the main exciter 
voltage which, beginning at nominal slip-ring voltage, will give the same 
area in volt-seconds as the actual build-up curve starting at the same 
initial voltage taken over a period of one-half second with the exciter 
operating at rated speed and at no load when its shunt-field regulating 
resistance is suddenly short-circuited, leaving in the circuit the fixed 
resistance, if any, required to limit the maximum exciter voltage or 
field current. If the exciter is separately excited the voltage of the 
pilot exciter, battery, or other source used, shall be the same as will 
be used in actual operation. 
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h. Nominal slip-ring voltage is the voltage across the alternator slip 
rings required to generate rated kilovolt-amperes at rated voltage, fre- 
quency and power factor with the field winding at a temperature of 
75 degrees C. 

Note: The nominal response defined above equals eight (8) times 
the volt-second area between the build-up curve, starting at nominal 
slip-ring voltage, and a line representing this voltage, taken over a 
period of one-half second. This fact may conveniently be made use of 






^ Nominal Sfip-Rinq 
, Voltage 


Actual 



Curve 


" “} “ Slope -Nominal 

Response 


\ 1 1 

Fiq. 246. — Determination of nominal exciter response when the experimental or 
computed build-up curve is available. 


in evaluating the response rate from test data. Figure 245 illustrates 
how the nominal exciter response is determined. 

The first definition of exciter response given above is obviously 
the fundamental and general one. It takes proper cognizance 
of the fact that the response rate is a variable and of the several 
factors which influence it. The nominal response given by the 
second definition, on the other hand, is a definite quantity readily 
determinable by calculation or by test with the exciter operating 
at no load. A definition of this nature is necessary in order 
that confusion shall not arise when mentioning numerical values 
of response rates in volts per second. The nominal exciter 
response, therefore, is suitable for the purpose of specifications, 
and as a basis for guarantees. It is also useful as a basis for 
approximately comparing the effectiveness of excitation systems. 

In addition to being expressed in volts per second, response 
rates may also be stated as ratios with respect to nominal slip-ring 

voltage or rated terminal voltage 



EXAMPLE 8 


Statement of Problem 


The following data relate to a self-excited shunt-wound exciter: 


RatinK 200 kw. 

Voltage (normal) 250 volts 
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Armature resistance 0.0113 ohm 

Armature inductance 0 . 0063 henry 

Field resistance (hot) 23.3 ohms 

Nominal field inductance 26.6henrys 

Total resistance available for use in series 

with shunt field 66.7 ohms 

100 per cent field current 6.6 amp. 

Coefficient of dispersion 1.15 


Note: The nominal field inductance may be defined as the number of 
flux linkages per field ampere at rated armature voltage with the armature 
winding open-circuited. 


Data for Magnetization Curve. 

Obtained with the Machine Selp-excitbd 
Percentage Voltage Percentage Field Current 
4 0 

40 34 

60 54 

80 75 

90 86 

100 100 

110 117.5 

120 139 

130 170 

135 192 

140 219 

143 240 


a. Determine the nominal response of this exciter when the nominal slip- 
ring voltage of the alternator which it will supply is 188 volts. 

h. Calculate an approximate value for the nominal response, using an 
analytical method based on the representation of the Ac versus e curve by a 
symmetrical parabola. 

c. What time is required for build-up from nominal slip-ring voltage to 
95 per cent of the ceiling voltage when all external resistance is suddenly 
short-circuited? 

d. What is the build-up time specified in (c) when based on the nominal 
response as a constant build-up rate? 

Solution 

a. Figure 246 shows the magnetization curve and the field -resistance line 
with field rheostat short-circuited. From these two curves the third curve 
giving 1 /Ac versus e is plotted. 

The differential equation for build-up is [see equations (158) and (159)] 


k dt 


Ri — Ac 


w 
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or 


fc J ,Ae J jAe 


( 6 ) 


In this cajse T = AT/fc - AT^/IZt * Lo/aR = 26.6/1.16 X 37.9 = 0.610 sec., 
since nominal field inductance is 26.6 henrys and normal field resistance is 
260/6.6 or 37.9 ohms. Consequently, 


C de C de 

i = 1.16 X 0.610 I 0.702 I — (c) 

JeiAe Jo.TsAe 

Evaluation of this integral by taking successive areas between the 1/Ae 
curve and the voltage axis gives the build-up curve in Fig. 247. From this 
curve 


Nominal response = 0.55 per unit per sec. = 0.53 X 250 

= 132.5 volts per sec. 

6. By referring to equation (173), the approximate expression for the 
voltage during build-up is 


62 

1 -h 



iA) 


where 



From magnetization curve and field-resistance line, 
Acm - 38.7 per cent ** 0.387 per unit 


Hence 


and 


4 X 0.387 

1.15 X 0.610 X 1.41 


1.56 


(e) 


1.41 
^ 0.75 

“ 1 -h 0.88«-i-»« 

This build-up curve is also plotted in Fig. 247. From this curve 
Nominal response = 0.52 per unit per sec. »= 0.52 X 250 » 130 volts per sec. 
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Fig. 246. — Magnetization curve, field-resistance line, and curve of l/Ae for the 
sclf-cxcited exciter in Example 8. 



Fig. 247. — Calculated build-up curves for self-excited exciter (Example 8) 
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An alternative (and in fact more logical) method in this case is to cal- 
culate the nominal response rate directly. Using equation (d) the area 
under the build-up curve up to any time r is 


A - 




621 T 



1+c ' 
1 + 


With T *= 0.5 sec. the nominal response rate is given by 


Nominal response = 


8 


(62 — 6q)t 



(1.41 - 0.75)0.5 - ^ loR 
1.00 


62 , 1 + C 

a 1 H- C€~^ 
1 4 - 0.88 1 
1 + 0.886-0 J 




= 810.33 ~ 0.903 log 1.338] 

= 8 [0.33 — 0.264] = 0.528 per unit /sec. 


c. The ceiling voltage is 141 per cent. Hence 


€2 = 0.95 X 141 = 134 per cent = 335 volts 


From the (exact) curve in Fig. 247 the time required to build up from nominal 
slip-ring voltage to this value is 1.20 sec. 

d. Based on nominal response rate the build-up time becomes 


335 - 188 __ 147 
132.5 “ 132.5 


1.11 sec. 


Comparison of Response of Separately- and Self-excited 
Machines. — In order to discuss the relative behavior in regard 
to r(\sponse rates and build-up and build-down times for sepa- 
rately excited and self-excited machines consider a suitable 
form of the differential equation, for instance 


de _ Ae 

Jt - 


or 



de 

Ae 


(174) 


This has been previously given as equations (96) and (152) for 
the two types of excitation, respectively. 

The final voltage to which the machine may build up, 2 .c., 
the upper value of C 2 , is called the ceiling voltage. With the 
separately excited machine, the ceiling voltage can be varied 
between wide limits by suitable change of pilot-exciter voltage, 
external shunt-field resistance, or both. With self-excitation, 
on the other hand, the optimum ceiling voltage is definitely 
limited by the resistance of the shunt-field winding itself. It 
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cannot be brought beyond the value corresponding to zero 
external resistance in the field circuit. 

The time constants appearing in the above equation have the 
following make-up [see equations (58) and (59)] for separately 
excited and self-excited machines, respectively: 


m _ 

^ kE 



(175) 

(176) 


With separate excitation it is possible to control the value 
of the time constant by varying the voltage E of the pilot exciter. 
If it is desired that the ceiling voltage remain unaffected by the 
change in time constant, E and R (the total resistance in the 
field circuit) may be varied in the same proportion. This is 
obviously practicable since the ceiling voltage 62 depends only 
on the upper limit of field current t 2 = E/R and the magnetiza- 
tion curve. The time constant of a separately excited machine, 
therefore, may be ipade small by suitable selection of pilot- 
exciter voltage and external field resistance. A low time con- 
stant [see equation (174)] increases the response rates and 
expedites the build-up and build-down processes. 

With self-excitation the time constant is inherently fixed 
by the design and cannot be controlled by external means. 
Hence in this respect the self-excited machine is at no small 
disadvantage relative to the separately excited machine. 

Equation (174) shows that the response rate as well as the 
integral itself, whose numerical value governs the build-up and 
build-down times, depends on the quantity Ae. This quantity 
for the two types of excitation is given by 


Separate excitation: 



Self-excitation : 



(177) 

(178) 


For the purpose of comparison, assume the same ceiling voltage 
in the two cases. It is evident that on this basis Ae is larger for 
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separate excitation than for self-excitation during the entir^e 
process of build-up or build-down, except at the final operating 
point where the two Ac's are the same and necessarily equal to 
zero. It follows from this that the separately excited machine 
will have a higher response rate over practically the entire range. 
The difference is particularly pronounced during the first part 
of the transient. Maximum deviation in favor of the separately 
excited machine will obviously be found in the initial response 
rate, i.6., in the volt-per-second value at the instant build-up 
or build-down begins. 

Theoretically, the value of the integral itself in equation (174) 
is infinity if taken between the ultimate limits. Practically, 
however, the final conditions are reached in a finite time. As a 
reasonable basis for comparison of ultimate values of the integral 
for the two types of excitation, it may be evaluated over, say, 
95 per cent of its total range. If this be done, the value of the 
integral for the separately excited machine, owing to the con- 
siderably larger Ae’s, will be much smaller than for the machine 
with self-excitation. This fact contributes to the reduction of the 
time required for build-up or build-down to ultimate conditions. 

Most frequently, except under abnormal operating conditions 
on the power system, an exciter will, under the action of the 
automatic voltage regulators, be called upon to build up or down 
only partially. Differently expressed, this means that the limits 
of integration in equation (174) will not be the steady-state 
voltage values e\ and as previously defined, but certain voltages 
intermediate between the steady-state limits. Also for this 
mode of operation, it is obvious that the integral will have a 
much lower value when separate excitation is employed. 

Summing up the essence of the above discussion it may be said 
that from the standpoint of response and time of build-up and 
build-down, and hence from the standpoint of general effective- 
ness in an excitation system, the separately excited machine 
has distinct advantages over the machine with self-excitation. 
Furthermore, the former possesses additional flexibility of 
application in that pertinent factors, such as ceiling voltage and 
time constant, may be controlled by external means independent 
of the design of the machine itself. 

If the effectiveness of an excitation system is to be improved 
by changing from self-excitation to separate excitation, using a 
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pilot exciter, it is well to bear in mind that the improvement 
which can be obtained is always subject to certain practical 
limitations. For instance, the amount by which the ceiling 
voltage may be increased (if an increase is desired) depends upon 
the saturation. When this is pronounced the amount of addi- 
tional field current required to raise the ceiling becomes large 
and may have to be limited by considerations of heating, even 
though otherwise attainable by means of a very high pilot- 
exciter voltage. Furthermore, it should be recalled that an 
interrelationship exists between ceiling voltage 62 , response 
rate de/dt, and amount of external resistance in the field circuit. 
A new ceiling voltage and a desired rate of response cannot, 
in general, be arbitrarily specified, since it may be impossible 
to satisfy the combination even though no restrictions be imposed 
on the pilot-exciter voltage and the external field resistance. 
Thus, if in the self-excited case all external resistance is cut out 
at the ceiling, it is obvious that in changing to separate excitation 
the pilot-exciter voltage must be at least equal to the ceiling 
voltage self-excited, if the change from self-excitation to separate 
excitation is not going to result in a decreased ceiling. The rate 
of response during build-up is governed by the voltage of the 
pilot-exciter and the ceiling voltage. Certain combinations of 
response rate and ceiling voltage may lead to the paradox of 
negative external resistance under separately excited conditions, 
as borne out in Example 9. 

EXAMPLE 9 

Statement of Problem 

It is desired to provide separate excitation by means of a suitable pilot 
exciter to the self-excited, shunt-wound exciter on which design and oper- 
ating data are given in Example 8. What should the pilot-exciter voltage 
be to double the build-up rate at nominal slip-ring voltage? The ceiling 
voltage is to remain the same as for self-excited operation. 

Solution 

Referring to equations (174) to (178) inclusive, the build-up rates at 
nominal slip-ring voltage for operation self-excited and separately excited 
are given below: 

Self-excited: 



to 

Bo — err 
t2 


(a) 
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Separaiely Excited: 



(fc) 


Since the biuld>up rate is to be doubled^ it follows from these equations 
that 



Co ~ Cjrr 


from which 



*2 


The necessary numerical values are obtained from the data in Example 8: 


Co = 188 volts 

C 2 = 1.406 X 250 = 351.5 volts 


to 


4.49 

15.05 


0.2975 


Hence 


to = 0.68 X 6.6 = 4.49 amp. 
t 2 = 2.28 X 6.6 = 15.05 amp. 


2(188 - 351.5 X 0.2975) 
1 - 0.2975 


2 X 83.5 
0.7025 


= 238 volts 


It is thus seen that a pilot -exciter voltage of 238 volts apparently would 
double the build-\ip rate at nominal shp-nng voltage. However, since this 
voltage is lower than the ceiling voltage (351.5 volts), the latter cannot 
actually be reached. The inconsistency lies in the requirement which 
specifies double build-up rate at the previous ceiling voltage. In order not 
to change the ceiling, the minimum permissible pilot-exciter voltage must be 
351.5 volts (equal to the ceiling voltage). With this pilot-exciter voltage, 
the response rate when operating self-excited is given by the calculation 
below. 

When E = e% =351.5 volts it follows from equations (o) and (6) that 




536 


ELECTRIC POWER CIRCUITS 


BXAMPLB 10 


Statement of Problem 

A self-exicted exciter is supplying an alternator whose nominal slip-ring 
voltage is eo. The resistance of its field winding is R. 

In order to increase the response, it is contemplated to separately excite 
the exciter from a pilot exciter of suitable voltage. 

o. Determine the voltage of the latter {E) which will increase the initial 
rate of build-up six times when operating at nominal slip-ring voltage 
and the regulator contacts suddenly close. The lowest possible volt- 
age (ei) obtained with the full amount of external resistance in the circuit 
is to remain the same. The ceiling voltage (ez)} on the other hand, is to be 
increased by 10 per cent. Give the answer in terms of the nominal slip- 
ring voltage. 

The ceiling voltage self-excited with no external resistance in the field cir- 
cuit is twice the nominal slip-ring voltage = 26o), and the current at this 
ceiling is three times the current at nominal slip-ring voltage (ta = 3io). The 
lowest value of voltage is one-third of nominal slip-ring voltage (ci = Co/3). 
The 10 per cent increase in ceiling voltage is accompanied by 33.3 per cent 
increase in ceiling current. The magnetization curve may be assumed to be 
linear below nominal slip-ring voltage. 

6. In terms of the field, resistance R^ determine the amount of external 
resistance required under conditions of self-excitation and separate excita- 
tion, indicating in the latter case also the amount which permanently must 
be left in the circuit in order that the specified ceiling shall not be exceeded. 

c. Formulate an expression for the ratio separately excited to self-excited 
of the build-up time from nominal slipHring voltage to 95 per cent of ceiling 
voltage at the above-determined pilot-exciter voltage. Discuss this ratio 
and indicate its order of magnitude. 

Solution 

The exciter, separately and self-excited, is shown in Fig. 248(a) and (6), 
respectively. Figure 249(a) shows the magnetization curve on which are 



Fig. 248. — Schematic diagrams of exciter arrangomonts considered in Example 
10, (a) Self-excited. (6) Separately excited. 


located the lowest operating voltage, the nominal slip-ring voltage, and the 
ceiling voltages in the two cases. 

a. The following equations give the response rates at nominal slip-ring 
voltage: 
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Sdf-excUed: 



Co — Ru 


Co ““ R%9 

cN/k 


Separately Excited: 




aT„ “ vNe'jkE " vN/kE 


(a) 


( 6 ) 



Fig. 249. — (a) Magnetization curve of exciter in Fig. 248; (6) and (c) curves of 
quantities representative of comparative build-up characteristics when the 
machine is self-excited and separately excited. (For complete explanation see 
Example 10.) 


This build-up rate will be increased m times by separate excitation if 

= m(co - /2to) (c) 


O-ii)' 


From the given data, 


Hence 


giving 


io io 1 1 r» 2Co 

-a = — = and — 

tf 73*2 4 ts 3to 



497260 
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In order to increase the response at nominal slip-ring voltage six times (i.c., 
m ~ 6), the voltage of the pilot exciter must consequently be 

E = = 2.67e« 

h. The lowest operating point fixes the value of external resistance in the 
exciter field circuit. For the self-excited machine this resistance is 


Cl 


Co 


R 


= -f - = -:/2 == - 

h to 2 


The external resistance i2s, permanently in the field circuit when separate 
excitation is used, is found from the conditions at ceiling voltage. At this 
operating point, 


n n ^ 4meo SmR 

* “ ■ iT 

from which 

*• - U - ')“ 

The total external resistance when separate excitation is used, and from 
this the part i2a, which can be short-circuited out, is determined from condi- 
tions at minimum operating voltage. At this point 


« ^ « LJ 4meo 4mco ^ _ 

R -{• R 2 Rs = ~r = " - = o “ 2mf2 

ti 9io/3 3io 


from which 


/ 3m \ 

= - 1 - — + 1 = 


11m, 


-R 


When the build-up rate at nominal slip-ring voltage is increased six times 
(m = 6) the external resistances become 


R 2 = HR and 1 ^ 3=0 


c. The time required for build-up from nominal slip-ring voltage to 95 per 
cent of ceiling voltage is given by 
Sdpexdted: 


Tself 




'»0.96c2 

ACwlf 

t/OD 


^ ri o0‘ o de 

J « e — Bi 
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Separately Excited: 


I 



The ratio of the build-up times thus becomes 



which for m = 6 reduces to 



In order to determine the ratio numerically, it is necessary to evaluate 
the integrals. This can be done graphically but exact evaluation requires 
that the actual magnetization curve be available. However, sufficient 
support for an approximate quantitative solution may be had from the 
given data. Such figures as can be obtained are collected in the following 
table: 
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The values of the denominators in each integral are plotted in Fig, 249(6) 
and their reciprocals in (c). These curves are approximate only, since there 
are too few actual points to define them completely. A rough evaluation 
of the areas between the curves and the voltage axis taken from nominal 
slip-ring voltage to 95 per cent of the respective ceilings indicates a ratio of 


(Area),ep 

(Area)seif 


^ 0.90 


The approximate ratio of the build-up times therefore becomes 


Taelf 8 

It is reasonable to expect, therefore, that the build-up time separately 
excited will be approximately one-third of the build-up time for self-excited 
operation. 



CHAPTER XVI 

ANALYSIS OF LOADED EXCITERS 


While in the preceding chapter open-circuit operation only 
was considered, the present chapter will concern itself with the 
transient analysis of exciters carrying loads. Although the 
usual exciter load, i.e., the field winding of the alternator, 
represents a combination of resistance and variable inductance, 
the discussion will, for the sake of generality, also include certain 
other types of load. In other words, the treatment will cover 
transients in direct-current machines, in general, without 
limiting itself to such machines applied as exciters. 

When the machine is loaded, the constants of the armature 
circuit enter into the problem in addition to those of the field 
circuit. Besides the constants of the load the armature resistance 
and inductance as well as the armature reaction may have to be 
considered. It has previously been mentioned that with the 
self-excited machine the latter three factors should, strictly 
speaking, be included even at no load. However, under no-load 
conditions their effect is negligibly small. With load on the 
machine and large values of armature current, their effect may 
evidently be materially increased. In spite of this they are 
frequently omitted also when load is carried in order that the 
analysis may be facilitated. 

The effect of the armature resistance is usually the most 
important. Hence the resistance is the armature constant 
which first ought to be taken into account. The leakage induc- 
tance of the armature is ordinarily quite small and the reactance 
voltage during the transients, therefore, as a rule rather insig- 
nificant even at comparatively rapid current changes. The 
magnitude of the armature reaction depends on the position 
of the brushes. If these be in the neutral zone, as they would 
be with machines having compensating poles, the armature 
reaction is zero. As the angle of displacement of the brushes 
from the neutral plane never should be very large, the armature 
reaction should usually be small. 

541 
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Although the inclusion of the armature constants in the 
transient analysis may be refinements >yhich in a practical 
case would be omitted, complete methods are desirable and 
should be available. Such methods are at least necessary so 
that the magnitude of the effect of the armature constants may 
be studied. Only in this way can the degree of approximation 
and hence the applicability of the simpler methods of analysis be 
established. In the discussion which is to follow, therefore, 
the armature constants will be ignored as well as taken into 
account. The load conditions to be covered are 

A. Open circuit 

JB. Resistance load 

C. Resistance and constant-inductance load 

D. Resistance and variable-inductance load 

For each type of loading armature constants will be included 
according to the following classification of cases: 

Case 1. — Armature resistance, inductance and reaction 

neglected {Ra = Oy La — 0^ A =0). 

Case 2. — Armature re^stance considered, indu(‘tance and 
reaction neglected (Ray Lo = 0, A = 0). 

Case 3. — Armature resistance and indu(‘tance considered, 
reaction neglected (Ray Lay A = 0). 

Case 4. — Armature resistance and reaction considered, induc- 
tance neglected (Ray La = 0, A). 

Case 5. — Armature resistance, inductance, and reaction 

considered (Ray Lay A). 

The transient analysis under load conditions will be discussed 
with particular reference to the self-excited machine. The 
separately excited machine, however, can be handled by the 
same general methods. As a matter of fact, the analysis of 
problems involving the latter is often somewhat simpler. Fur- 
thermore, the discussion as well as the specific formulations are 
in general confined to the build-up process. The same pro- 
cedure, however, is applicable when build-down takes place. 

No Load. Case 1. — The analysis neglecting both armature 
resistance and inductance as well as armature reaction has been 
covered in detail in the preceding chapter. 

Case 2. — Referring to Fig. 250, the differential equation [see 
Chap. XV, equation (100)] when armature resistance is included 
becomes 
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+ Ri = e- Raia ■ (1) 

Since at no load the armature and field carry the same current, 
this may be written £ 

gj * 

= e - (i? + Ra)i = e - Roi = Ae (2) „ | ^ 

at B (e) 

o 

which solved for the time gives P 


i = <rT 



Fig. 250. — Schematic 
diagram of self-oxcited 
exciter. 


This is of exactly the same form as previ- 
ously handled analytically and graphically. If the latter method 
is employed, the resistance line is merely drawn to correspond to 
the total resistance, t.e., the sum of the armature resistance and the 
resistance in the field circuit proper as indicated in Fig. 251. The 
armature resistance decreases the voltage differcn(‘e Ae during 
build-up and increases it during build-down. Hence it decreases 
^ the response rate and increases the time 

of build-up. For build-down the effects are 

y/y I opposite. The influence of armature resist- 
^ * ance, however, is practically negligible at no 

/ X I load. 

p/ ^^£ j Case 3. — At no load, armature inductance 

^ I [ . merely acts as if additional field leakage 

6, c is ^ were present. Referring to equation (161) 

Fio. 251 .-Magnetiza- in Chap. XV, the solution for time is given by 


tion curve and equivalent 
field-resistance line of 
self-excited exciter. The 
equivalent field resist- 
ance is the sum of the 
actual field resistance 
and the armature resist- 


t = (tT 


t/ei 


and the armature resist- which can readily be handled by methods 
previously discussed. Since armature 
resistance is also included Ae should be calculated as indicated in 
equation (2). 

Case 4. — The demagnetizing armature reaction which is 
directly proportional to the armature current is expressible by 


kaia = 


ISOaV 
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Actual 
Maqnefizafion Curve 


where a = the displacement of the brushes from the neutral 
zone, in electrical degrees 

a = number of parallel paths in the armature winding 
Z = number of armature conductors per pole 
iV = number of field turns 

The magnetization curve gives the relationship between 
induced open-circuit armature voltage and field current. During 

operation, it is the actually induced 
armature voltage which is of interest 
and which should be used in the 
various differential equations. 
When armature reaction is present, 
a larger field current is required to 
generate a certain armature voltage 
than on open circuit, the difference 
being exactly equal to the armature 

armature reaction in self-excited reaction expressed in terms of equiv- 
exciter. No external load. i x n u x tt r 

alent field current. Hence before 
the magnetization curve can be used in the solution of prob- 
lems involving armature reaction, it must be corrected for 
the effect of the latter. This can readily be done in the present 
case where the field and armature currents are the same. 

Referring to Fig. 252, let i* correspond to a point on the original 
magnetization curve and z" correspond to the point on the 
corrected curve for the same volt- 
age. Then i 1- 



i Magnetization 
I Curve, Corrected 
j for Armature 


Fig. 262. — Correction of mag- 
netization curve for effect of 


= 


i' 

1 — ka 


(5a) 




1— -f^VW/V 


Fig. 253. — Schematic diagram of 
self-excited machine supplying an 
external resistance load. 


Hence the corrected curve is 
obtained by simply multiplying the 
abscissae of the original curve by 

1/(1 - fca). 

Having the magnetization curve 
corrected in this manner for armature reaction, the formulas and 
the general solution are as for case 2. It will be noted that the 
general effect of the armature reaction is of the same character 
as that of the armature resistance. 

Case 5. — When armature resistance and inductance, as well as 
armature reaction, are present, the general formulation and 
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solution are as for case 3 in connection with u^e of the magnetiza- 
tion curve corrected for armature reaction as in case 4. 

Resistance Load. — ^The circuit to be considered is shown in 
Fig. 253. Since the machines when used as exciters supply alter- 
nator fields, all quantities referring to the load circuit will 
consistently be designated by the subscript /. 

Case 1. — In this case the induced voltage and the terminal 
voltage are identical. The voltage-time solution (or curve) 
may therefore be determined as for no load. Having this, the 
load current is given by 


V = 


Rf 


CcLse 2. — The differential equation for this case becomes 
+ Ri = V = e — Raia = Rjif 


( 6 ) 


( 7 ) 


also 

ia = i + if (8) 

Combining this with the last equality from equation (7) gives 


. _ c — Rai 
“ Ra + Rf 


(9) 


Substituting for the load current in the differential equation, 
this may be written 


(T 



== Rfif — Ri = 


+ Rf 


RRa + RaRf 4 “ R/R . 
RTTWf * 


from which by rearrangement 

This may be reduced to 
de 

T(r-n = e — R»i = At (12) 


/II Ra Rfrp 

Ro = RRa + RaRf + RfR 


where 


(13) 

(14) 
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From equation (12) the solution for the time is obtained as 

, = ( 1 ® 

which is identical in form with the solution for open-circuit con- 
ditions. The expression merely involves a modified time 
constant and voltage difference. The modified time constant 
is larger than the actual (the difference usually being negli- 
gible), while the voltage difference is decreased for build-up and 
increased for build-down as compared with the open-circuit case. 
Hence the response rate is decreased and the time increased 
during the build-up process. The relative effect during build- 
down cannot be definitely predicted; most probably, however, the 
response will be increased and the time decreased since the 
change in Ae presumably is predominant over the apparent 
increase in time constant. The actual solution of equation (15) 
is obtained by the same methods as for no load, case 2. 

Since the voltage-time relation has been determined, the load 
current is calculated by equation (9). 

Case 3. — A point-by-point solution is the only practicable one 
in this case, and the equations must be arranged with this in 
view. The general differential equation becomes 

<rr~ + Ri = v = e- Raia - = Rji, (16) 

Using the first and last term of this gives 

dt ■" aT 

while the last two terms in connection with equation (8) results in 
= e- Rai - {R + Rf)if = Ae' - (Ra + B/)t, 

(18) 


which again may be written 

Ae' - (R. + R,)if - 


dif 

H 


L. 


(19) 
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Equations (17) and (19) are in a form suitable for point-by- 
point calculations. The former gives the rate of change of 
induced voltage and the latter the rate of 
change of load current, both to be 
assumed constant during the time inter- 
val. The interpretation of Ac' is evident 
from Fig. 254. It will be noted that the 
rate of change of field current required in 
the numerator of equation (19) is taken 
as the difference between the field current 
at the end and the beginning of an inter- 
val divided by its length. The field- 
current values are obviously obtained by 
reference to the magnetization curve as the solution for voltage 
by equation (17) progresses. 

A suitable schedule for the point-by-point solution of this 
problem is suggested in Table 61. 



Fia. 254. — Magnetization 
curve and armature-resist- 
ance line for self-excited 
machine illustrating inter- 
pretation of the quantity Ac'. 


Table 61. — Point-by-point Calculation op Exciter Response. 
Resistance Load. Armature Constants Included 



ini Col. (4)„ = value from mag. curve for 
V(n): Col. (5)„ = (5)„-i + (12)„_i • At = (5)n-i + 

1(3) - (7) - (9) - (10)]._i^, 
; 


Case 4. — This case can be handled as case 2 and the same 
equations are applicable. Instead of using the open-circuit 
magnetization curve, however, a magnetization curve corrected 
for armature reaction must be used. By referring to equation 
(5), the armature reaction may be written 

A = kaia = fc.(i + (20) 
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The relationship between a point on the open-circuit magneti- 
zation curve and the point corresponding to the same voltage on 

the corrected curve is then given by 



ka 


from which 

_ (Ra + R/)i' + kaB ^ 
Ra + a- ka)Rf = 


( 21 ) 


^ Ti 


i4r.(-' + |) (“> 


Fig. 255. — Correction of the mag- 
netization curve for effect of arma- 
ture reaction in self-excited machine. 

External resistance load. mu* ii xu j. j 

1 his allows the corrected mag- 
netization curve to be drawn as indicated in Fig. 255. 

Case 5. — When armature resistance, inductance, and reaction 
all are considered, the solution is obtained by application of the 
point-by-point method outlined 
under case 3 in connection with 
the use of a corrected magnetiza- 
tion curve as discussed for the 
preceding case. 

Resistance and Constant-induc- 
tance Load. — The circuit to be 
analyzed is shown in Fig. 256. 

Case 1. — Since none of the arm- 
ature constants are to be considered 
the induced voltage and the terminal voltage are identical, and the 
voltage-time relation may be established as for no load. The 
equation for the load circuit is then 




I — tWAA/V |— 
— CD 1 


Fig. 266 . — Schematic diagram 
of Bolf-excited machine supplying 
external resistance and induc- 
tance load. 


+ Rji,^e^ E{t) 


'dt 


(23) 


The load current can always be obtained from this equation by 
means of a point-by-point solution. This will evidently be quite 
simple and no further comment regarding it is necessary. Also, 
the point-by-point method is applicable whether the voltage-time 
relationship is formal or represented by a curve. 

If an explicit expression for voltage in terms of time is avail- 
able, the load current may be found using the superposition 
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theorem.^ The possibility of establishing a final analytical 
solution in this manner depends on whether the expressions so 
obtained actually are integrable by formal methods. If not, 
they may yield to graphical methods of evaluation or they may 
be handled on the integraph. 

Case 2. — A point-by-point solution must be applied. The 
general differential equation is 

+ Ri = 6 — Raia = 
at 

+ Rfif (24) 

Using the first two terms and sub- 
stituting from equation (8) gives 

^Ae D- Yiq. 257.— Magnetieation 

^ I ~ ^ + ICaj'f' — Hat/ — curve and field- and armature- 

resistance lines for self-excited 
Ae — Raif (25) machine illustrating interpreta- 
tion of the quantities Ae and 

while the last two terms with the 
armature current eliminated may be written 

= e _ RJ - (R„ + R,)if = Ae' _ (ft. + ft/)i/ (26) 



From equations (25) and (26), are obtained 


dt <tT 

dif — (iBa H" Rf)if 

dt Lf 


(27) 

(28) 


A point-by-point solution is now readily carried through based 
on the above equations. The graphical interpretation of Ae 
and Ae' is shown in Fig. 257. The calculations may conveniently 
be handled as suggested in Table 62. 

Case 3. — ^The differential equation for this case becomes 


+ Ri = e- RJa - = R^f + (29) 


By using the first and the last term and eliminating the armature 

^See, for instance, Bush, V., ** Operational Circuit Analysis,*^ pp. 66, et 
aeq,, John Wiley & Sons, Inc., New York, 1929. 
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current by means of equation (8), the rate of change of induced 
voltage is given by 


dt cT 


(30) 


Similarly is obtained from the second and third term of equa- 
tion (29) 

{La -h Lf)^ = e - Rai - (Ra + Rf)if - 

= Ae' - {Ra -1- Ri)it - La^ (31) 


from which the rate of change of load current becomes 

Ae- - (fi,. + fi.)v - 

dt La "f* Z// 


(32) 


Equations (30) and (32) lend themselves to point-by-point 
solution. The rate of change of voltage during an interval and 

Table 62. — Point-by-point Calculation op Exciter Response. 
Resistance and Inductance Load. Armature Resistance and 
Reaction Inc^luded 



V(n);— Col. (5)« - (5)„_1 + (ll)n_i * M - (5)n-l + 

[(3) - (6) - 

Ai r 

Lf 

thereby the voltage and field current at the end of the interval, is 
obtained from the former, the rate of change of load current and 
thereby its value at the end of the interval from the latter. The 
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rate of change of load current required in equation (30) may for 
the purpose of calculating the initial rate of change of voltage' 
be taken equal to zero. For subsequent intervals the value from 
equation (32) is used. 

The calculations may be arranged as suggested in Table 63. 


Table 63. — Point-by-point Calculation of Exciter Response. 
Resistance and Inductance Load. Armature Constants Included 



ini — Col. (4)i» ■■ value from mag. curve for en 

. . ^-1 /.X _ /rx . /-nx _ /rx . 1(3) “ (7) ” (9) - 

»/(•)! Col. (o)» ■■ CDJm-I + (12)n-l • Al = (5)n-l + ^ 


Case 4. — The magnetization curve should be corrected for 
armature reaction as discussed for the resistance load, case 4. 
If the corrected curve is used, a point-by-point solution is applied 
as described under case 2. 

Case 5. — Upon having corrected the magnetization curve 
for armature reaction a point-by-point solution is applied as 
described for case 3. 

Resistance and Variable-inductance Load. — ^The equations, as 
well as the general methods of (point-by-point) solution, are 
the same as for the load with strictly constant inductance. 
In using the equations and in carrying out the solutions, however, 
cognizance must be taken of the fact that the load inductance 
is variable, i.e., a function of the load current. Hence this 
relationship between inductance and current must be known 
so that the proper inductance can be used for each interval 
in the point-by-point calculations. In general, the inductance 
corresponding to the value of current at the beginning of an 
interval would be considered constant during the same interval. 
It should be noted that in applying the equations for the con- 
stant-inductance-load condition to that of variable inductance, 
the load inductance L/ must be interpreted to signify the total 
inductance. 
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In order to obtain the inductance as a function of current, the 
relation between flux and current must be known; in other words 
a magnetization curve or its equivalent must, in general, be 
available. The inductance at a particular value of current is 
then proportional to the slope of the curve at that point, being 
given by 


Lf 




(33) 


Figure 258(a) indicates how the inductance is determined by means 
of tangents to the flux-current curve, while (5) is a plot of the 
so-obtained inductance versus current. 

If the magnetization curve includes the total flux, the total 
inductance is at once obtained. If, as more often is the case, 




Fiq. 258. — (a) Determination of inductance by slope of magnetization curve; 
(&) variable inductance as function of magnetizing current. 


it merely involves the iron flux proper, the inductance due to this 
flux only is found, and the leakage inductance must be added. ^ 


^ The nominal inductance of the field circuit of an exciter or alternator is 
defined as the number of flux linkages per field ampere at rated armature 
voltage with the armature winding open-circuited. The relationship 
between nominal inductance Lo and actual inductance L/ for any particular 
value of flux (voltage) is given by 

where Co and ia represent the rated armature voltage and the corresponding 
field current expressed in actual volts and amperes, respectively, and the 
derivative de/di the slope of the magnetization curve when plotted volts 
versus amperes. 

If percentage or per-unit values are used for armature voltage and field 
current [with 100 per cent (unit) field current corresponding to 100 per cent 
(unit) voltage], the relationship between nominal inductance and actual 
inductance simply becomes as 
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Case 1. — By making use of a variable, load inductance as 
outlined above, the method of solution discussed for the preceding 
load condition, case 1, equation (23), applies. 

Case 2. — By making use of a variable load inductance as 
outlined above, the method of solution discussed for the preceding 
load condition, case 2, equations (24) to (28) inclusive, and 
Table 62 apply. 

Case 3. — By making use of a variable load inductance as 
outlined above, the method of solution discussed for the preceding 
load condition, case 3, equations (29) to (32), inclusive, and 
Table 63 apply. 

Case 4. — By making use of a variable load inductance as 
outlined above, the method of solution discussed for the preceding 
load condition, case 4, applies. 

Case 5. — By making use of a variable load inductance as 
outlined above, the method of solution discussed for the preceding 
load condition, case 5, applies. 

Applicable Methods of Solution. — ^Table 64 represents a 
schedule of methods for the solution of problems involving 
electrical transients in direct-current machines when the effect 
of saturation is considered. The table covers no load as well 
as the more common load conditions with various degrees of 
refinement included in the solutions. 

It will be noted that the point-by-point method is universally 
applicable, as, of course, would be expected. This method can 
always be resorted to and should give excellent results when 
properly handled. 

The most elegant solutions are those involving graphical 
integration. They are based on compact formulations of the 
differential equations and are usually distinguished by their 
directness and ease of manipulation. Unfortunately, their 
application is almost entirely limited to the cases where the 
effects of armature constants are ignored. 

The analytical solutions, although interesting per se, are of 
lesser practical importance. Since they are based on the Frohlich 

L/ = (b) 

where the derivative de/dt represents the slope of the magnetization curve 
plotted on a percentage or per-unit basis. 
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equation (or other empirical representation of the nonlinear 
characteristics), they are fundamentally approximate. Those 
that properly apply the Frohlich equation, however, may never- 
theless be relied upon to yield results to engineering accuracy. 


Table 64. — Schedule op Methods for the Solution op Electrical 
Transients in Direct-current Machines 
Applicable to Exciter Problems 


Case 

number 

No 

load 

Resistance 

load 

Resistance and con- 
stant-inductance j 
load 

Resistance and 
variable-induc- 
tance load 

Case 1 

(a) 

(a) 

ia) 

ia) 


(6) 

ib) 

ia) + id) 

ia) + id) 




ib) + id) 

ib) + id) 


(c) 

ic) 

ic) + id) 

ic) + id) 


(d) 

id) 

ic) + (e) 

id) 




(d) 


Case 2 

(a) 

ia) 

id) 

id) 


(fc) 

(b) 




(c) 

(c) 




id) 

id) 



Case 3 

(o) 

id) 

id) 

id) 


(b) 





(c) 





id) 




Case 4 

(o) 

ia) 

id) 

id) 


(b) 

ib) 




ic) 

ic) 




id) 

id) 



Case 5 

(a) 

id) 

id) 

id) 


(b) 





(c) 





id) 

1 




(a) Graphical integration. 

(&) Analytical solution based on Frohlich 's equation. 

(c) Analytical solution based on parabolic representation of As. 

(jd) Point-by-point solution. 

(e) Solution by use of superposition theorem. 

Solution for Load Current in Case C(l)y by Means of the 
Superposition Theorem. — For the self-excitcd machine an 
approximate solution for the open-circuit voltage 'build*-up 







ANALYSIS OF LOADED EXCITERS 


555 


was obtained by representing the voltage difference Ae by a 
symmetrical parabola. The result, althoiigh usually not very' 
accurate, is interesting because it constitutes the only analytical 
solution giving the voltage explicitly in terms of time. Referring 
to Chap. XV, equation (173), the expres- - 
sion obtained is 




, , - Cl 1 + Cc-“‘ 

1 H € ifTet 

Cl 


i n — e Fig. 259.— Voltage of 

special time characterise 
(34) tics applied to circuit 
consisting of resistance 

When a voltage of this form is impressed constant inductance, 
on a load circuit containing resistance and constant inductance 
(Fig. 259), it is possible to determine the load current analyti- 
cally by means of the superposition theorem. Use the formulation 

i = ^ (0) • fit) + £fi\) ■ A' it -\)-dK (35) 

Obviously, in the present problem 

- •-"> » 

A(0) = 0 (37) 

A'it) = it-o* (38) 


A'it - X) 




and hence by substitution in equation (35) 


C2 1 

+ ’ L 




To integrate, write 




where 


^ 1 r dz 

isj i + cz- 

(41) 

and n = 

P 

(42) 


Expanding the integrand in equation (41) by means of the 
binomial theorem this becomes 
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J 1 +^CZ- “ J(1 - + C»z*” - (7»Z»» + ■ • ■ )dZ 

Substituting back in equation (40), the solution for current 
is obtained as 

1 H — €“2“^ 

L/ Lp \ 1 + 1 - 2a/3‘ 

— — +•••)] (44) 

1 - 3a|8‘ ' ^ yJx_o ^ ’ 

which inserting limits may be written 


i?/L 1 - afi ^ 1 - 

-(>-T 


2afi 


-2a< 


C’ 


C’ 


a/3 ' 1 - 2c«/S 1 - 3a/3 


1 - 3a(8 
+ • • • 


+ 




(45) 


Exciter Supplying the Field Current of an Unloaded Alter- 
nator. — The simplest exciter-alternator problem results when 
the alternator is open-circuited. This eliminates completely 
the effect of the alternator armature circuit and the system 
which the alternator supplies. In fact the problem reduces to 
that of an exciter supplying a resistance and variable-inductance 
load, this load now being represented by the field winding of 
the alternator. Two methods of handling this problem will 
be briefly discussed, viz.: 

1. Analytical solution considering alternator as resistance 
and variable-inductance load on exciter. 

2. Solution by a graphical process. 

The first method requires a point-by point solution but permits, 
if desired, the inclusion of the effect of the armature constants 
of the exciter. The graphical method is more direct but is 
limited to the case where all exciter armature constants are 
ignored. This method, in other words, requires that the exciter 
voltage-time variation be determinable independent of the load 
current which the exciter supplies, i.e., from considerations of 
the exciter operating open-circuited. 

1. Analytical Solution Considering Alternator as Resistance 
and Variable-inductance Load on Exciter. — Procedures for solving 
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this problem with various degrees of re^ement have been 
previously discussed in this chapter under a similar heading. 
These methods all 3deld the alternator field current as a function 
of time. Since the alternator is unloaded the corresponding 
armature voltage may be read directly from the open-circuit 
magnetization curve. No additional comments on the above- 
mentioned methods seem necessary. 

The alternator voltage may also be solved for directly by 
a minor modification of the attack which will be developed below. 
Using the following notation: 

e = terminal voltage of exciter 
if = field current of generator 
12/ = total resistance in generator field 
Ng = number of turns in generator field X 10""* 
ag = coefficient of dispersion 
^ = air-gap flux per pole 

E = induced armature voltage (or open-circuit terminal 
voltage) of generator 
Tg = generator-time constant 

the equation for generator field circuit may be written 

+ Riif = e (46) 

The proportionality between air-gap flux and induced voltage 
may be expressed by 

E = kg4> (47) 

It is also convenient to introduce a time constant (formulated as 
previously done for the exciter) as follows: 

n = ^ (48) 

It will be noted that this represents an absolute constant of the 
machine. Substituting equations (47) and (48) in (46) gives 

+ B/i/ = C (49) 


This may also be written 
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f = m 

which represents a more convenient form for the point-by-point 
solution. 

Consider first the case where the exciter voltage-time relation 
is independently available. In other words, e in equation (50) 
is known as a function of time. The relationship between 
generator induced voltage and field current is given by the 
open-circuit magnetization curve. Under these conditions, 
the point-by-point solution of equation (50) becomes quite 
simple and may be carried out in accordance with the schedule 
suggested in Table 65. 

When the effect of one or more of the armature constants of 
the exciter are to be included, the differential equations of 
exciter and alternator must be solved simultaneously. Thus, 
for the general case, they may be written 

<r7^ + Ri = e- Raia - = RAf + (51) 

It may be helpful to compare this with equation (29) which is 
identical except for the last term. By using the first and the 
last term and eliminating the exciter armature current by means 
of equation (8), the rate of change of exciter induced voltage 
becomes 


Jt 


(52) 


From the second and third term of equation (51) is obtained 


dt 


- B.i - (R. + R,)i, - l.(f + §) 




(in fn— l) "f" (Vn ^/(n— 1)) 

€ — R gi — {Ra "4" Rf)if — Lia Ai 

O^gTg 


(53) 


Equations (52) and (53) may be compared with equations (30) 
and (32). They are solved simultaneously by a point-by-point 
solution which may be arranged as in Table 66. 
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2. Solution by a Graphical Process , — This particular method 
has been suggested and described by Rlidcnberg.^ As already 
stated, this method assumes that the exciter build-up curve is 
available, being determined, as previously described in detail, 
with no load on the exciter. The graphical solution will be 
based on equation (50). 

The relationship between generator-induced voltage and field 
current is given by the open-circuit magnetization curve. 



Fig. 260. — Graphical determination of build-ui> of terminal voltage of unloaded 
alternator as a result of ex(!iter action. (For complete explanation see text.) 

For convenience in the graphical solution, this may be replotted 
versus field-resistance drop (i.c., versus R/if) as indicated in (a) 
of Fig. 260, which illustrates the graphical process. The inde- 
pendently determined exciter-voltage time curve is drawn in (c). 
The purpose of the straight line in (6) is merely to facilitate the 
transfer of values by means of T square and triangle. These 
curves can be drawn prior to and independent of the determina- 
tion of the voltage build-up of the generator. In (c) and (d) 
will be found the curves of generator field-resistance drop and 
generator induced voltage versus time, which are determined 
and constructed as the analysis progresses. 

The procedure becomes as follows: The value of R/i/ corre- 
sponding to a point on the magnetization curve in (a) is trans- 
ferred via the 45-deg. line in (b) to the corresponding curve in (c). 
The rate of change of generator voltage in accordance with 

* RUdenbbrg, Reinhold, ‘‘Die Spannungsregelung grosser Drehstrom- 
generatoren nach plotzlicher Entlastung/' R'iss. VeroffenUich. Siemens-^ 
Komern, Vol. IV, No. 2, 1925. 
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equation (50) is introduced graphically by the construction shown 
in (c). A horizontal distance equal to the total generator time 
constant (agTo) is measured off to the left, as indicated. Since 
the vertical distance between the two curves represents e — R/i/y 
the direction of the hypotenuse of the triangle obviously indicates 
the slope of the generator-voltage-time curve. By parallel 
transfer of the direction of the hypotenuse in (c) to (d) the 
voltage build-up curve may be mapped out step by step. 

Table 66. — Point-by-point Calculation op Variations in Alternator 
Open-circuit Voltage Due to Exciter Response 



c«: — Col. (3)« = value from independently determined exciter build-up 
curve. 


i/ni — Col. (4)n = value from alternator magnetization curve correspond- 
ing to En. 

En:—Col (7). = (7)._, + (6)._,A/ = (7)._, + — 

(Tgl f 


EXAMPLE 1 


Statement of Problem 


Figure 261 shows a direct-current, self-excited, shunt-wound exciter supply- 
ing the field current of a large synchronous alternator. The alternator 

carries no load, and its voltage is adjusted to 
80 per cent of its rated value. Under these 
conditions, the external resistance in the 
exciter field circuit is suddenly short-cir- 
cuited, allowing the exciter and alternator 
voltages to build up to their ultimate (ceil- 
ing) values. Determine and plot curves of 
exciter voltage and alternator field current 
versus time. 

In the solution take the nonlinear charac- 
teristic of the exciter and the variable induc- 
tance of the alternator field circuit into account. Neglect resistance and 
leakage inductance in the exciter armature and assume that the reaction of 



Fig. 261. — Schematic dia- 
gram of self-excited exdter 
supplying the field current of 
a large unloaded alternator 
(Example 1). 






Table 66. — Point-by-point Calculation of Variations in Alternator Open-circuit Voltage Dub to Exciter Response 
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the exciter armature current on its field is so small that it does not have 
to be taken into account 

The following data relate to the exciter (same as used in Example 8 of 
Chap XV): 


Rating 

200 kw 

Voltage (normal) 

250 volts 

Armature resistance 

0 0113 ohm 

Armature inductance 

0 0063 henry 

Field resistance (hot) 

23 3 ohms 

Nominal field inductance 

26 6 henry 

Total resistance available 

for use in series 

with the shunt field 

66 7 ohms 

100 per cent field current 

6 6 amp 

Coefficient of dispersion 

1 15 

Exciter Magnetization Curve (Fig 262) 

Obtained with the Machine Seif -excited 

Percentage 

Percentage Field 

Voltage 

Current 

4 

0 

40 

34 

60 

54 

80 

75 

90 

86 

100 

100 

110 

117 5 

120 

139 

130 

170 

135 

192 

140 

219 

143 

240 

The following data relate to the generator 

Type 

W iter wheel 

Rating 

28 000 kva 

Voltage 

14 000 volts 

Phases 

Three 

Frequency 

60 tytles 

Speed 

75 r p m 

Number of poles 

96 

Short-circuit ratio 

1 

Armature resistance 

0 4 per cent 

Armature leakage reactant c 

‘ 23 per cent 

Transient reactance 

30 pt r ( ent 

Synchronous reactaAce 

100 per cent 

Field voltage 

250 volts 

Field resistance at 100 deg 

C 0 25 ohm 

Nominal field inductance 

2 00 henrys^ 

‘ The nominal field inductance 

may be defined as the number of flux 

linkages per field ampere at rated armature voltage with the armature wmd- 

mg open-circuited. 
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Field excitation at full load 80 per 

cent power factor 190 kw. 

Normal field range 90 to 210 per cent 

Normal (100 per cent) field current 450 amp. 

The magnetization curve of this alternator is given in Fig. 263 with addi> 
tional values as follows: 

Percentage Voltage Percentage Field Current 

133.5 260 

136.0 300 

137.0 320 


Solution 

In view of the stipulated assumptions, the problem breaks up into two 
parts: (a) to determine the build-up of exciter voltage as a function of time, 



Fia. 262. — Magnetization curve and field-resistance line of exciter in Fig. 261 

(Example 1). 

and (6) to determine the alternator field current due to the variable exciter 
voltage being impressed on the alternator field. 

o. From the magnetization curve of the alternator, it is seen that, for 
80 per cent armature voltage, the field current is 73 per cent or, in amperes, 

if — 0.73 X 450 = 328.8 amp. 

The initial value of exciter terminal voltage is then 

» = c « 328.8 X 0.25 = 82.2 volts ~ 32.9 per cent 
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This value spotted on the exciter magnetisation curve gives the initial 
operating point with a corresponding exciter field current of 

% * 26.8 per cent « 0.268 X 6.6 « 1.77 amp. 



Field Currert in PerCentof No^oad Normal-Voltcige Field Current 

Fig. 263. — Typical open-circuit and short-circuit characteristics of large water- 
wheel-driven, 60-cycle, 80 per cent power-factor generator (Example 1). 

The external resistance in senes with the exciter field is consequently 

82 2 

“ 23.3 = 46.5 - 23.3 = 23.2 ohms 

1.77 


all of which is short-circuited out during the build-up process. 

To locate the resistance line (with no external resistance), the value of 
current at 100 per cent voltage (260 volts) may be used. This current is 


250 

23.3 


10.73 amp. 


162.5 per cent 


The resistance line is hence a straight line drawn through the origin and the 
point e =■ 100 per cent, t == 162 5 per cent. The intersection of this line 
with the magnetization curve gives the final operating point mdicating a 
ceiling voltage of 141.5 per cent. 

The build-up of the exciter voltage will be found by graphical integration 
as outlined in Chap. XV. Refernng to equation (159), Chap. XV, the 
expression on which this is based is 
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The time constant [equation (69), Chap. XV] becomes 


<rN vN^n Lni/n 26.6 X 6.6 

k Cn Bn 250 


0.702 sec. 


From the magnetization curve and the resistance line (Fig. 262), the voltage 
differentials Ae are obtained. The data for and the results of the graphical 
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Fiq. 2G4. — Curve of 1/Ae versus percentage voltage for build-up of exciter in 
Fig. 261 (Example 1). 

evaluation are included in Table 67, while the actual process is executed in 
Fig. 264 by measuring the appropriate successive areas. The build-up 
curve of exciter voltage is plotted in Fig. 265. 

b. The relationship between the nominal inductance Lo, the field flux 
linkages (times 10”®) corresponding to 100 per cent armature voltage 
and the normal field current i/o is given by 
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(b) 


Inserting numerical values, the flux linkages at 100 per cent voltage are 
thus: 


agNf,<t>o == 2.00 X 450 = 900 

from which the initial flux linkages at 80 per cent armature voltage 
may be found to be 


* 0.8 X 900 « 720 
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The field current required to produce this flux is 

in = 0.73 X 450 * 328.8 amp. 

The alternator field current corresponding to the exciter ceiling voltage 
becomes 

1.415 X 250 

1/2 = = 1,416 amp. = 314 per cent 



Time in Seconds 

Fig. 265. — Calculated voltage build-up curve for exciter in Fig. 261 (Example 1). 


the corresponding armature voltage (from the magnetization curve) being 
137.0 per cent, and consequently the final value of flux linkages Ng<i >2 


(TgNg<t^2 = 1.37 X 900 = 1,230 

The build-up of alternator flux and field current is governed by the following 
equation [see equation (46)] 

d<t> 

+ Efif = e (c) 

where e = exciter voltage (already plotted as a function of time) 

Rf — alternator field resistance 

Although transcribablc into other forms, this equation will in the present 
problem be solved as it stands by a point-by-point analysis. The calcula- 
tions are carried out as indicated in Table 68. Figure 266 shows the desired 
curve of alternator field current versus time. Note that approximately 
5 sec. are required to complete the build-up. [For comparison a dotted 
curve is shown in the same figure giving build-up in approximately 3 sec. 
This is obtained using a nominal field inductance of the generator of 0.38 
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henry, but the same characteristics otherwise. This inductance is much 
below normal for a 28,000-kva. alternator of ordin6,ry design. The addi- 



Fig. 206. — Calculated build-up of the field current of the alternator in Fig. 261 
as a result of exciter response (Example 1). Note; The dotted curve drawn in 
for comparison is for a nominal generator field inductance of 0.38 henry. 

tional curve, however, serves to indicate the general influence of field 
inductance (time constant) on the build-up process.] 


Table 67 


e% 

Ae % 

1 

Ae 

Area from 
Fig. 264 

r* de _ 

Jei Ae 

0.1 X area 

t =aTf'p 

Jet Ae 
sec. 


15.9 

0.0628 

0 

0 

0 


19.2 

0.0521 

4.11 

0.411 

0.289 


22.9 

0.0437 

8.89 

0.889 

0.623 


26.8 

0.0373 

12.92 

1.292 

0.907 


30.9 

0.0323 

16.42 

1.642 

1.152 

80 

33.9 

0.0295 

19.49 

1.949 

1.368 

90 

37.3 

0.0268 

22.26 

2.226 

1.565 

100 

38.5 

0.0260 

24.86 

2.486 

1.745 

no 

37.6 

0.0266 

27.46 

2.746 

1.930 

120 

34.2 

0.0292 

30.22 

3.022 

2.120 


26.0 

0.0385 

33.50 

3.350 

2.350 

135 

16.8 

0.0595 

35.81 

3.581 

2.560 

138.5 

9.0 

1 

0.111 

38.35 

3.835 

2.690 
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TaBLB 68. PoiNT-BY-POINT CAIiCULATION OP BuILD-UP-CXJRVB OP 

Alternator Field Current 
(Example 1) 



82 2 
87 7 
94 3 
101 3 
108 8 
115 9 
123 8 
131 2 
140 2 
149 0 
158 8 
169 2 
181 0 
192 5 
203 6 
216 5 
229 0 
242 7 
256 5 
271 0 
284 0 
298 0 
309 0 
318 8 
328 0 
336 8 
340 2 
347 5 
355 0 
355 0 
355 0 
355 0 
355 01 
355 01 
355 01 
355 01 
355 01 
355 0 1 
355 01 


82 

2 

0 

0 

0 

0 

82 

2 

5 

5 

5 

50 

82 

24 

12 

06 

12 

06 

82 

35 

18 

95 

18 

95 

82 

48 

26 

32 

26 

32 

82 

80 

33 

10 

33 

10 

83 

25 

40 

55 

40 

55 

83 

83 

47 

37 

47 

37 

84 

38 

55 

82 

55 

82 

85 

50 

63 

50 

63 

50 

86 

18 

72 

62 

72 

62 

87 

53 

81 

67 

81 

67 

88 

76 

92 

24 

92 

24 

90 

00 

102 

50 

102 

50 

91 

7 

111 

91 

111 

91 

93 

4 

123 

12 

123 

12 

95 

6 

133 

37 

133 

37 

97 

31 

145 

39 

145 

39 

99 

2 

157 

27 

157 

27 


50 102 4 
00 105 7 
30 109 6 
50113 6 
50 118 1 
20 123 3 
00128 3 
.50133 9 
7 141 2 
5 156 4 
0 175 5 
0 198 0 
5 223 9 
0 263 3 
0 292 5 
0 315 0 
0 333 0 
0 339 8 
0 348 8 
0 351 0 


168 62 

178 25 
188 42 
195 37 
200 67 
204 70 
208 55 
206 32 
206 3 
198 6 

179 5 
157 0 
131 1 

91 7 
62 5 
40 0 
22 0 
15 2 
6 2 
4 0 


168 62 

178 25 
188 42 
195 37 
200 67 
204 70 
208 55 
206 32 
206 3 
198 6 

179 5 
157 0 
131 1 

91 7 
62 5 
40 0 
22 0 
15 2 
6 2 
4 0 


720 00 
I 720 00 
. 720 55 

721 76 
i 723 66 

726 29 
729 60 
733 66 
738 40 
743 98 
750 33 
757 59 
765 76 
774 98 
785 28 
796 47 
808 78 
822 12 
836 66 
852 39 
869 25 
887 08 
905 92 
925 48 
945 53 
966 00 
986 86 
1007 49 
1048 8 
1088 5 
1124 4 
1155 8 
1182 0 
1200 3 
1212 8 
1220 8 
1225 2 
1228 2 
1229 4 


80 00 
80 00 
80 06 
80 22 
80 41 

80 70 

81 07 

81 52 

82 04 

82 67 

83 37 

84 18 

85 08 

86 11 

87 25 

88 49 

89 86 

91 35 

92 96 
94 71 
96 48 
98 56 

100 65 
102 83 
105 06 
107 33 
109 65 
111 94 
116 5 
120 9 
124 9 
128 4 
131 3 

133 4 

134 8 
137 5 
136 1 
136 5 
136 6 


73 0 
73 0 
73 1 
73 2 
73 3 

73 6 

74 0 

74 5 

75 0 

76 0 

76 6 

77 8 

78 9 
80 0 
81 5 
83 0 

85 0 

86 5 
88 2 
91 0 
94 0 
97 4 

101 0 
105 0 
109 6 
114 0 
119 0 
125 5 
139 0 
156 0 
176 0 
199 0 
234 0 
260 0 
280 0 
296 0 
302 0 
310 0 
312 0 
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Exciter Suppljiing the Field Current of a Loaded Alternator. — 

The problem involving an exciter connected to a loaded alter- 
nate'*, for instance, an alternator supplying power to a system, is 
considerably more complicated than the one previously dis- 
cussed with the alternator on open circuit. With load on the 
alternator, there will be a reaction back from the armature 
circuit on the field circuit which varies as the armature current 
changes, and the effect of which should be taken into account 
in the solution. Furthermore, the nonlinear characteristics of 
alternator as well as exciter should be included. However, 
unless simplifications are made, the problem becomes quite 
unwieldy and hence a rigorous solution is seldom attempted. 

The most complete methods, at least in a number of respects, 
are those originally described by Bush and Booth. ^ Their 
analysis particularly relates to the problem of sudden load 
changes (the load being balanced) but can be extended to other 
types of discontinuities. Their methods which allow the influ- 
ence of varying armature current and nonlinearity to be con- 
sidered involve point-by-point computations utilizing primarily 
rather elaborate graphical methods. 

As already stated, however, this general problem is now almost 
exclusively handled on an approximate basis. It is customary 
to introduce an equivalent time constant^ for the alternator field 
circuit, and to consider this time constant fixed. This obviously 
corresponds to representing the field by an equivalent constant 
inductance. The time constant actually varies with saturation, 
and it would theoretically be possible to allow for changes in it 
as the point-by-point analysis progresses. If this refinement is 
not introduced, as it seldom is, an average value of the time 
constant over the range of saturation encountered may be used.* 

' Bush, V. and R. D. Booth, “Powernsystem Transients,” Tram, A.I.E.E.^ 
1925, p. 80. 

*Park, R. H., and B. L. Robertson, “The Reactances of Synchronous 
Machines,” Tram. A.J.E.E., Vol. 47, p. 514, April, 1928. 

® Knowledge of the variation with saturation of time constants is limited. 
Reference in this connection may be made to the following papers: L. A. 
Kilgore, “Calculation of Synchronous-machine Constants. Reactances 
and Time Constants Affecting Transient Characteristics,” Tram. A.I.E.E., 
p. 1201, 1931; S. H. Wright, “Determination of Synchronous-machine 
Constants by Test. Reactances, Resistances, and Time Constants,” 
Tram. A.T.E.E.y p. 1331, 1931. 
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The time constant of particular interest in problems involving 
sudden load changes, sudden faults, etc. is the direct-axis transient 
time constant. Two values of this (both changing with satura- 
tion), viz,y the direct-axis transient, open-circuit time constant 
and the direct-axis transient, short-circuit time constant 
are readily determinable by test. The former relates to the 
case where the alternator is on open circuit (^.e., unloaded) and 
the second to the case of a symmetrical three-phase short circuit 
directly at the terminals. This latter is then strictly an equiva- 
lent time constant for symmetrical short-circuit conditions. If 
there is reactance between the machine and the point of sym- 
metrical three-phase short circuit, the short-circuit time constant 
may be corrected for the effect of the external reactance,^ the 
approximate equivalent time constant under such conditions 
being 


Ta ^ 

where Xa and are the direct-axis synchronous and transient 
reactances, respectively, and Xe the external reactance. If 
the short circuit is dissymmetrical, the same formula may be 
employed using for the external reactance the total positive- 
sequence system reactance (driving-point reactance) as viewed 
from the terminals of the generator. The conception of equiv- 
alent time constant applies also under normal (unfaulted) 
conditions of operation as when the generator supplies an 
individual load or is connected to a system. The distinction 
between unfaulted and faulted conditions under otherwise 
identical circuit arrangements is reflected in the value of the 
“external’ reactance {Xe) in equation (54). Hence even in a 
complicated system an a'p'proximate equivalent time constant may 
be determined. 

The direct-axis transient open-circuit time constant equals 
the ratio of actual field inductance to field resistance, although 
it is possible that a tost value may differ slightly from this ratio 
owing to the effect of eddy currents. The relationship between 
the direct-axis transient, open-circuit time constant and other 
previously defined field and armature constants (including the 


^ Park and Robertson, he. dt. 
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nominal inductance and the time constant TaY is of interest 
and may be expressed by the following relations: 

nrif ^ rp ^ ^ 0 d4> _ a 

Rfkgdif 

Lof if^dE (FgTg dE 

““ Wf\ElJ^f “■ ”R7 dv ^ ^ 

Hence the time constants T',0 and Tf vary with saturation and 
depend upon the operating point on the magnetization curve. 
The time constant Tg on the other hand is definitely a constant. 

Typical values of direct-axis transient, open-circuit time con- 
stants for various classes of synchronous machines are as follows: 


Turbogenerators 4-7 sec. 

Waterwheel generators 3-6 sec. 

Synchronous motors 2-4 sec. 

Synchronous condensers 5-7 sec. 


The general methods of handling exciter action in connection 
with alternators connected to power systems is discussed in 
more detail in Chap. XVII. It is there shown how regulator 
action and exciter response may be included in point-by-point 
solutions of problems involving sudden load changes and faults, 
and consequently oscillations of the synchronous machines. 

EXAMPLE 2 

Statement of Problem 

For the alternator on which data are given in Example 1 calculate for 
open-circuit conditions, 

o. The field inductance at 100 and 50 per cent of normal armature voltage. 

h. The time constant of the field wdiidmg at these operating points. 

c. The time constant as defined by equation (48). 

Solution 

a. By referring to equation (6) in the footnote on page 652, the field induc- 
tance is given in terms of the nominal inductance by 


Lf 



when both E and i/ are expressed in percentage of per unit. Obtaining the 
necessary slopes of the magnetization curve from Fig. 263, and using a nomi- 
nal inductance of 2.00 henrys, the required inductances become 

‘ See pages 552 and 557. 
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E =* 100 per cent; L/ = 
J? = 50 per cent: L/ = 


2.0(100 - 43) 
100 
2.0 X 60 


1.14 henrys 


43 


= 2.32 henrys. 


h. Referring to equation (55), the corresponding time constants 
(essentially equal to the direct-axis, transient, open-circuit time constants) 
become 


1.14 

= 100 per cent: ^ T/ = = 4.56 sec. 

2.32 

£ = 50 per cent: T’m = T/ = = 9.28 sec. 

0.26 


c. Again using equation (55), the time constant as defined by equation 
(48) is 

„ Lot/o 2.0 X 450 XV3 

= “IT" , . ^ ® 0.1115 sec. 

£o 14,000 


14,000 



CHAPTER XVII 

ACTION OF VOLTAGE REGULATORS AND EXCITATION 

SYSTEMS 

Function of Automatic Voltage Regulators. — ^The purpose of a 
voltage regulator is to control the voltage which an alternator 
(or synchronous condenser) supplies to the system. The 
voltage in question may be the terminal voltage or the voltage 
at some other point, for instance, the high-tension voltage on 
the line side of the step-up transformers. In most instances 
it is desired to maintain constant voltage at the regulated point, 
although sometimes it may be desired automatically to increase 
the voltage as the load comes on. This calls for compounding 
features in the regulator. In either case the regulator acts as 
the agent which detects the voltage variation and initiates the 
proper corrective steps to bring the voltage back to the desired 
magnitude. This may be done by adjusting an external series 
resistance in the alternator field circuit. In modern excitation 
systems, however, the adjustment is invariably brought about 
by changing external series resistance in the field circuit of the 
exciter. It is immaterial in this connection whether the latter 
is separately or self-excited. 

A number of different regulator types are available. Even a 
brief description is beyond the scope of this treatise, and the 
reader is referred to the electrical-engineering handbooks and to 
the various manufacturers' publications which deal with regula- 
tors. Suffice it to say that the regulators used in this country 
today may be subdivided into two general classifications: (1) 
regulators of the vibrating-contact type, and (2) regulators of 
the rheostatic type. With either class the general result of 
regulator action is the same although achieved in different 
manners. The newer designs of either type may involve a 
''high-speed" feature which becomes effective when the voltage 
deviates from normal by an appreciable amount, such as is 
caused by system faults, the sudden application or dropping 
of large blocks of load, power surges among generating stations, 

573 
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etc. The high-speed feature usually involves the complete 
short-circuiting of the entire external resistance in the exciter 
field circuit or its complete introduction into the field circuit, 
depending upon whether or not the regulator is called upon to 
correct for an excessive voltage drop or an excessive voltage 
rise. 

In the vibrating-contact regulator the contacts are contin- 
uously vibrating, alternately short-circuiting and reinserting a 
definite part of the external field resistance. With this regulator 
the different excitation requirements to maintain normal alter- 
nator voltage are met by changing the relative lengths of the 
time intervals during which the regulating resistance is short- 
circuited and inserted in the circuit. The old Tirrill regulator, 
which has been so extensively used in the past, belongs to this 
class. The action of this type of regulator is analyzed in some 
detail below. 

The rheostatic types of regulator have the advantage that 
they do not involve mechanisms which are continuously in 
motion. During normal operation, they adjust the external 
resistance in the exciter field to the value required to maintain 
the proper alternator voltage. Hence under steady conditions 
such a regulator may remain inactive and at rest for long periods 
of time. For this reason and in view of the fact that also these 
regulators can be associated with high-speed features when 
necessary, this type is now gradually superseding the vibrating- 
contact type for modern ai)plications. 

Originally in three-phase systems, the voltage of only one 
of the phases was relied upon to actuate the regulator. During 
conditions of normal operation, this method gives entirely 
satisfactory results. However, under conditions of dissym- 
metrical faults resulting in more or less unbalanced voltages 
the single-phase scheme is not always reliable and may under 
certain conditions even give rise to incorrect action. It is now 
customary therefore to provide an arrangement whereby the 
regulator responds to the positive-sequence voltage. This may 
be done by feeding the operating relays or solenoids of the 
regulator through a network (sequence filter) which passes 
only the positive-sequence component. It may also be done by 
letting the actuating elenient of the regulator be a three-phase 
torque motor of the squirrel-cage induction type. The net 
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torque produced by such a device is predominantly proportional 
to the square of the positive-sequence voltage even under severe^ 
degrees of unbalance. The filter network mentioned above, 
as well as the three-phase torque motor, is in general supplied 
through a bank of two V-connected potential transformers. 

Analysis of Transients with the Vibrating-contact Regulator. — 
In order to establish some fundamental conceptions regarding 
the regulatory effects of the vibrating-contact 
regulator when used on excitation systems, it ^ 

is useful to examine the transients in a simple ^ | 

circuit, containing resistance and inductance, L _ 
in which a part of the resistance is period!- I— 

cally short-circuited.^ For the sake of sim- Fio. 267.— Schema- 

tic diagram showing 

plicity, consider the circuit linear and assume control of the current 
that a strictly constant direct-current voltage inductive cir- 

is applied, as shown in Fig. 267. Except for vibrating-contact reg- 
the omission of saturation, this represents 
the field circuit of a separately excited machine short-circuits and re- 
when operating at no load (see Fig. 230). The resistance 

results from the present analysis, although 
approximate, correctly illustrate the character of the transients 
and bring out certain pertinent points relative to the character- 
istics of such regulators. 

With the contacts closed, the differential equation for the cir- 
cuit becomes 


I^. + Ri = E 
at 


the solution of which is 


i = Ae 


where A is a constant of integration. Let the contacts close at 
time t = ti and let the current at this instant be ii. Then 




Inserting this in equation (2) the solution for current may be 
written 


1 Nicklb, C. a., and R. M. Carothbrs, ** Automatic Voltage Regulators. 
Application to Power-transmission Systems,” Tram, A,LE.E,, p. 957, 1928. 
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where 



(4) 

(5) 


With the contacts open the differential equation becomes 


whose solution is 


i 


+ Rii = E 



( 6 ) 

(7) 


assuming that the contacts open at a time t U when the current 
is t 2 and that 



( 8 ) 


When the contacts operate under sustained conditions, i.e., 
when they periodically short-circuit and reinsert the regulating 
resistance, the final value of current from equation (4) must equal 
the initial current in equation (7). Furthermore, the final 
value of current from equation (7), at, say, time t = tz, must in 
turn equal the initial current in equation (4). Hence 



In these equations iu = the initial current with the contacts 

closed and the final current with the 
contacts open, under sustained condi- 
tions of operation 

= the final current with the contacts 
closed and the initial current with 
the contacts open, under sustained 
conditions of operation 

Now introduce 

U-ti = tc ( 11 ) 

<8 - <2 = to ( 12 ) 

where tc is the time during which the contacts are closed and to 
the time during which the contacts are open. Their sum, 
te + ^0 obviously represents the period of vibration of the 
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contacts. Substituting these symbols, equations (9) and (10), 
may be written 

“ I “ (I “ 

from which iu and t 2 « are obtained by simultaneous solution as 

•r + (i ~ -r ( 16 ) 

i - (1 - (16) 

^ 2 / 1^2 
1 — €-(o«»+/9<o) 

These equations determine the minimum value iu and the 
maximum value of the cur- 
rent under sustained operating 
conditions. The variation of 
current between these limits is 
exponential and is given by equa- 
tions (4) and (7). The current 
rises during the interval of time 
tc while the contacts are closed, 

and decays during the interval ^68. — Current-time relation- 

j 1--1 XU XX ^or the circuit in Fig. 267 when 

to while the contacts are open, controlled by a vibrating-contaot 

Figure 268 illustrates the current- regulator under sustained conditions 
.. , , . , . , X • j operation. 

time relationship under sustained 

conditions. It follows from this that the exciter voltage will 
undergo corresponding fluctuations. 

The average value of current is of interest. Using equations 
(4) and (7), the average current under sustained conditions 
becomes 





“ <0 + 


Rt 


aB 


<1 - 




] 


+ *1'(1 _ e - fc ) + ^*(1 _ 


(17) 
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Substituting for iu and ^ 2 ^ from equations (15) and (16) and 
reducing, the final solution for the average current is 


Zav = E 


ta + <c 


L (R2 - RVH - «-“'')(! - 

to + tX RRi / 1 - 


(18) 


It may be noted that, since 1/R equals the conductance of the 
circuit with the contacts closed and I/-R 2 the conductance with 
the contacts open, the first term in the bracket of the above 
expression represents the average conductance. The average 
current naturally depends on the impressed voltage and the 
circuit constants. It also depends, as seen, on the value of the 
time intervals during which the contacts are open and closed, 
respectively. More conveniently expressed, it depends on the 
period (or frequency) of vibration in conjunction with the ratio of 
^Hime open” to ‘Hime closed.” For the purpose of gaining some 
idea of the relative influence of these factors, the average current 
will be examined for a few special cases. 

1. Zero Inductance. — Substitution of L = 0 in equation (18) 
gives 


C = E 


te . to 

R 2 
to + tc 


EG., 


(19) 


Hence in the absence of inductance, the average current is pro- 
portional to the average conductance. This same condition will 
naturally be approached when the inductance is very small. The 
current-time relation for this case is shown in Fig. 269(a). 

2. Infinite Inductance. — This condition makes equation (18) 
indeterminate. Evaluating the part in question by standard 
methods gives 

Pl{\ - r^)(i - r^'“) _ RR^jto 

^ -huu + RM Rt^+'R^to 


Inserting the above result in equation (18) the average current 
becomes 


Uv = E 


R^ R 2 

to + tc 


/R 2 — R\^ RR2tJto 

y RR 2 J (to + tc)(Rte “f" R2to) 


( 21 ) 
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which upon contraction reduces to 

7 == F ^0 + _ E _ 

Rte “t" “1“ R2to i2av 

io + «c 


( 22 ) 


Hence when the inductance is infinite, the average current is 
governed by the average resistance of the circuit. For large 
values of inductance, this condition is evidently approached. 
As a matter of fact, even for moderate values of inductance, 
equation (22) is applicable as a close approximation provided 



by a vibrating-contact regulator under sustained conditions of operation (a) 
When the inductance is zero, {h) When the inductanro or the frequency of 
vibration is infinite. 

the frequency of vibration of the contacts is not too low. The 
current-time curve for this case is shown in Fig. 269(6). 

3. Infinite Frequency . — As were the former, which involved 
infinite inductance, the present is also a hypothetical case which 
can only be approached in practice. Infinite frequency of 
vibration implies zero period. Consequently the “time open’’ 
and the “time closed” would both be zero, and any distinction 
between these' two time intervals is lost track of. In order to 
obtain a solution, it will be assumed that the condition of zero 
period is approached as a limit with the retention of a definite 
ratio of “time open” to “time closed.” Let 


= m (23) 

Ic 

Then from equation (18) 
tc . rntc 

R'^W^ _ L ( R2 - R \ {1 - e"«^-)(l - €-^”><0) 
(1 + m)to (1 + ?n)^c\ RR 2 ) 1 — 

( 24 ) 
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For infinite frequency, f.e., U == 0, the last term becomes inde- 
terminate. Again evaluating the part in question by standard 
methods gives 

^(1 — €“"' 0(1 — _ maP __ mRR2 

I- toil - a + m/3 ““ (22 + mR 2 )L ^ ^ 

te—^O 

Substituting this expression in equation (24), the average 
current is obtained as 


__ r r)^m 

1 -j- mL RR 2 RR2{R “b m/ 22 ) 

which reduces to 

. ^ E{1 + m) ^ E ^ 

/2 H“ mi22 R “h m/22 /2*v 

1 + m 


(26) 


(27) 


This shows that, when the frequency of vibration of the 
contacts is infinite, the average current depends on the average 
resistance of the circuit. .Hence the effect of infinite frequency 
is the same as that of infinite inductance, a result which is not 
at all startling. For very high frequencies the ‘infinite” con- 
dition is approached and equation (27) is applicable as an 
approximation. 

In most practical cases the combined effects of inductance 
and contact frequency will be sufficiently great to make the solu- 
tion for average current by equation (22) or (27) a good working 
approximation. This is illustrated quantitatively in Example 1. 


EXAMPLE 1 

Statement of Problem 

The shunt-wound exciter, for which detailed data are given in Example 8, 
Chap. XV, is to operate separately excited at a pilot-exciter voltage of 
600 volts and with a ceiling of 350 volts. It is controlled by a Tirrill regula- 
tor which short-circuits and reinserts the entire external field resistance. 
This resistance has such a value that 20 per cent of normal voltage would be 
obtained on the main exciter for steady operation with this resistance con- 
tinuously in the circuit. 

When the Tirrill regulator operates in such a manner that the contacts 
are closed for 0.04 sec. and open for 0.16 sec., calculate the average value of 
field current on the assumption of (o) zero inductance, (6) infinite inductance, 
and (c) infinite frequency of vibration, and compare the values so obtained 
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with (d) the correctly computed average field current, using in this calcula- 
tion a constant inductance equal to the nominal field inductance of the 
machine. t 


Solution 

With reference to the magnetization curve (Fig. 246, the field current at 
the lower operating point (20 per cent voltage) is 

ii = 0.151 X 6.6 = 1.00 amp. 
and at the ceiling (350 volts » 140 per cent) 

t 2 * 2.19 X 6.6 — 14.45 amp. 

The maximum total resistance in the field circuit [external and internal, 
svmbol R% in equation (18)] is consequently 

E 500 

1^2 = v = r-rr = 500 ohms 

ti 1.00 

and the minimum total resistance [symbol R in equation (18)] 

E 500 

R — -r - ; / ■ = 34.6 ohms 

%t 14.45 


Note: Since the resistance of the field winding is 23.3 ohms there is an 
external resistance of 500 — 23.3 = 476.7 ohms of which 34.6 — 23.3 = 11.3 
ohms is permanently in the circuit. 

o. Zero Inductance . — In this case equation (19) applies. The average con- 
ductance becomes: 




i ^ 0.16 

R~^ R 2 34.6 500 


tc + to 0.2 

0.001155 + 0.00032 

0.2 


= 0.007375 mho 


giving the average current as 

Uy = EG^y = 500 X 0.007375 = 3.69 amp. 

b. Infinite Inductance . — In this case equation (22) applies. The average 
resistance becomes: 


RU "h _ 34.6 X 0.04 -j- 500 X 0.16 

tc-¥U 0.2 


1.384 + 80.0 

0.2 


406.9 ohms 


resulting in an average current of 


E ^ 500 
R^y “ 406.9 


1.23 amp. 
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c. Infinite Frequency of Vibration , — Equation (27) applies. This is 
the same as for the previous case, resulting in the same value of average 
current. 

d. Finite Inductance and Frequency of Vibration . — Equation (18) gives 
the correct average current. Using nominal inductance, 26.6 henrys, the 
exponential decrements become: 

cdc 

PU 

ode + fito = 3.052 


34.6 X 0.04 
26.6 

500 X 0.16 


= 0.0520 


26.6 


- 3.00 


giving for the exponentials 

€-0052 = 0.9493 1 - = 0.0507 

^-8.00 = 0.0498 1 - e-3 00 = 0.9502 

^-3.052 = 0.0473 1 - = 0.9527 

Substituting the proper values in equation (18), the average current is 
found to be 



0.007375 - 


26.6 / 500 - 3 4.6Y 0.0507 X 0.950 
6.2 \500 X 34.6/ 0.953 


= 500 
= 500 


133 X 0.0505] 

[0.007375 5555— J 

’0.007375 - 0.004875] = 500 X 0.0025 = 1.25 amp. 


Comments . — Comparison of the results indicates that neglecting the 
inductance gives a value of average current which is far too high, as might 
be expected. On the other hand, the result based on infinite inductance 
or infinite frequency of vibration is almost identical with that obtained 
from the complete formula. The difference is only 1.6 per cent and would 
be even smaller for higher values of average current (t.e., with a higher ratio 
of “time closed'^ to “time open” of the regulator contacts). 

Current Variation When the Ratio *^Time Open^^ to ^^Time 
Closed” Is Suddenly Changed. — When the contacts are closed, 
the current builds up exponentially in accordance with equa- 
tion (4), and, when they are open, it builds down in a similar 
manner as given by equation (7). During the build-up with the 
contacts closed, the current increases from an initial value i\ to 
a value t 2 given by 


= 


E 

R 



( 28 ) 
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When this current is reached, the contacts open and the current 
then decreases to a value iz given by 



When this current is reached, the contacts again close, and 
the current again builds up reaching, say, the value u. Under 
sustained conditions, i,e., the contacts vibrating at a definite 
frequency and with a fixed ratio of tJUy iz = ii and n == U, as 
previously discussed, and equations (13) and (14) take the place 
of equations (28) and (29). When, on the other hand, the ratio 
tc/to is suddenly changed (assuming, however, the frequency 
unaltered), iz ^ i\ and t 4 t 2 , etc., until new sustained values 
are reached. In other words, the entire current level changes apart 
from the fiuctuations due to the position of the contacts. 

During the transient period caused by a change in time ratio, 
the difference between the sustained current iu and the current 
for a given (arbitrary) closing of the contacts is [see equation (15)] 


iu — ii == E 


R2 


+ 


(1 _ _ 1,- 

\R rJ R 


(atc+fito) 


I — ^-iatr+$to) 


-ii (30) 


Substituting for iz in equation (29) by means of equation 
(28) gives 

’• = I - (I - - (f - 

This expresses, as seen, the current iz in terms of z'l, the value of 
current at the preceding closure of the contacts. Establishing as 
above the difference between iu and fs, this becomes 


( 32 ) 

The ratio obtained by dividing equation (32) by equation (30) 
is 



iu ~ iz 

= e 

tu H 


S— (ate+/Jto) 


( 33 ) 
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This result shows that the envelope of the minimum values of 
current is exponential in form, and equation (33) directly gives 
the decrement per cycle of vibration, i.c., in a time equal to the 
period. Hence the current, for any instant at which the contacts 
close, is given by 

ii = ^* 1 . - (^ 1 . “ tio)€ = iu - (iu ~ (34) 

where the decrement factor a may be written 

“i“ ^^0 Rtc “j“ Rskv 

tc + ^0 L(te + ^o) L 

It is interesting to note that the decrement factor depends on 
the inductance in connection with the average resistance. 


T 



Fio, 270. — Build-up of current m an inductive circuit (Fig 267) controlled 
by a vibrating-contact regulator when the ratio of time dosed to time open is 
suddenly increased 

Although equation (34) applies to the envelope of minima for 
continuous values of time, the times t must obviously be integer 
multiples of the period to give actual currents. 

It may now be immediately inferred, and this can, of course, 
readily be definitely shown by a mathematical process identical 
with the one just employed, that the envelope of maxima, z.e., 
the current values at the opening of the contacts, as well as the 
average current, follows the same exponential law. Hence 
when the ratio of ‘‘time closed” to “time open” is suddenly 
changed the maximum currents and the average current change 
from their initial to their final sustained values as follows: 

12 = iu •” (^* 2 * — ^* 2 o )€“^* 

~ ^(av)o)€”^ 


(36) 

(37) 
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Figure 270 illustrates the build-up of current when the ratio 
of ^'time closed to *‘time open'' is suddenlpr increased. 

It will be noted that the new steady-state conditions are 
slowly approached while the contacts go through a series of 
vibrations. In the figure is also shown the build-up curve when 
the regulator contacts remain closed, as the case would be with 
a high-speed regulator. It is obvious that with the contacts 
definitely closed the build-up process is much speedier and a 
given level of steady-state operation will be reached in a much 
shorter time than when the contacts continue vibrating. 

EXAMPLE 2 

Statement of Problem 

The following data relate to a standard exciter (essentially the same as 
used in Example 8, Chap. XV). 

Type : Self-excited or 8(*parately-excited shunt- 
wound machine. 

Voltage (normal) 250 volts 

Armature resistance 0.0113 ohm 

Armature inductance 0.0063 henry 


Field resistance (hot) 

23.3 ohms 

Nominal field inductance. . . . 

26.6henrys^ 

100 per cent field current — 


Data for Magnetization Curve. 

Obtained with the 

Machine Self-excited 

Percentage 

Percentage Field 

Voltage 

Current 

4 

0 

40 

34 

60 

54 

80 

75 

90 

86 

100 

100 

110 

117.5 

120 

139 

130 

170 

135 

192 

140 

219 

143 

240 


Calculate the nominal response rate of this exciter for the conditions of 
separate and self-excitation specified below. The nominal slip-ring voltage 
may be taken as 80 per cent of normal. 

' The nominal field inductance may be defined as the number of flux 
linkages per field ampere at rated armature voltage with the armature wind- 
ing open-circuited. 
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It is further desired to examine and compare the build-up rates which will 
be obtained with this exciter when controlled by a vibrating-contact regula- 
tor of the standard Tirrill type and by a vibrating-contact regulator (or its 
equivalent) of the high-speed type. For this purpose calculate the initial 
build-up and build-down rates expressed in volts per second, and the time 
of build-up or build-down over 95 per cent of the range involved, assuming 
initial operation at slip-ring voltages of 60, 80, and 100 per cent, respectively. 
It is assumed that the build-up is caused by a sudden load increment on the 
alternator requiring a final slip-ring voltage of 120 per cent in order to 
restore normal alternating-current voltage, and that build-down is caused 
by a sudden decrease in alternator load requiring build-down to 40 per cent 
slip-ring voltage in order to restore normal alternating-current voltage. 

Assume that the Tirrill regulator, when called upon to build up or build 
down, suddenly changes its ratio of time closed to time open to that corre- 
sponding to the final conditions. Also assume that the high-speed regula- 
tor, when substantially 95 per cent of the build-up or build-down has taken 
place with definitely closed or open contacts, resumes its vibrations with 
the appropriate closed- to open-time ratio for the final voltage conditions. 
The frequency of vibration of the regulator contacts may be taken as 5 cycles 
per second. 

Values should be obtained with the exciter self-excited £is well as separately 
excited by a pilot exciter of suitable size. Assume the terminal voltage of 
the pilot exciter to be strictly constant and equal to 355 and 500 volts, 
respectively. Using two values of this voltage will give an idea of the 
effect which the pilot-exciter voltage exerts on the build-up and build-down 
rates of the main exciter. In each case let the external resistance in the 
exciter field circuit have such a value that 20 per c.ent of normal voltage 
would be obtained on the main exciter for steady operation with this resist- 
ance continuously in the circuit. When self-ex(;itation is used, the entire 
external resistance is short-circuited by the action of the regulator. The 
ceiling voltage is to be considered the same in all cases and equal to that 
obtained under self-cx(;itcd conditions with only the resistance of the field 
winding proper in the circuit. 

Calculations are to be performed assuming constant inductance in the 
exciter field and also taking into account the variation in this inductance 
due to saturation. 


Solution 

The solution of this example, which can be handled by methods outlined 
in this and preceding chapters, is lengthy and involves a number of repeti- 
tions in order to cover the desired range of variables. For this reason the 
details of the solution are not reproduced here. The results are collected 
in Table 69. 

A comparison of the tabulated figures will throw light on the relative 
effect of separate excitation and self-excitation and will permit a comparison 
of nominal and initial response rates as well as lengths of time required for 
build-up and build-down between given limits. They also illustrate the dif- 
ference in action of a Tirrill regulator and a regulator of the high-speed type. 



Table 69 — Results from Exciter Response Calculations 
(Example 2) 
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1 Based on 95 per cent of current range rather than 95 per cent of voltage range On the latter basis, the time figures would be slightly lower in the 
anges affected by the nonhneanty of the magnetisation curve 
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Voltage Fluctuations When Alternator Load Is Suddenly 

Dropped. — Consider a loaded three-phase alternator operating 

in the steady state at normal terminal voltages (it may, for 

instance, be feeding into an external system). The field current 

of the alternator is supplied by a regulator-controlled exciter 

either separately or self-excited as the case may be. Assume 

next that the load is suddenly dropped by opening the circuit 

breakers and that the time element involved in reducing the 

armature current of the alternator to zero is negligible. The 

alternator is now on open circuit, and the general methods of 

/ determining its voltage variation as a 

/ result of exciter action are therefore as 

7| described on pages 556 et seq,, Chap. 

, oj^) / 1 XVI. However, before one of these can 

be applied, it is necessary to determine 

j the conditions in the system (exciter- 

^ / !' * alternator) immediately after the 

/ ji ! dropping of the load. 

/ ij . j Since there can be no sudden change 

/ in field flux linkages, the disappearance 

^ of the armature current must be com- 

Fig. 271.— Open-circuit sat- pensated by a corresponding decrease 

uration curve and air-gap line in field current. A further consequence 
for alternator illustrating the <• .1 • ’j.* i x r n i 

change in field current which the initial constancy of fiux link- 
occurs when the load is ages is that the voltage corresponding to 
suddenly dropped. these, ix,, cj, remains the same directly 

after as just before the dropping of the load. Since the machine, 
upon disconnecting the load, is open-circuited, the terminal 
voltage will immediately rise to this value. This fact may be 
made use of in determining the value to which the field current 
suddenly drops. The procedure, therefore, would be to compute 
4 and to obtain the new field current from the open-circuit 
magnetization curve corresponding to the value of This 
is illustrated in Fig. 271. It may be mentioned in this connection 
that the voltage behind direct-axis transient reactance c<, which 
is more readily computed than and which for ordinary load 
conditions is almost identical in magnitude, may in most instances 
be used with sufficient approximation instead of the latter. 

The decrease in alternator field current will upset the pre- 
viously existing voltage balance in the alternator field circuit. 
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since the exciter voltage is so far unchanged, and there will be a 
tendency to increase the flux of the generate;*, resulting in a still 
further increase in terminal voltage. How quickly exciter action 
will get into the picture depends primarily upon the voltage 
regulator. In this connection there are two factors to be con- 
sidered: (1) the time lag of the regulator contacts (including the 
relays, etc.) and (2) the width of the region of insensitivity. 
Since the latter is, say, of the order of 1 or 2 per cent of the 
alternator voltage, and this voltage would change by a consider- 



Fio. 272. — Variation in alternator voltage, exciter voltage and alternator 
field current when the load on the alternator is suddenly dropped. High-speed 
regulation is assumed. 

ably larger amount when an appreciable load is suddenly dis- 
connected, this factor may initially be disregarded. Hence the 
initiation of exciter action depends upon the time lag only, which 
usually should not exceed, say, 0.05 sec. Assuming that the 
regulator is a high-speed regulator, there will be an immediate 
tendency as soon as it acts, for a relatively rapid decrease in 
exciter voltage. In spite of this, the field current, flux, and 
voltage of the generator will continue to rise until the exciter 
voltage equals the resistance drop in the alternator field circuit. 
A further reduction in exciter voltage will decrease the alternator 
field current, flux, and voltage. 

The variations in alternator voltage, exciter voltage, and 
alternator field current (resistance drop) are illustrated in Fig. 272. 
Although it would be desirable to have exciter build-up begin 
before the alternator voltage is fully restored to normal, the 
latter must actually drop to the lower limit of the region of 
insensitivity and in addition the time lag factor must be added 



590 


ELECTRIC POWER CIRCUITS 


before the high-speed regulator reverses the exciter action. It is 
obvious from these considerations that the alternator volt- 
age and the other quantities considered will pass through a 
series of fluctuations with decreasing amplitudes until new 
steady-state conditions arc attained, and an appreciable num- 
ber of seconds may actually elapse before such conditions are 
reached. 

In the above discussion any tendency of the regulator to 
depart from its operation as a distinctly high-speed regulator 
has not been considered. If the regulator is of the vibrating-con- 
tact type, it is possible that as the alternator voltage approaches 
normal the regulator may have a tendency to resume its vibra- 
tions and hence to delay somewhat the process of bringing about 
new steady-state conditions. 

Treatment of the same problem from the quantitative view- 
point will be found in Example 3. In this example the formal 
relationships are reviewed and established. Furthermore, for k 
specific case all pertinent initial values are computed, both before 
and immediately after the load is disconnected. 

The complete solution of the problem in Example 3^ was 
obtained on the M.I.T. differential analyzer, injecting the proper 
voltage-current relationships by following the magnetization 
curves for the alternator and the exciter. In this manner the 
desired curves of alternator and exciter voltage were obtained 
directly on the output tables. The results are given in Fig. 276. 
The curves represent alternator voltage (in volts to neutral) and 
exciter indu(;ed voltage (in volts) obtained with and without 
considering the effect of exciter armature resistance. Control 
by a high-speed regulator was assumed, having no time lag but a 
relatively wide period of insensitivity, viz,, 2 per cent on each 
side of normal alternator voltage. These curves serve to sub- 
stantiate the statements made in the above qualitative discussion. 
They indicate that a relatively large number of seconds will 
elapse before new steady-state conditions are obtained. As 
regards the effect of exciter armature resistance, it is interesting 

^ In this solution a nominal inductance of 0.38 henry was used for the 
alternator field (instead of the value given in Example 3). The former 
value is too small for large turboalternators of normal design. The period 
of the oscillations in Fig. 276, therefore, is somewhat shorter than it would 
have been had a more representative inductance value been used. 
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to note that its influence on amplitudes is practically negligible. 
It does, on the other hand, somewhat change the time relation- 
ships. It will be noted that the presence of resistance actually 
has a beneficial effect in that it reduces the time required to reach 
steady-state conditions. 

EXAMPLE 8 


Statement of Problem 

A three-phase turboalternator supplies rated kilovolt-amperes to a load 
at 90 per cent power factor (lagging). It receives its field current from a 
self-excited exciter of suitable rating, as indicated in Fig. 273. The terminal 
voltage of the alternator is controlled by a vibrating-contact regulator of 



Vfbrafing 
Coniacf Regulator 


Fig. 273. — Self-excited exciter supplying the field current of a large alternator. 
The excitation system is controlled by a high-speed vibrating-contact regulator 
(Example 3). 

the high-speed type acting upon a resistance in the shunt-field circuit of 
the exciter. 

a. Establish the necessary equations and outline in sufficient detail the 
methods to be used in a point-by-point solution for determining the fluctu- 
ations in the alternator voltage when the total three-phase load is suddenly 
disconnected. 

h. Determine numerically all pertinent initial conditions immediately 
before and immediately after the circuit breaker is opened (in the latter 
case also include values of the rate of change of the alternator and the exciter 
voltage). 

In the solution take the nonlinear characteristics of the alternator and 
the exciter into account. Assume that the armature inductance and the 
armature reaction of the exciter are so small that they definitely need not 
be taken into account. On the other hand, include the effect of armature 
resistance. 

In regard to the operation of the regulator, it may be assumed that its 
vibratory action ceases when the alternator voltage deviates from normal 
by 2 per cent. When this voltage is more than 2 per cent above normal, 
the contacts short-circuiting the exciter shunt-field resistance are definitely 
open, and when it is more than 2 per cent below normal, they are definitely 
closed. 
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Oeneraior Data 


Type 

Rating 

Line voltage (normal) 
Transient reactance 


Field resistance at 75°C 
Nommal field inductance 
Lowest possible value of field current with regu- 
lator m the circuit and open contacts 


Turbo-alternator 
37,500 kva 
14,000 volts 

1 25 times the leak- 
age (Potier) re- 
actance 
0 5 ohm 
3 22 henry&i 

50 per cent of normal 
no-load value 


Characteristic curves are given m Fig 274 



Synchronous Reoictance in Ohms 

Fio 274 — Characteristic curves for the turbogenerator in Fig 273 (Example 3) 


' The nommal field inductance may be defined as the number of flux link- 
ages per field ampere at rated armature voltage with the armature winding 
open-circuited 
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Exciter Data (same as in Example 8, Chap. XV): 


Type self-excited, shunt-wound machine 

Voltage (normal) 250 volts 

Armature resistance 0.0113 ohm 

Armature inductance 0 . 0063 henry 

Field resistance (hot) 23.3 ohms 


Nominal field inductance. 26.6 henrys^ 
100 per cent field current 6 . 6 amp. 


Data for Magnetization Curve. 


Obtained with the Machine Self-excited 


Percentage Voltage 
4 

40 

60 

80 

90 

100 

no 

120 

130 

135 

140 

143 


Percentage Field Current 
0 
34 
54 
75 
86 
100 
117.5 
139 
170 
192 
219 
240 


Solution 

a. Establishment of Equations 

The differential equations determining the fiuctuations are [see equation 
(51), Chap. XVI]: 

Exciter: 

<rN de 

— — -\r tR laRa — e 

k dt 


or, since 


to — t -f- if 


and 


N 


T, 


A Iternator: 


or, since 


de 

crT— 4“ i{R -j- iKo) “h ifRa ~ e 
at 


(y/Nf dE 


-|- R/if 4“ iaRa =* e 


kg dt 

ia — i + if and Nj/kg = Tg^ 
dE 

o'/T't,— -h if{Rf + Ra) + iRa = e 
at 


(o) 


(ft) 


1 The nominal field inductance may be defined as the number of flux link- 
ages per field ampere at rated armature voltage with the armature winding 
open-circuited. 
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For purposes of a point-by-point solution, these equations may be written 


Ae 



(jR -+• Ra)i “ Raif] 


(c) 


and 

At 

AE = — — (^/ “b Ra)i/ — Rai] (jd) 

O^/Tg 

The circuit breaker suddenly opens at ^ = 0. Values of c, i, and if at this 
instant (e©, to, and t/o, respectively) can be computed under certain assump- 
tions from the initial conditions, as illustrated in (6). Substitution of these 
values in (c) and (d) then gives the increments Ae and AE for the first inter- 
val At, At the end of this interval, 

Cl = eo + (Ae)i 

and 

El — Eq -j- {AE)i 

The currents ii and i/i can then be found from the exciter and alternator 
magnetization curves corresponding to Ci and The second and other 
intervals can then be handled similarly. When E is larger than 102 per 
cent, the value of R to be used is that corresponding to regulator contacts 
open. When E is lower than 98 per cent, H should be that value with 
contacts closed. For values between 98 and 102 per cent, in the absence 
of specific information as to behavior in this region, it will be assumed that 
the contacts remain either closed or open, depending upon whether the 
region is entered at the lower or upper boundary. 

Summarizing, for the nth interval. 

At 

(Ae)n = 0 "b Rii)i(n—i) Rai/{n—i)] (c) 

A^ 

(AE)„ = — - ''(C(n-l) — (Rf + Ra)if{n-\) — Rai(^n-l)] (/) 

cr/I g 

Cn = e(n-i) -f (Ac)« (^) 

En = E(n-l) + (AE)n (k) 

e» and are related by exciter magnetization curve. 

En and i/n are related by alternator magnetization curve. 

Proper choice of R and inclusion of regulator action are as noted in the 
preceding paragraph. 

These computations can readily be carried out in tabular form. Equa- 
tions (e) and (/) with numerical coefficients are given at the end of Part (6). 

6. Numerical Calculations 

Transient Reactance . — Rated alternator line current is 


37,500 

Vi X 14 


1,545 amp. 
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From Fig. 274, 


Potier reactance 


2,500 

Vs X 1,546 


/ 

0.934 ohm per phase. 


Therefore 


X^i - 1.25 X 0.934 = 1.169 ohms per phase 



Fig. 275. — Vector diagram for turbogenerator in Fig. 273 under fulldoad condi- 
tions (Example 3). 

Full-load Alternator Field Current . — Referring to the vector diagram, Fig. 
275, 


Air-gap voltage = 

V5. 




») 


+ 1,545 X 0.934 X 0.436 I 4 - (1,545 X 0.934 X 0.9)* 


= 15,270 volts 

This voltage is at an angle of 34.4 deg. with la. Entering the magnetization 
curve with this voltage. 


if = 289 field amp. 

From the Potier triangle, the equivalent armature reaction 


Also 


A = 205 amp. 


a = 180° - 34.4° - 90° = 55.6° 


The full-load alternator field current is then 

if = V (205 sin 65.6°)* + (289 + 206 cos 55.6°)* 

= 440 amp. 

This corresponds to an excitation voltage (as read from the magnetiza- 
tion curve) of 18,630 volts in the alternator and a terminal voltage of 
440 X 0.5 *= 220 volts for the exciter. 

Initial Value of e . — Since the exciter terminal voltage is 220 volts, we 
have, neglecting iRat 

c = 220 + 440 X 0.0113 = 225 volts 
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Initial Value of i . — From magnetization curve for exciter, i » 6.67 amp 

Fidd Resistance of Exciter: 

Contacts closed, R ~ 23.3 ohms 

Contacts open, if — 0.50 X 249 124.5 amp. 

e = 0.5 X 124.5 + 125.8 X 0.0113 = 63.7 volts 



Fig. 276. — Variation in alternator voltage and exciter voltage of the system 
in Fig. 273 when the load is suddenly dropped. The curves were obtained on 
the M.I.T. differential analyzer. (For circuit constants, operating conditions, 
and other details, see Example 3 ) 

From magnetization curve for exciter, 

i — 1.34 amp. 


Hence 


_ 0.5 X 124 5 

® TiT" 


46.5 ohms 


Value of E Immediately after Breaker Opening . — The assumption of con- 
stant voltage behind transient reactance will be made. Before breaker 
opening. 


- 15,600 volts 


+ 1,646 X 1.169 X 


0 . 436 ^ 


+ (1,645 X 1.169 X 0.9)» 


Hence, the terminal voltage suddenly rises to J57 = 15,600 volts. 

Note: If desired, cj can be found and assumed constant. This should 
lead to better results. In view of the other approximations being made. 
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however, the additional precision hardly seems warranted. Knowing the 
position of the if vector from the vector diagram, Fig. 276, the direct and 
quadrature axes can be located and found to be 14,600 volts. 

Value of if Immediately after Breaker Opening. — From magnetization 
curve corresponding to an excitation voltage of 15,600 volts, v suddenly 
drops to 

if = 301 amp. 

Values of aN/k and afNf/kg. 


Exciter: 


crN ^ N<t> N(<r<f>o) 

k e Rqu 


Lo 26.6 

Ro “ 27.9 


0.702 sec. 


aT 


(iZo = 250/6.6 = 37.9 ohms = normal field resistance.) 

Alternator: 

<ffNf __ Nf4>g __ Nf(i>g V _ Nficrf4>g) V 

kg ^ E ^ if E if E 

But [iV^/((r/<^(,)]/v = nominal field inductance if if is field current for a 
terminal voltage of 100 per (X'lit on open circuit. From alternator magneti- 
zation curve, 

if = 249 amp. 

Hence, when used with line voltage 


<rfNf 

K 


3. 22 X 249 
"”14,000 


0.0572 sec. 


OfTg 


Substitution of the above numerical values in ecjuations (e) and (/) gives 

~ 0.0113i/(«>i)l volts (t) 


and 


r 1 

(Ac). = — — - •( or - 0.0113v(,_,) 

* 23.3 ) 


] 


(AE)n 


M r 


0.0572L 


- - 0.0113i(„-i) - 0.51H/(n_i) volts (j) 


the 46.5 or 23.3 in equation (i) being used for E > 102 per cent and E > 9S 
per cent, respectively. For 102 per cent > E > 9S per cent, use 46.5 if 
alternator terminal voltage decreases and 23.3 if it increases in accordance 
with the previously stated assumption. Initial values for equations (t) and 
0) are 


eo = 225 volts 
to ~ 6.67 amp. 


ifo = 301 amp. 

Fo ~ 1 6,600 volts 



698 


ELECTRIC POWER CIRCUITS 


Exciter Response under Conditions of Sudden Changes in 
Alternator Load. — When there is a sudden change in alternator 
load owing, for instance, to the switching on of a load increment 
or the occurrence of a fault, there will, in general, be a sudden 
change in the field current. This is a consequence of the constant 
flux-linkage theorem exactly as previously discussed in connection 
with the specific problem of suddenly dropping all load from the 
alternator. Whether the field current increases or decreases 
depends upon the direction of the load change and especially 
upon the change occurring in the reactive power. Thus, if 
a short circuit occurs, compelling the machine to supply a large 
amount of lagging reactive power, the field current will suddenly 
increase. Conversely, when a fault is disconnected there is 
usually a sudden decrease in field current due to the machine 
being relieved of the heavy lagging reac- 
tive-power requirement. 

ea V The sudden change in field current is 

/ 1 primarily a result of the sudden change 

y in the direct-axis component of armature 

ecT ~y\\ I current and is affect('d relatively little by 

/ I i ! any simultaneous change in quadrature- 

/ II I axis component. On the assumption of 

/ III constant flux linkages in the direct axis 

/ 111 (constant e^), the change in direct-axis 

^ — ! current becomes the only influence and 

Vs V V only this factor will bo considered below. 

Fig. 277. — I d e a 1 i z o d 77 , . i ... , . , 

straight-line magnetization Furthermore, it IS customary in most 

curve (or air-gap line) for an practical Cases to omit any direct con- 
change*n field sidcration of Saturation (as was done in 

occurs when the armature the previously discussed case involving 
current suddenly changes. 1 x i r i 1 j i x 

complete loss of load and subsequent 
operation on open circuit), except as its effect may be reflected 
indirectly (and usually only approximately) in the values of 
reactance used. 

Under steady-state conditions the relationship is that of a 
demagnetizing armature reaction. Hence if th(i armature- 
reaction constant is known, the increment in field current 
corresponding to a given increment in direct-axis armature 
current can be computed. Under transient conditions (when 
the armature current suddenly changes), a slightly modified 


VsV V 
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proportionality factor must be used, based upon the consideration 
of initially constant flux linkages. From the vector diagram, 
Fig. 161, Chap. XII, and the idealized straight-line magnetization 
curve. Fig. 277 (or the air-gap line in cases where saturation is 
present), and letting c' represent the projection of the air-gap 
voltage on the quadrature axis the following equations may be 
written: 

Cd = Ct cos 8 idXd 
e'd = et cos 8 -|- 

Gi COS 8 — f— l/d-X-fx^ 

if ^ 

ed'^ e' 

The additional field current required on account of armature 
reaction in the steady state then becomes : 


(38) 

(39) 


Alfa = if — i)a 



(q - e'J = (40) 


hence the proportionality factor under steady-state conditions, 
i.e.y the coefficient of demagnetizing armature reaction, is given 
by 


Xd - Xg ^ Xd - Xg 
Cdlif slope of air- 
gap line 


{Xd — Xa) in per-unit system 

(41) 


Similarly, under transient conditions, z.c., when the armature 
current suddenly changes, the corresponding sudden field-current 
increment becomes 


Av = i, - i) = (42) 

Gd 

The proportionality factor under transient conditions therefore 
is; 


K = i] ^e ~ 6f ^r - "" per-unit system (43) 

gap line 

It is thus seen that when the per-unit system of notation is used 
the field-current increment equals the increment in direct-axis 
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armature current times the difference between the direct- 
axis synchronous and transient reactances and is thus readily 
computable. 

The regulator will respond in much the same manner as 
already discussed for the case where the entire load is suddenly 
dropped in an effort to restore the terminal voltage to normal. 
When short circuits are involved, the chances are that, even with 
high-speed regulators and a responsive excitation system, the 
voltage will remain below normal as long as the fault remains 
on. Normal voltage will as a rule first be recovered after 
clearing, upon which the voltage will undergo oscillatory adjust- 
ments until ultimately steady-state conditions are restored. 
The solution of these problems all require point-by-point methods. 
Usually the effect of exciter armature constants would be ignored 
so that the exciter response, once the regulator acts, can be 
determined independently of the alternator. The details of the 
solution of these problems may be handled in a number of ways, 

as previously pointed out. Cer- 
tain specific methods which have 
bc('n found practical in transient- 
stability analyses are discussed 
below. 





Fig. 278. — Curves illustrating the 
variation in alternator field current 
after the sudden occurrence of a 
fault. Af No exciter action, i?, 
Exciter action with moderate speed of 
response. C, Exciter action with high 
speed of response. 


Practical Computation of 
Exciter Response during General 
Point-by-point Analysis of Tran- 
sient Stability. — The discussion 
which is to follow is with partic- 
ular reference to a system fault 
which subsequently is cleared by 
the action of automatic circuit 


breakers. In other words, it covers exciter response in its 
relations to the principal transient-stability problem. 

When the fault occurs, there is a sudden increment in generator 
field current, as indicated in Fig. 278. Were there no exciter 
action, this field current would gradually decrease and ulti- 
mately reach its original value (curve A, Fig. 278). With exciter 
action, on the other hand, it will vary in a different manner, 
depending upon the speed of response of the regulator and the 
excitation system. With a moderate speed of response, curve B 
might be representative. As will be noted, there is first a drop 
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in field current and thereafter a rise. Curve C illustrates the 
effect of an extremely high response rate resulting in an almost 
immediate field-current rise. These curves are assumed to 
cover a time interval — starting at the occurrence of the fault — 
during which the regulator contacts (on account of the large 
drop in alternator voltage and the presence of a high-speed 
element giving positive action under these conditions) definitely 
stay closed permitting full utilization of the excitation system. 

With a high-speed regulator the voltage of the exciter may 
vary with time, as indicated in Fig. 279. Curve A represents a 
case where during the build-up process the ceiling is not reached, 
neither is the lowest possible voltage reached during the build- 



Fiq. 279. — Exciter voltage variation with high-speed regulation after the 
occurrence of a fault and assuming long-delayed clearing. It is assumed that 
despite the fault normal alternator voltage will be recovered as a result of the 
increase in field current. Curve A, ceiling and lowest possible exciter voltage 
not reached during build-up and build-down process. Curve B, ceiling and 
lowest possible exciter voltage reached during build-up and build-down process. 

down process. Owing to the fault, the alternator terminal 
voltage is much below normal. As will be noted, a time lag 
has been assumed in the regulator. Hence after the occurrence 
of the fault, the exciter voltage remains constant at its initial 
value for a time equal to this time lag. Thereafter it builds up 
until the alternator voltage has risen to slightly above normal 
(this being necessary on account of the region of insensitivity), 
at which point the regulator is actuated so that after the lapse 
of the aforementioned time lag, build-down of the exciter voltage 
takes place. The exciter voltage now decreases until the 
alternator voltage is sufficiently below normal for the regulator 
once more to be actuated, whereupon, again allowing for the 
time lag, the exciter voltage once more begins to increase. 

The same comments may be applied to curve the only 
difference here being that a constant ceiling voltage (and a 
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constant minimum voltage) has been assumed to be reached 
before the regulator is reactuated to initiate the build-down 
(or build-up) process. 

In Fig. 280 are shown reasonably representative and coordi- 
nated curves of alternator terminal voltage (positive-sequence) and 
field current, and also exciter voltage under conditions of a suddenly 
applied fault and its subsequent (complete) clearing. Initially 
there is a sudden large drop in terminal voltage and a sudden 
rise in field current. The exciter voltage remains constant at 
its initial value for a short time (the regulator time lag) before 
starting to build up. Both the field current and the terminal 



Fig. 280 . — Time variation of alternator terminal voltage (positive sequence), 
field current, and exciter voltage under conditions of a suddenly applied fault 
and its subseciuent (complete) clearing. The excitation system is controlled 
by a high-speed regulator. It is assumed that the alternator voltage remains 
subnormal while the fault is on and recovers to well above its normal value upon 
clearing. This of course may not always be the case. 

voltage decrease until a certain amount of exciter-voltage build- 
up has taken place although usually not in step (as under no-load 
conditions) due to the reactance drop in the machine which 
changes with the armature current. 

When the fault is cleared at time tcj it is assumed that the 
terminal voltage suddenly rises to a value appreciably above 
normal as a result of the large sudden reduction in lagging 
reactive armature current. The high-speed element of the 
regulator, therefore, is immediately actuated forcing the exciter — 
after expiration of the time lag — to build down its voltage. For 
reasons already explained, the alternator field current and 
voltage may still continue to rise somewhat (not necessarily in 
step) before beginning their downward climb. No further 
description of the regulation processes and the curves seems 
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necessary After repeated adjustments, the new steady-state 
conditions are ultimately reached. / 

If one assumes that the exciter armature constants are to be 
ignored and that the use of a high-speed regulator giving the 
exciter either full build-up or full build-down opportunity, the 
exciter voltage-time curves may be computed and constructed 
prior to starting the point-by-point analysis in which it is desired 
to include the effect of exciter action. In other words, these 
curves may be determined from exciter characteristics alone. 
They may be computed for the full range of exciter-voltage 
variation, i.e., between lowest possible voltage and ceiling, for 
conditions of build-up and build-down, respectively. Actually 
during the point-by-point analysis, these extremes may never 
be reached. In such cases, only the part of the curves which 
actually apply will, of course, be used. 

Two approximate methods of bringing the exciter action into 
the point-by-point analysis will be covered, viz.: 

1. Using actual exciter- voltage build-up and build-down 
characteristics and a single fixed equivalent time constant for the 
alternator. 

2, Assuming constant linear rate of build-up and build-down 
of exciter voltage (often taken equal to the nominal response 
rate) and using a single fixed equivalent time constant for the 
alternator. 

The conception of an equivalent alternator time constant 
and its determination has been previously covered in Chap. XVI. 
It should be remembered in this connection that the equivalent 
time constant changes when the fault is cleared owing to the 
change in external reactance. This change should be allowed 
for at the proper instant in the point-by-point analysis. 

It was also mentioned in Chap. XVI that the equivalent time 
constant may be approximately corrected for saturation as the 
analysis progresses. This, however, is practically never done, 
although it may be desirable to select a time constant which 
on the average is essentially correct for the range of saturation 
involved. 

In both methods, adjustments are made for each step in the 
point-by-point calculation in the particular internal machine 
voltage which is used in the power-output computations. In 
these computations (see Chap. XIII) one of the voltages in the 
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quadrature axis, cj, or the voltage behind direct-axis 

transient reactance, are generally used. Exciter action 
(t.e., the change in flux) will give rise to equal changes in e^, 
e 2 >, ej, and hence the increment computed may be applied to any 
one of them. The change in et, the voltage behind transient 
reactance, will not be rigorously the same. However, this is 
sometimes assumed and the same increment (i.e., the one which 
correctly applies to the voltages in the quadrature axis) applied 



Flo. 281, — Alternator and exciter magnetization curve illustrating how a 
modified per-unit system of notation may bo adopted for the exciter. This 
refers the exciter quantities to the generator basis for convenience in computation. 

to this voltage as well. The following scalar equation interrelate 
these voltages [see equations (11) and (16), Chap. XIII]: 

= ez) + id{Xd — Xg) = c id{Xd — X^) 

= e,- cos (d — 8i) + u(Xd - X'a) (44) 

Assume that in the point-by-point solution, per-unit values 
of generator quantities are used. When exciter action is to be 
included, it is convenient to use a modified per-unit system of 
notation also for exciter quantities. More specifically, these 
are referred to the generator basis by designating as the unit 
value of exciter voltage the voltage which will produce unit 
generator field current, the latter in turn giving unit value of 
open-circuit voltage. It is obvious that the unit value of exciter 
voltage so defined will not usually be the rated voltage of the 
exciter but, as a rule, considerably lower. Figure 281 illustrates 
these relationships. Point A on the alternator magnetization 
curve corresponds to normal open-circuit voltage and field current 
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(the 100 per cent or unit values). Assume that the exciter is 
rated 250 volts but that only 125 volts are required to produce 
normal field current in the alternator field winding. The 
operating point B on the exciter magnetization curve therefore 
corresponds to point A on the alternator magnetization curve. 
Referred to the exciter, 250 volts would be the 100 per cent or 
unit value, and consequently 125 volts (operating point B), 
would be 50 per cent or 0.5. However, referred to the alternator, 
125 volts represents the unit value and the rated voltage of the 
exciter (z.e., 250 volts) a value of 2.0. 



Fig. 282. — Variation in exciter voltage and alternator field current after the 
sudden occurrence of a short circuit (or other discontinuity). The exciter- 
voltage build-up curve is considered as a step function in the point-by-point 
analysis. (Above, the stops are introduced at the end of each interval although, 
as stated in the text, they may also be introduced at the beginning or at the mid- 
point of the interval.) 


Method I. Using Actual Exciter-voltage Build-up and Build- 
down Characteristics. — When the precalculated exciter build-up 
(or build-down) curve is available, it may be utilized in the 
point-by-point analysis in two ways. It may either be repre- 
sented as a step function and each step assumed introduced at 
the beginning, middle, or end of a certain time interval, or the 
variation during a time interval may be considered linear. 

a. Introducing Exciter Build-up Curve as a Step Function . — 
The exciter build-up curve and the curve of alternator field 
current are shown in Fig. 282. It is assumed that a short circuit 
(or other similar discontinuity) has occurred at time equal to 
zero, resulting in a sudden field-current increment, as previously 
discussed. If the rise in exciter voltage during the first interval 
is introduced as a step at the beginning of this interval (the 
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figure indicates step at end of interval), the alternator field 
current during the first interval is given by 

V - - (^' - - 1 - (I - 

From this, the current at the end of this interval is obtained as 



Similarly, during the second interval, the current becomes 

- 1 - (I - 

and at the end of this interval, 

Considering the nth interval, it is obvious that the field current 
is given by 

= V(n-I,]r^ (49) 

Hence the increment in field current during the nth interval 
becomes 


Az/n — ifn V(n— 1) — V(»— 0 jO ^ 0 (50) 

which in the per-unit system defined above may be written 

Avn = Acrf = Aei = Ae/^ = [c/n - V(n-i)](l e 0 (51) 

If, instead of introducing the variation in exciter voltage as a 
step at the beginning of the interval, the step is introduced as 
the end of the interval (as indicated in Fig. 282), it is readily 
shown that the field current at the end of the nth interval is 
given by 

. e/(n-i) _ I e/(n-i) 


( 52 ) 
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gi^4ng the increment in field current during the nth interval as 

Ai/» = ifn — i/(n~l) = — V(n_l) j(l “ € ^) (53) 

which in turn in the per-unit system may be written 

Az/n = Aed = A^i = AeD = (e/ — i/)n-i(l — c 0 (54) 

By replacing the exponential by a power series, and retaining 
the first two terms only, this equation reduces to [equation (51) 
can be similarly reduced] 

Aifn = Acd = AeJ = Lcd = {e/ - (55) 

From a computational standpoint, equation (55) is slightly 
more convenient than equation (54) and usually gives more than 
sufficient accuracy with the ordinary length of time interval and 
range of time constants. The comparison in the following 
tabulation brings out this fact.^ 


sec. 

T 

sec. 

At 

T 

A/ 

e 

1 -c ^ 

Difference 
per cent 

0.05 

1.0 

0.05 

0.951 

0 049 

2.0 

0.10 

1.0 

0.10 

0.905 

0 095 

5.0 

0.05 

5.0 

0.01 

0 990 

0.01 

0 

0.10 

5.0 

0.02 

1 0.980 

0.02 

0 


h. Considering Linear Variation within Time Interval . — 
It is reasonable to expect improved accuracy when the actual 
exciter-voltage variation is considered linear within the time 
interval. In order to utilize this scheme in a point-by-point 
solution, an expression for the response of an inductive circuit 

1 A hydroelectric generator having, for example, 100 per cent synchronous 
and 30 per cent transient reactance would generally have a direct-axis 
transient, open-circuit time constant of about 5 sec. The corresponding 
short-circuit time constant for a symmetrical three-phase short circuit at 
the terminals would then be about 1.5 sec. Dissymmetrical short circuits 
and, in general, short circuits not directly at the machine would result in 
higher values. Hence even for the worst case assuming the standard time 
interval of 0.05 sec., the error introduced by the simplified representation 
of the exponential would be less than 2 per cent. 
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to a linearly varying voltage must be available. Consider this 
voltage to be of the form 


Cf = 6/0 + ( 56 ) 

The superposition theorem^ may conveniently be used and the 
field current expressed as follows: 

if = if, + A(0)/«) + £fWA'(t - X)dX (67) 


In this it is assumed that the circuit initially carries a steady-state 
current corresponding to the constant part of the voltage in 
equation (56). The indicial admittance, its derivative, and the 
voltage function to be inserted in the above equation are 


Hence 


Am - b(i - . 
A’m - mt< 

/(<) = at 


if = if, + 


a 

RT 


i) 


4(0) = 0 


A'{t — X) = 

/(X) = aX 




"2^ 

^ dk 


<-x 

T 


= Vo + - r(l - e'^)] 


(58) 


( 59 ) 


If initially there had been a sudden readjustment in current 
(so that the initial current i/o = V(o) + Az/o would not be a 
steady-state current), it is evident that the above solution would 
be modified to 




(60) 


These general solutions may now be made use of in the point- 
by-point process of analysis. Referring to Fig. 282 and con- 
sidering the presence of a time lag r, the field current during the 
first interval is given by 


1 See reference in footnote on p. 649. 
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*/ = V(«) + ^ — r) — ^(i — « *■ )] (61) 


where 


V(0) = 


g/0 

fly 


and Ox = (62) 

— T Ai — T 


At the end of this interval, the current becomes 

in - I + iw-T + ^[l - 


= ^ 

"fiy 


(I - 4"* + --ir \ ■ - 


(63) 


Similarly during the second interval, the current is given by 


- ^ i 4- 


C/2 — _P/1 
fi/A< ‘ 


[d - a<) - 


and the value at the end of this interval is 

M 


ejA 

Rf 


Applied to the nth interval, this becomes 

. e/(n-i) . 1.-^ I “ ®/(n-i) r t 

*/» - J* + - [1 - 


(64) 


( 66 ) 


T 

At 


( 66 ) 


The field-current increment during the nth interval is con- 
sequently 


ii,. = [''gi> - w,](l - .“?) + 


— e/in-l) 


Rf 


( 87 ) 
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When the exponential is approximated by the first two terms 
of the series expansion, this reduces to 

which in per-unit notation may be written 

Az/n = ACd = A4 = (e/ - if)n-\ • Y 

In the approximate solution the formulation for the nth interval 
is universally applicable to any interval. When the complete 
solution is used, on the other hand, the nth-interval formulation 
is not at once applicable to an interval in which a time lag has 
to be considered, as, for instance, the first. In such cases the 
two A^'s within the last bracket of the expression must be 
replaced by M — r. 

It is interesting to note that equations (55) and (69) are 
identical. Thus consideration of the exciter build-up (or build- 
down) curve as a step function with the steps introduced at the 
end of a time interval and as a linear function within each interval 
leads to the same ‘‘approximate^^ solution (substantially “ exact 
for all practical purposes as previously pointed out). 

Method II. Assuming Constant Linear Rate of Build-up 
(and Build-down) of Exciter Voltage. — When conditions are 
such that excursion over the complete range of the exciter-voltage 
time curve does not take place, it may give sufficient accuracy 
to consider the exciter voltage as varying linearly with time.^ 
This assumption is actually sometimes utilized, the slope of the 
straight line frequently being made equal to the nominal response 
rate. The latter, as will be recalled, is defined with respect to 

* Reference may b e made to Fig. 265, Chap. XVI. It will be noted that 
the exciter-voltage build-up curve does not deviate appreciably from a 
straight line between 175 and 275 volts, corresponding to an average build-up 
rate of 128 volts per sec. (and indeed not much between 150 and 300 volts, 
giving an average build-up rate of 124 volts per sec.). Nominal slip-ring 
voltage which for this exciter may be expected to fall in the range from 
180 volts to 200 volts, depending upon application, is, as will be noted, in this 
particular case located somewhat below the mid-point of the straight 
portion. It is also of interest to note that the nominal response rate for 
this exciter is 133 volts per sec. at a nominal slip-ring voltage of 188 volts 
(computed in Example 8, Chap. XV). 
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build-up and hence would give a nearly correct relationship 
under build-up conditions. If nominal response is used also 
during build-down, the slope of the straight-line relation will 
usually not be steep enough, since as a rule the rate of change 
during build-down exceeds that during build-up. It should be 
noted that this method assumes linear variation during the 
entire build-up and build-down process and is therefore entirely 
different from the one previously discussed, which merely 
simulated the actual exciter build-up curve by a straight line 
within each short interval of time. 

It is obvious that exciter action in this case may be introduced 
into the point-by-point analysis by the same methods as were 
described under Method I. A straight line vrould merely be 
used instead of the actual exciter build-up and build-down 
curves. The exciter-voltage variation can be introduced either 
as steps in each interval or by the previously described method 
involving linear variation during the interval. The only 
difference in the latter case would be that, with a definitely 
continuous linear rate of build-up, there would be no change in 
slope from interval to interval. Change in slope would occur 
only when the process of build-up changes to one of build-down, 
and vice versa. 

When the variation is assumed definitely linear, however, it 
is possible to establish a formal solution for alternator field 
current for each of the two processes, build-up and build-down, 
respectively. Values of field current from these expressions 
would, of course, have to be calculated at the end of each time 
interval in order to reflect exciter response in the general point- 
by-point analysis. The validity of the expression, however, 
would not be limited to any particular short interval of time. 
This method has essentially academic interest only, since in the 
practical case it would no doubt be more convenient, even 
when definitely linear variations are assumed, to use one of the 
methods already described. 

From Fig. 283, the voltage during the build-up process, con- 
sidering a time lag r, is given by 

Sf = 6/0 + — t) (70) 

By making use of equation (60), the expression for field current 
becomes 
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-- a 1 

if = ifio) + AVo€ ^ ^ 

[« - r) - !r(l - 


(71) 

The increment in field current, exclusive of the 

sudden initial 

change, is therefore 




At/ — if — t/o = — At/o(l — € 





- t{i - 


(72) 

which, in the per-unit system, may be written 



At/ = Aed = AeJ = Acd = —At 

/o(i - r^) 



+ «| 

[« - r) - r(l - 


(73) 



Fiq. 283. — Exciter-voltage and alternator field-current variation after the 
sudden occurrence of a short circuit and its subsequent clearing. The exciter 
build-up and build-down curves are approximated by linear relationships. 


Assuming first that the time constant remains unchanged the 
above expressions may be used until regulator action takes place, 
changing over from build-up to build-down. In Fig. 283 it is 
assumed that this occurs at time t' simultaneously with a dis- 
continuity in the field current (as a result of the short circuit 
being cleared, for instance) and a time lag has also been con- 
sidered. The exciter voltage during build-down may then be 
expressed as 

ef = e% - a'{t - t' - r) (74) 

The field current from the introduction of the discontinuity 
to the actual change-over from build-up to build-down, f.6., for 
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t' < t < {If +t)]b given by 

_1 _‘=1' 
if — */(o) + Ai/o€ ** + Aift. 

+ _ r(i _r^)] (75) 

After build-down has begun, t.e., lort > V + t the expression for 
field current becomes 

if = t/(0) + AI/o€ ^ ^ 

+ 1-[<' - r(i - 

- -I'-r)- t{i - 6-^0] (76) 

Should the constant response rate numerically be the same 
for build-up and build-down, i.e., a = a', the foregoing equation 
reduces to 


-i. 

if = V<o) + At/o€ ^ -f Ai/€ ^ 

- ~[(f - r) - r(l + - t(i + - 2e~~^)] 

(77) 

It may possibly be more convenient to use equation (75) in the 
following modified form 

if = (if + Aif)€ ^ + ^(l — c ^ ) 

+ ^[(<-<0 - ! r(i - r ^)] 

= (i; + - €‘^) + - o (78) 

where 


= i/(0) + Ai/o€ ^ - r) - r(l - € ‘ r')] (79) 

«/ = «/o + a(<' — t) (or read from plot) (80) 

In a similar manner equation (76) may be modified to 
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>•/ = *>■ ^ +¥.U-‘" ^ ) 




- -r-r)-T{\-, ‘ r 0] 


= t/r€ 

where 

i^T = V<o) 


‘ ‘ 0 - - <' - r) 


(81) 


+ AtVo«“^ + + ^[f - r(i - *"0] 

= (*; + Ai;)r^ + ^(i - r^) + |^[r - r(i - r^)] 

= (i; + At;)*"? + ~ °^ (i - *"?) + ^ 


Rf 

CfT = 6/0 + a^' (or read from plot) 


(82) 

(83) 


If the time constant changes from T to T' at the discontinuity 
preceding the initiation of the build-down process, equations 
(75), (76), and (77), and the first part of (82) should not he used 
(except after suitable modification). In this case equations (79), 
(80), and (83) apply as written and equations (78), (81), and (82) 
(last two parts only) upon replacing T by the new time constant T\ 
Should it be desired to readjust the time scale and consider 
time equal to zero whenever a change-over from build-up to 
build-down, or vice versa, is initiated this can be taken care of by 
making = 0 in equations (74) to (78), inclusive, and (81). It 
does not, of course, affect equations (79), (80), (82) and (83). 


EXAMPLE 4 


Statement of Problem 

The system of Fig. 284(a) represents a hydroelectric generating station 
supplying power over a double-circuit transmission line to a receiving-end 
system of such size that it may be simulated by an infinite bus. It is 
desired to investigate the effect of different exciter-response rates on the 
field current and flux linkages in the hydroelectric generators during a line- 
to-line fault on one of the transmission circuits just outside the sending-end, 
high-tension bus. 

A linear build-up of exciter voltage will be assumed in order to avoid 
point-by-point calculations. Unit rate of response will be defined as a 
voltage build-up per second equal to the slip-ring voltage of the alternator 
required to produce 100 per cent field current. Thus, for a 250-volt exciter 



Df'recfax/s 


VOLTAGE REGULATORS AND EXCITATION SYSTEMS 615 


on a generator requiring 125 volts to supply 100 per cent field current, unit 
rate of response is 125 volts per sec.' The following per unit response rates 
[equal numerically to a in equation (70) et seq. when per unit values are used] 
are to be employed in this example: a « 0, 1, 4, 8, 12, 16, 20, 30, 40, 50. 



e 


(c) (oi) 

Fig. 284. — (a) Hydroelectric generating station supplying power to large receiv- 
ing-end system (infinite bus) over a two-circuit transmission line, (b) Equiva- 
lent circuit of the system in (a) for normal conditions of operation, (c) Vector 
diagram for the system in (a) for normal conditions of operation, (d) Equivalent 
circuit for the system in (a) beyond the generator terminals with one of the 
transmission lines faulted (Example 4). 

In per unit on the generator base the generator and circuit constants are: 

Xd = 0 99 Xg - 0 72 Xt = 0 1 at each end 

= 0 36 X' = 0 72 Xi = 0 2 (two circuits) 

x;' = 0 26 X, = 0 32 rio =50 sec. 

X- = 0 29 T = 0 05 sec. 

The infinite bus voltage is c — 1.00. Before the fault occurs the generator 
terminal voltage is et = 1.10, and the generator power output is P = 1.00. 

For this system with the line-to-line fault on one transmission circuit 
near the sending-end high-tension bus, compute and plot curves versus time 
of 

a. Change in field current. 

b. Voltage corresponding to the flux linkages in the direct axis. 

c. Time-average value of flux linkages {e^) versus time. 

These curves should be plotted for values of time up to 0.6 sec. after the 
fault occurs. Clearing of the fault is not to be considered. 

1 If nominal slip-ring voltage is 188 volts, unit response rate as defined 
above would correspond to a response rate with respect to nominal slip-ring 
voltage of — 0.665. 
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Solution 


Computation of Prefault Values . — ^The prefault equivalent circuit is given 
in Fig. 284(6) and the corresponding vector diagram in (c). All currents 
and voltages in the computations below are taken with the infinite-bus 
voltage e as a reference. 

Since 


P = 

1.00 = 


eet 


sin 5' 


X 

1.00 X 1.10 
0.4 


sin 6' 


(a) 


or 

a' = 21.3*^ 


From the vector diagram 


or 


Also 


= e -f jiX (vectorially) 


et/^ - e/O^ 

Y/W 

_ 1.10 /21.3° - 1.00/0° 

= 1.00 -y0.0625 - 1.00/_;^3.6° 


(b) 

w 


= € 4- ji(X 4- Xg) (vectorially) (d) 

= 1.00/^ 4- i(1.00 ~ j0.0()25)(0.4 4- 0.72) 

= 1.07 +71.12 = 1.55/46.3° 

The direct-axis component of current is, therefore, 

id — i sin (5 + 0) (e) 

= 1.00 sin (46.3° + 3.6°) 

= 0.765 


Finally, 

e\ — ejy — idiXq — Xj) (scalar equation) (/) 

- 1.55 - 0.765 (0.72 - 0.36) 

* 1.27 

Computation of Values during Fault . — The equivalent circuit external 
to the machine during the faulted period is given in Fig. 284(d). On the 
basis of equation (48), Chap, XI, the reactance of the fault shunt is 


Xf 


(X- + Xt){Xi + Xt) 
X- + Xi + 2Xr 
(0.29 +0.1)(0.2 +0.1) 
0.29 + 0.2 + 0.2 


= 0.1695 


to) 
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The generator time constant must be adjusted for external reactance in 
accordance with equation (54), Chap. XVI. In this equation X*, the driv- 
ing-point reactance viewed from the generator terminals, is 


Xe 


Xt 4- 

0.1 + 


Xf(Xi 4- Xt) 

Xf H- Xi -f Xt 
0.1695(0.2 4-0.1) 
0.1695 H- 0.2 4- 0.1 


= 0.208 


(h) 


The equivalent time constant is, therefore, 

(i) 

2.37 sec. 

For the first instant after the fault occurs, and 5 retain their prefault 
values and hence are known. The value of just after fault may, therefore, 
be computed from equation (40), Chap. XII. In this case, 

= Xf = 0.1695, 

Xi = Xr = 0.1, 

Xa = X. 4- Xr “ 0.3, 




= 5.0 


Xrf 4 'Xe 
Xrf4-X. 

0.36 4- 0.208 
0.99 H- 0.208 


and, consequently, 


Id 


Xa 4-X, 


-e cos S 


X; 4- Xi + 
1.27 - 


XaX,. 
Xa 4'X, 
0.1695 


0.3 4- 0.1695 


(scalar equation) 


X 1.00 cos 46.3'^ 


0,36 4- 0.1 4- 


0.3 + 0.1695 


0.3 4- 0.1695 
= 1 .796 immediately after fault 


0 *) 


The change in id which takes place suddenly upon occurrence of the fault 
is 


Aid — f dCsfter fault) f c{(before fault) 

- 1.796 - 0.765 = 1.031 




The sudden change in field current which must take place in order to main- 
tain constant fiux linkages at this first instant is, therefore, approximately 
[see equation (42)] 

Aifo = (Xd - X'd)Aid il) 

= (0.99 - 0.36)1.031 = 0.650 


Computation of Field-current and Flux-linkage Transient , — Values of At/ 
and Ae'd may now be computed by means of equation (73). The principal 
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parts of these computations are summarized in Table 71. It should be 
noted that at any time t 

U = 4 + = 1.27 + Ac; (m) 



Fig. 285. 

Fig. 285. — Change in field current 
in the generators of the system in Fig. 
284 during a line-to-line fault just 
outside the sending-end high-tension 
bus with different values of per-unit 
exciter-response rate (Example 4). 


and total change in field current 



Fig. 286. — Change in direct-axis 
flux linkages in the generators of 
the system in Fig. 284 during a line- 
to-line fault just outside the sending- 
end high-tension bus with different 
values of per-unit exciter-response 
rate (Example 4). 


if — t/(o) — At/o •+• At/ = 0.650 + At/ (n) 

where the values of and t/ are obtained from Table 71 for the appropriate 
values of i and a. 
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a. Curves of change in field current (t/ — t/(o)) in per unit versus time 
for the various exciter-response rates considered sire given in Fig. 285. 

b. Curves of in per unit versus time for the various exciter-response 
rates are given in Fig. 286. 

c. The time-average values of flux linkages versus time are plotted in 
Fig. 287. The ordinates of this curve have been normalized by expressing 
the values as fractions of the prefault value. A point on one of these curves 
for the time t is computed by finding 
the average ordinate of the corre- 
sponding curve in Fig. 286 up to the 
time t (equals area in per unit 
seconds under this curve between 0 
and t divided by t) and dividing this 
by the prefault value of 1.27). 

The points from which these curves 
are plotted are summarized in Table 
72. Figure 287 shows, for example, 
that for an exciter-response rate of 
o = 16 and a fault duration of 0.2 
sec., the average value of during 
the fault is 0.999 of the initial value. 

Although computed for one speci- 
fic system and one type of fault. 

Figs. 285, 286, and 287 yield con- 
siderable general information regard- 
ing the behavior of field current and 
flux linkages during a fault for a 
wide range of response rates. The 
curves for a - 0 correspond to an 
unregulated, handcontrolled genera- 
tor; those for a = 50 correspond to 
a generator with ultra high-speed 
excitation (6,250 volts per sec. if unit slip-ring voltage is 125 volts). It 
will be noted that for a fault duration of 0.2 sec., a common value, it 
requires a response rate of a = 16 (2,000 volts per sec. if unit slip- 
ring voltage is 125 volts) to maintain an average value of during fault 
equal to the prefault value. 

The figures quoted are based upon a line-to-line fault. If instead a 
double line-to-ground fault had been considered, the equivalent time con- 
stant would have been somewhat smaller and the opportunity for field- 
current build-up as a result of exciter action correspondingly greater. 

It has been previously pointed out that in stability calculations the 
assumption of constant flux linkages is frequently made. The accuracy of 
this assumption evidently depends upon the exciter-response rate, the 
electrical constants of the alternator as well as on the type and location of 
the fault. It also very definitely depends upon the length of time considered 
and whether or not fault clearing takes place within this time. In most 
large systems the half period of machine oscillations, which also represents 



Time in Seconds (iC) 


Fiq. 287. — Average value of direct- 
axis flux linkages in the generators of the 
system in Fig. 284 during a line-to-line 
fault just outside the sending-end high- 
tension bus with different values of per- 
unit exciter-response rate (Example 4). 
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the critical time, is of the order of slightly less. Of particular inter- 

est to stability, therefore, is the average value of flux linkages during this 
interval. If the fault remains on so as to maintain continuously a terminal 
voltage considerably below normal, exciter build-up will take place until 
the ceiling voltage is reached. If, on the other hand, the fault is cleared 
(in the usual case at about 0.2 sec.), the situation is governed by whether 
the terminal voltage rise occurring at the instant of clearing is sufficient to 
bring this voltage back to normal or perchance to a value above normal or 
whether this voltage still will remain subnormal. It is believed that in most 
systems the latter will be the case, when the fault is not too distant from the 
generator. With this situation, exciter build-up and improvements in flux 
linkages will continue, at least for a while, also after clearing, thus con- 
tributing to a higher average value over the critical period. 

If, on the other hand, the voltage upon clearing reaches normal or over- 
shoots normal, the regulator contacts will open and the exciter (after expira- 
tion of the time lag) begin to build down. This naturally will cancel a part 
of the build-up achieved during the fault-on period and leave a smaller 
average value of flux linkages over the critical period. 

It should be recalled that the equivalent time constant increases when the 
fault is cleared. The result of this is to make the effect of exciter action 
less pronounced whether the former be one of build-up or one of build-down. 

Table 71. — Average Value op Flux Linkages Expressed as Fraction 

OP Initial Value 
(Example 4) 


Per unit response 
rate 

0=0 
a = 1 




0=4 0.992 0.986 0.998 
0=8 0.992 1.000 1.053 
0 = 12 0 996 1 022 1.107 
0 = 16 0 999 1.042 1.168 
0 = 20 1.002 1.060 1.222 
0 = 30 1 012 1.112 1.362 
0 = 40 1.020 1.162 1.500 
0 = 50 1.032 1.218 1 639 






CHAPTER XVIII 


INERTIA AND GROUNDING 

The Inertia Constant. — In the general differential equation 
for the oscillation of a rotating machine, viz., 

( 1 ) 

the inertia constant M enters. The inertia constant of a machine 
may be defined as the shaft power required to produce unit 
angular acceleration (retardation) of the rotor with the latter 
running at rated speed. The inertia constant must, of course, be 
adjusted to correspond to the units used in the equation. When 
the power is expressed in kilowatts and the angle in electrical 
degrees the inertia constant should obviously be given in kilowatts 
per electrical degree per second squared (kw. per elec. deg. per 
sec.2). 

It is usually convenient to have available formulas for the 
inertia constant in terms of the moment of inertia or the stored 
energy of the rotating parts. Let 

M = inertia constant in kilowatts per electrical degree per 
second squared 

P = rating of the machine in kilovolt-amperes 

WR^ = moment of inertia in pound-feet squared 

H = stored energy in kilowatt-seconds per kilovolt-ampere 
n = speed in r.p.m. 

/ = frequency in cycles per second 
p = number of poles 

If the mechanical moment of inertia (divided by the accelera- 
tion of gravity) is multiplied by the proper factors converting 
from mechanical power units to kilowatts and from mechanical 
radians to electrical degrees, the inertia constant is obtained as 
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^ WR^(2im 0.746Y a- ,2\ 

^ flr \ 60 ■ 650 Also ' pj 

4r* X 0.746 . WB^ 

32.2 X 60 X 550 X 180 ’ p 
^ 15.38 X 10-Wfi^ ,2) 

V 

By substituting for the number of poles in terms of speed and 
frequency (p = 120//n), the inertia constant is also given by 


M = 


1.28 X lO-Wfii^n® 
/ 


(3) 


The stored energy in kilowatt-seconds per kilovolt-ampere in 
terms of the moment of inertia and the speed becomes 


„ ^ 1 WR^(2irn\(0.7‘^Q\ 

P ■ 2ff \ 60 / \ 550 / 

4«-* X 0.746 WR^n^ 

2 X 32.2 X 3,600 X 550 ‘ P 
0.231 X lO-'TFPV 

p (^) 

In terms of the inertia constant, the stored energy may be 
written 



= M 180/ (5) 


which solved for the inertia constant gives 


M = 


HP 

18 “ 0 / 


( 6 ) 


The inertia constant may thus be calculated from either one 
of equations (2), (3), and (6) according to the particular data at 
hand. Evidently the inertia constant to be used in the swing 
equation must include the mass of the prime mover or shaft load 
as well as that of the electrical machine. While the moments of 
inertia vary widely, depending upon the size and speed of the 
machine, the stored energy per kilovolt-ampere has a character- 
istic and fairly constant value for the various classes of machines; 
This fact can frequently be made use of to advantage when 
specific data of the machines in question are lacking. In Table 72 
will be found a collection of average values of stored energy. 
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Statement of Problem 

A 32,000-kva., 48-pole, 150-T.p.m., 60-cycle hydroelectric generator has a 
moment of inertia WR^ of 19 X 10® Ib.-ft.*, including the turbine. Calculate 
the inertia constant of the unit. 


Solution 

If formula (2) is used, the inertia constant becomes 


M 


15.38 X 10“^ X 19 X 10® X 150 
48 


= 9.13 kw. per elec. deg. per sec.* 



Fig. 288. — Inertia constants of large turbogenerators, turbine included. 

The Effect of Inertia. — It is evident that the inertia influences 
the oscillations of a rotating machine when its equilibrium has 
been upset. Not only is the value of the inertia a factor to be 


Table 72. — Average Values op Stored IOnergy in Rotating Machines^ 
Machine Type Stored Energy at Rated Speed, 

kw.-sec. per kva. 

Turbogenerators : 

Steam turbines Select values from Fig. 288. 

Hydrogenerators : 

Hydraulic turbines Select values from Fig. 289. 

Synchronous motors 2.00 

Synchronous condensers:* 

Large 1.25 

Small 1.00 

Rotary converters 2.00 

Induction motors 0.50 

* Principally obtained from "First Report on Power System Stability," by the A.I.E.E. 
Subcommittee on Interconnection and Stability Factors, Elec. Eng., February, 1937. 

> Hydrogen cooled, 25 per cent less. 
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considered, but, in a system where several machines may be 
involved, the distribution of inertia plays ^ an important role. 
Before discussing the broader aspects of the effect of inertia, it 
will be well to confine the attention to a few elementary cases. 



ll I I.. 1 .1. 1 I . [ J . 1 M M M I .1, ,LiJ 
0 20 40 60 80 100 


Generator Rati nq-Megoi volt -Amperes 

Fig. 289. — Inertia constants of large vertical-type water-wheel generators, 
including allowance of 15 per cent for water wheels. 


(a) 


(b) 


( 2 > 


Infinift 

Bus 


Effect of Inertia during Small Oscillations. — ^The influence of 
any factor entering a differential equation can be ascertained 
when a formal solution of the equation is at hand. As already 
stated, it is generally not practicable to establish such solutions 
of the machine equation, even 
under simplified assumptions in re- 
gard to input, flux linkages, etc. 

This is due to the sinusoidal vari- 
ation of the output. If consider- 
ation is limited to oscillations of 
small amplitude, however, it may 
be permissible, as a reasonably close 

approximation, to assume that the Fiq. 290. — (a) Generator supply- 

oui'pvi varies linearly with the dis-- ® large system (infinite bus) 
placement angle. This is equivalent 
to considering the small portion of 
the power-angle curve between the limits of the oscillations as a 
straight line. In such cases formal solutions of the differential 
equation are possible when the input and the flux linkages are 
assumed constant. 



over a transmission circuit. (5) 
Power-angle curve for system in 
(a). 


Synchronous Machine Connected to Infinite Bus, — ^The system is 
shown in Fig. 290(a) and the power-angle curve in (6). The 
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acceleration of the synchronous machine is given by 

d^5 _AP _ Pi- P 
dt^ M M 


The approximate linear output relation may be written 

P = p5 + b (8) 

It is logical to consider the slope of this straight line equal to the 
slope of the actual power-angle curve at the initial operating 
point. Hence, when angles are expressed in degrees 

p = jgQ ‘ cos (5o — ai 2 ) (9) 


The quantity b in equation (8) depends on the position of the 
straight line with respect to the sinusoid. If it is placed tangent 
to the latter at the initial operating point, b is obviously given by 


where 


b = Po — p8o 


E\ , , EiE2 . .. X 

Pq = ^ sin ail + — sm (do — ai 2 ) 

Zfii Zfi2 


( 10 ) 

( 11 ) 


If, on the other hand, the straight line is located as a chord to the 
power-angle curve, which may be still more accurate, the deter- 
mination of b must be based on one of the points of intersection 
between the two. Equations (10) and (11) may evidently still 
be applied if Pk be substituted for Po and 8k for do, the former 
being the power and the latter the angle at one of the points of 
intersection. 

Substituting equation (8) in equation (7), the modified differ- 
ential equation becomes 


_ Pi — p8 — b _ Pi — b p 
dP M W~~ 


( 12 ) 


This may be changed to 



from which by integration 


dt 



M ^ M 


(13) 


(14) 
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Separating variables and integrating again results in 

V* - 1)7+^; = -Jl* + <^> (15) 

which solved for the angle gives 



The constants of integration Ci and C 2 are determined from 
initial conditions. When 

< = 0: ^ = 0 and « = 8o 

at 

By substituting in equation (14), C\ becomes 

Cl = pbl - 2{Pi - b)5o (17) 

and hence the angle when this value is inserted in equation (16) 
is 



By applying the initial conditions to this equation, the constant 
C 2 is found to be 



sin“^ ( — 1) 


~90 deg. (19) 


The final solution for the angle is consequently 







( 20 ) 


Inspection of this equation shows in the first place that when a 
linear power-angle relationship is assumed the oscillations are 
sinusoidal with respect to time. This is very nearly the type of 
oscillations which actually would be obtained when the ampli- 
tudes are small. Furthermore the equation indicates that the 
amplitudes are directly proportional to the initial power differ- 
ential but entirely independent of the inertia of the machine. 
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The period of the oscillations, however, is affected by the inertia, 
being proportional to the square root of the inertia constant. 
The period is given by 


T = 



( 21 ) 


Synchronous Generator and Motor Connected by Reactance Tie , — 
This system [Fig. 291(a)] is reducible to the synchronous-machine- 
infinite-bus system in (6). Since 
the circuit contains reactance only, 
the power-angle curve is an undis- 
placed sinusoid as shown in (c) 


(a) 



(c) 


Fig 291 — (a) Simple two-ma- 
chine system c onsisting of a 
generator supplying power to a 
synchronous motor over a react- 
ance tie (b) Equivalent system 
replai mg (a) (c) Power-angle 

curve for equivalent system in (b) 



Fig 292 (a) General two- 

m ichirie system (6) Power-angle 
curve for generator Gi (c) Power- 
angle curve for generator Gi 


This case, therefore, is identical with the preceding one and the 
same equations hold Tlie resultant inertia constant of the two 
machines as given by 


M = 

Ml + M2 


( 22 ) 


must, of course, be used. 

Two Synchronous Machines Connected to a General Network , — 
The system is shown in Fig. 292(a) and the power-angle curves 
of the two machines (considered as generators feeding into the 
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network) in (b) and (c), respectively. The equations for the 
actual output of the two machines are ' 

““ ~ 

and 

P, = ^ sin «« - ^ sin (« + ai,) (24) 

i&lj 

while the approximate linear relations to be used in the analysis 
may be written 

Pi = + hi (25) 

and 

P 2 ~ ^2^ “h ^2 (26) 

Adjusting the slopes of the straight lines to correspond to the 
slopes of the power-angle curves at the initial operating points, 
the proportionality factors become 



Tc EiE^ V 

== 180 • "zlT 

(27) 

and 

V E1E2 /SI \ 

P* “180' cos («, + «„) 

(28) 

If the straight lines are placed tangent to the power-angle curves 
at the initial operating points, the intercepts hi and 62 are given 
by 

and 

hi = Pio Pi^o 

(29) 

where 

62 = P20 — ^2^0 

(30) 


r> Pf • 1 EiEt • / 1 \ 

Pio = n Sin an + « sin ( 5 o “■ ^12) 

^11 "12 

(31) 

and 

r> Pi • E1E2 ‘/SI \ 

P20 = y Sin a22 — y sin ( 5 o + an) 

"22 "12 

(32) 


If the straight lines are located as chords, equations (26) to (32), 
inclusive, may still be used with modifications similar to those 
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pointed out in connection with the previously discussed inhnite- 
bus system. 

The relative acceleration of the two machines is given by 

dH _ APi APt _ Pn - Pi Pi2 - Pi .oox 

d<* “ Ml Mi Ml Mi 

which upon introduction of the approximate output relations 
[equations (25) and (26)] may be written 

d^S _ Pn — bi Pn — bt / Vi 

dP’ ~ Ml Mi Mi)^ 

_ Mi(Pn — bi) — Mi{Pii — bi) MiPi — MiPi 

MiMi MiMi 

From the analogy between this and equation (13), the final 
solution for the present case may, by reference to equation (21), 
at once be written down by inspection. * It becomes 

S = n - bi) - MijPn - bi) 

Mipi - MiPi 

(MiiPn -hi) - MiiPn - bi) \ 

MiPi - MiPi ‘*7 


(36) 

\ M1M2 


^ The equivalent representation of the general two-machine system may 
also be used (and perchance to advantage) for establishing the angle-time 
relations for small oscillations. In terms of equivalent output, input, and 
inertia [see equations (13), (14), and (15) in Chap. XIV and also Fig. 290(6)] 
the expression for relative acceleration is 

d^d P'i AP' 

dP "■ Mi, Mi, 


p, ^ Afa-Pti — MyPiz 
* “ Ml -f M2 
^ - M,P2 

m\ -h M 2 

The approximate linear equivalent-output relation becomes: 


P' = p'5 + 6' 


in which 
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This equation shows that also in the general two-machine case 
the oscillations are sinusoidal when linear^ output relations are 
assumed. It will further be seen that the amplitude as well as the 
period is influenced by the inertia of the machines. It appears as 
if it were possible in this case, by the proper distribution of 
inertia, to make the amplitude zero. Zero amplitude requires 
that 

— bi) — Mi{Pi2 — 62) — M^Pibo "h MiP2bQ = 0 ( 36 ) 

which solved for the ratio of the inertia constants gives 

Mji ^ Pt i --- ( pi^o + b i) ^ APio 

M2 P %2 (P280 + 62) AP20 

The ratio of the initial power differentials is, in general, negative. 
Under this condition, it is obvious that zero amplitude cannot be 
obtained with finite inertia in the machines. In order fully to 
suppress the oscillations, infinite inertia would be necessary in 
both machines. Cases are conceivable, however, where the initial 
power differentials will have the same sign giving a positive ratio. 


\d«A 


and 


U ^P'o - p% 

The constants p' and 6 ' line up with pi, p 2 , 61 , and 62 as follows: 

3f2Pi — Mipt 


■n' = ^ r t 


and 


^ M J\ 

Ml + M2 
1 

M'l'-f Mi 


MiPoi MiPi — M 1P2 


5o 


Ml + ilf 2 
[Mi^Poi ~ PiSq) — Mi(Po 2 — P 25 o)] 


Mi^Mi 


M 261 — iff 162 


(e) 

if) 

to) 


ih) 


(i) 


Ml +M2 

By analogy to equation (20), the solution of equation (a) becomes: 

This simple form may be useful for many purposes and reduces to equation 
(35) by substitution for p' and U from equations (g) and (h). According to 
equation (i) no oscillations will occur when P'- ^P'o, a relation which may be 
expanded to give equations (36) and (37). 
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This would result in zero oscillations of the machines with 
respect to each other (the initial angle between them being 
maintained), both drifting away together from synchronous 
speed. These statements are predicated on a single discon- 
tinuity; for instance, a fault which is permitted to hang on. If 
clearing takes place or, in general, several discontinuities enter 
into the picture, they need modification. As a matter of fact, in 
such cases oscillations are bound to occur. 

With a given finite total inertia the distribution which will give 
rise to a minimum of amplitude may be investigated. The 
premise involving fixed total inertia is usually not a practical one 
and the subsequent discussion based on it, therefore, is of 
essentially academic interest only. Let the aggregate inertia 
in the system be 

M = Ml + M 2 (38) 


The maximum angle reached during the oscillations is 
^ - hi) - Mi(P, 2 - fe2) . 


am = 2- 


M2P1 — M1P2 


(39) 


which when substituting for M 2 from equation (38) may be 
written 


. M(Pa - 61) - Mi(Pa - 61 + P,2 - 62) 

Mpi — Mi(pi + P2) 


- ao (40) 


Differentiation with respect to Mi gives 


“ ^2) — V^iPil - bi) 
dMi [Mpi - Mi(pi + p2)V 


(41) 


By a similar procedure, the derivative with respect to M 2 may be 
formed. This appears to be equal and opposite to the derivative 
with respect to Mi. Consequently, 


dam dSrn ^ o^^ P»(^t2 ^ 2 ) PijP tl &l) (AO\ 

dMi ~ dMi {M2P1 - M1P2)* ^ ^ 


Obviously the ability of these derivatives to equal zero has no 
connection whatsoever with the inertia and its distribution. 
Hence the maximum angle [equation (40)] has no functional 
maximum or minimum values occurring at some specific inertia 
distribution. For ordinary systems the coefficients pi and p 2 
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have opposite sign. Furthermore, Pn — 6i and Pa — &s usually 
have opposite signs. Hence the two terms in the numerator of 
equation (42) are inherently of the same sign, either positive or 
negative, and the denominator is positive. The sign of the 
derivatives, therefore, is independent of the distribution of inertia, 
the latter affecting their magnitudes only. 

On the basis of these relationships, it appears that, from the 
standpoint of keeping the oscillations small, it would apparently 
be advantageous to concentrate all the inertia at one end of the 
system according to whether the derivative [equation (41) or 
(42)] with respect to the inertia constant at that end is negative 
or positive considering, however, at the same time the sign of 
Pi + p 2 . Hence, if db^/dMi is negative and pi + pa positive, 
Ml should be taken equal to Af, and equal to zero; and if both 
dbm/dMi and pi + p 2 are positive. Mi should be taken equal to 
zero, and M% equal to Af. With zero inertia at one end, the 
frequency of the oscillations would be infinite and the period 
zero. Of course, such a distribution of inertia has theoretical 
interest only and can be only remotely approached in a practical 
system. 

The period of oscillation is given by 


Zero inertia at one end (or both ends) will make this zero, and 
infinite inertia at both ends, infinite. With finite total inertia, a 
certain distribution will result in maximum period. Substi- 
tuting for Af 2 , by means of equation (38), the quantity under the 
radical in equation (43), designated by m, may be written 


^ Mi(M - Afi) 

^ Jlfpi - Afi(pi + P 2 ) 


(44) 


The derivative of /x with respect to Af 1 becomes upon con- 
traction 


dn __ Afi(pi + P 2 ) ~ 2AfiAfpi -h Af^i 
dMi fAfpi ~ Af i(pi + p2)V 

For maximum period the derivative must be zero. Hence 


Aff- 


Pi + P2 Pi + Pt 


0 


(46) 
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which solved for Mi gives 

M, = ( 47 ) 

Pi + P2 

The inertia constant M2 becomes 

M2 = ( 48 ) 

Pi + P2 

For the special case of pi = — p2, the above equations yield as 
solutions 


Ml = -M2 =00 and Ml = M2 = ^ 

The infinite values are trivial, but the others are recognized as 
correct for a two-machine system containing reactance only. 

By inserting for the p’s in equations ( 47 ) and ( 48 ) by means of 
equations ( 27 ) and ( 28 ), the inertia constants for maximum 
period in terms of the aggregate inertia in the system may be 
written 

M — (^0 ^ ~ \/cos ( 5 o — ai2) cos ( 5 o -h ^12) /^gN 

^ 2 sin 5 o sin ai2 ^ 

dJid 

M = (^0 0^12) T V^eo s {dp — «i2) cos ( 5 o -H <^12 ) /^qx 

^ 2 sin 80 sin ai2 ^ 

while the ratio of the inertia constants becomes 

Mi = Pi ± V ^iP2 ^ l~~^ = + /cos {8 0 - 

M 2 P 2 T \/ ""P 1 P 2 ^ P 2 \cos (5o + ai 2 ) 

EXAMPLE 2 


Statement of Problem 

Two generating stations Gi and G 2 supply power to a general network as 
indicated in Fig. 292(a). The load on the system is such that the displace- 
ment angle between machines is 5© = 24.5 deg. A line-to-line fault occurs 
in the neighborhood of generating station Gu With this fault on the system, 
the general circuit constant Bq equals —0.238 +j2.025 = 2.0 4/96.7* * per 
unit. 
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Using the analysis for small oscillations, determine the distribution of 
inertia which would make the period a maximum.' t 

Solution 

The desired ratio of the inertia constants is given by equation (61). 
Since the general circuit constant Bo also represents the transfer impedance, 
the angle ai 2 entering into the above equation is —6.7 deg. Hence, insert- 
ing numerical values. 

Ml _ /cos (5o — aia) _ /cos (24.5° -f 6.^ _ /cos 31.2° 

~ \ cos (5 + «, 2 ) Vcos (24.5° - 6.n “ Vcos 17.8® 

/o 855 y 

= •\/;r7rr'7; = V 0.899 = 0.949 
\ 0.952 

Note: For the system described and the eondition of fault assumed, it is 
probable that the oscillations under sustained fault conditions would become 
fairly large. Hence the above result may actually be far from exact. 

Effect of Inertia during Large Oscillations in Two-machine 
Systems. — In most cases the shock impressed on a system, due 
to a fault or due to the application of additional load, will be 
sufficiently severe to cause rather large oscillations. In such 
instances the outputs do not vary linearly with the angle. In order 
to determine the effect of inertia distribution as regards magni- 
tude and period of the oscillations, it is, in general, necessary to 
carry through a number of calculations. Usually such calcula- 
tions would have to cover several values of load as well as several 
types of fault in order to yield a sufficiently comprehensive 
picture on which to base conclusions. Application of results 
from an approximate analysis based on small oscillations may be 
used as a rough approximation. It is fair to assume that the 
general character of the effect would be much the same. How- 
ever, results from such an approximate analysis should be 
considered as indicative only and not as representing precise results. 
They will be more in the nature of a qualitative rather than a 
quantitative indication. 

EXAMPLE 3 

Statement of Problem 

A steam-turbine-driven synchronous generator supplies power to a syn- 
chronous motor over a reactance tie as shown in Fig. 291 (a). On a suitable 
kilovolt-ampere basis the transient reactances of the generator and motor 
are 20 per cent each, and the reactance of the tie is 40 per cent. Base-load 
power (equal to the rating of the generator) is transmitted at normal (100 per 
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cent) bus voltages. The inertia constant of the turbogenerator unit Mi 
equals 9 X 10*^ per unit per elec. deg. per sec.* A 10 per cent load incre- 
ment is suddenly applied to the shaft of the motor. 

a. Determine the maximum amplitude of the oscillation and the time at 
which it occurs, using the simplified analysis for small oscillations. Express 
the tim'e in terms of the inertia constants of the 
machines. 

0.2J h. Calculate and plot the actual swing curve 

and determine from this the maximum amplitude 
^ and the time at which it occurs, as in (o). 

c. Compare and discuss the results obtained by 
En^LO the two methods. 


Solution 


Fio. 293. — Vector dia- The normal inertia constant of a motor of 
gram for the two- rating equal to that of the generator would be 
291(a) (Examples). approximately 2 X 10 ^per unit per elec. deg. 
per sec.* 

The internal voltage Ei of the generator and E2 of the motor are (see 
vector diagram, Fig. 293) 

El ~ Et == Vl-O* - 0.2* + 0.4* = V'lli = 1.06 
The transfer reactance is 


X12 = 0.2 + 0.4 -f 0.2 « 0.8 
and the initial operating angle 

60 = sin”» = sin"i == sin""* 0.713 = 45.5 deg. 

E1E2 1.12 

T E1E2 . IT X 1.12 X 0.701 

P “ " —180 X 6.8“ “ ® 

b ■= Po - pSo = 1.0 - 0.0171 X 45.5 = 1.0 - 0.778 = 0.222 

a. The amplitude (maximum angle) is independent of the inertia [see 
equation (20)] and is 

. 2 ( 1.1 - 0 . 222 ) 

5m = 2 ' — 5o — ~ 45.5 

p 0.0171 

102.5 - 45.5 « 57.0 deg, 

A half-period xm is required to reach maximum angle. Hence from equa- 
tion (21) 

J^=JL^.24.0Vm 

\ p voom 


h. The method described in Chap. XIII, involving precalculated curves 
will be used. 
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Po » 1.0 


Pi - 1.1 



h 

Pm 


LO 

1.4 


0.713 



hi 

1.4 


0.786 


Using these values, the following (approximate) swing-curve data are 
obtained from Figs. 185 and 186 in Chap. XIII (interpolating by inspec- 
tion Only) ; 


r* 

h 

t' 

5 

0 

45.5 

5 

59.2 

1 

47.4 

6 

65.1 

2 

61.4 

7 

49.6 

3 

57.5 

8 

45.0 

4 

59.0 




The curve is plotted in Fig. 294 and gives a maximum angle of 69.5 deg- 
occurring at t' *= 4.3, approximately. The relationship between actual 
time t and modified t* in the precalculated swing curves as used is given by 

, flSOM , /Tz 

t = = 7.57r'V^ 

so that 

= 7.67 X 4.3\/m = 32.2\/m 

c. The maximum angles as found by the approximate and correct methods 
are 67.0 and 69.5 deg., respectively. This represents a good check between 
the two. There is a large discrepancy between the time relations, the 
approximate method for the same aggregate inertia giving a time required 
to reach maximum angle which is 25 per cent too short. 

Effect of Inertia in Compound Systems. — It is impracticable 
to state anything very specific in regard to the effect of inertia in 
a large compound power system. The following general state- 
ments, however, may be made: (1) the magnitude and (2) the 
distribution of inertia influence the stability situation. 

In regard to the magnitude of the inertia, a machine of normal 
design has associated with it a more or less fixed amount of 
inertia. This fact has previously been called attention to and is 
reflected in the figures collected in Table 72. However, by 
modification in design, it may also be possible to change the 
amount of inertia in a certain machine and make it larger or 
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smaller than what usually is standard. Deviation from standard 
design, however, usually will add to the cost of a machine. If, 
hence, an increase in inertia should appear desirable from a 
stability standpoint, its economic justification must be deter- 
mined by balancing the benefits obtained against the increased 
cost. It will probably be found in most instances that it does 
not pay to specify a design which deviates very appreciably 
from the normal one. 

If it were possible to lay out a power system right from the 
beginning to supply a specified load in a perfectly defined load 
area, it might bo possible to so locate the stations and select their 
characteristics, including the inertia, that the best possible 



Fia. 294. — Swing curve for the system in Fig. 291 (a) determined from pre- 
calculated data (Example 3). 

stability situation would result. In other words, the system 
could then be designed for optimum stability. Unfortunately, 
however, the engineer is nc'ver confronted with such an ideal 
problem. The power systems of today have all grown from 
humble beginnings and have successively been extended by 
additions of generating stations, substations, and circuits as the 
load area and the load demand grew. Hence an ideal design and 
layout can never be attained from the stability standpoint. This 
does not mean, however, that attention should not be given to the 
effect of inertia when an addition is made. 

An important problem from the stability standpoint is that of a 
station located at some distance supplying power over a trans- 
mission line to an already existing system containing generating 
stations, transmission and distribution networks, and loads. 
This has previously been emphasized, particularly in Chap. VIII. 
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From the stability standpoint, this problem is somewhat more 
clear-cut in that frequently it is sufficient to examine the stability 
of the distant station with respect to the receiving-end system 
considered as a unit. As far as inertia goes, the considerations 
limit themselves to the determination of the amount of inertia 
which it might be beneficial to have in the distant station. A 
decision must be based on a technical investigation as well as on 
economics. The aggregate inertia in the receiving-end system 
is usually much larger than that in the distant station. Under 
these circumstances, any increase in the inertia of the remote 
generators should definitely tend to improve the stability situa- 
tion. The effect of increased inertia is primarily reflected in 
a longer period of oscillation. The results of this are sub- 
stantially that (1) with a given fault clearing time and power 
transmitted, the amplitude of the oscillations will be reduced, (2) 
with a given fault clearing time, the power transmitted may be 
increased without loss of stability, z.c., the transient-stability 
limit increases, and (3) with a given value of power transmitted, 
the clearing time may be lengthened. These effects, however, are 
all relatively moderate.^ As a matter of fact, as already pointed 
out, the decision usually rests on whether or not it is economically 
justifiable to change the inertia appreciably from what is normal 
in machines of the rating to be installed. 

Effect of Grounding the System’s Neutral Points. — Until 
recently it has been the more or less standardized practice in this 
country to ground solidly the high-tension neutral points of all 
transformers. From this fact the inference should not immedi- 
ately be drawn, however, that solid grounding always will be the 
best. As a matter of fact, as the systems grow in size and the 
effect of short circuits becomes more severe, it will probably be 
beneficial in most instances to introduce a certain amount of 
impedance in the ground connections. It may be mentioned 
in this connection, for instance, that on many systems in Europe 
it has been the practice for a number of years to omit grounding 
entirely. This indeed is beneficial from a stability standpoint, 
but it does increase the severity of the overvoltages during arcing 

^ Reference may be made to the previously mentioned report of the 
A.I.E.E. Subcommittee on Interconnection and Stability Factors, loc, ciL, 
in which a few curves indicating the effect of generator inertia upon system 
stability will be found. 
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grounds.^ Overvoltages due to such grounds are materially 
reduced by solid grounding. 

The zero~sequence impedances of a system depend largely upon 
the scheme employed for grounding the system's neutral points. 
Introducing impedance in the grounds will increase the zero- 
sequence impedances of the system and will, therefore, affect the 
performance of the system under single-phase line-to-ground, as 
well as under double-phase line-to-ground, fault conditions. If 
it were practicable to omit grounding entirely (as has been done 
on many systems in Europe for quite a number of years), the 
effect of single-phase line-to-ground faults would be nil, and 
double-phase-to-ground faults would become the equivalent of 
line-to-line faults. Operation of systems without grounded 
neutrals, however, requires that the transformers be insulated 
for full line voltage to ground. Hence the cost of the trans- 
formers for such operation is increased. 

No general rule can be given for the amount of ground imped- 
ance which can be used to advantage. It is believed, however, 
that, when more experience has been gained and more information 
accumulated,^ certain approximate working rules may be estab- 
lished which can be applied in less important cases which do not 
warrant complete analysis. Each system offers an individual 
problem, and before deciding upon a grounding scheme, an 
analysis of the characteristics of the particular system under 
various conditions of line-to-ground faults is necessary. A 
question which also arises is whether resistance or reactance 
should be used for grounding. 

The purpose of the grounding may be (1) to reduce the shock 
impressed on the system by limiting the flow of short-circuit 
current, or (2) to introduce a braking effect which will reduce the 
amplitude of oscillations when a fault occurs. 

If reactors are used in the neutrals, the first-mentioned effect 
is obtained. By the introduction of the reactance, the fault 

^ Lewis, W. W., “Transmission line Engineering,” pp. 222ff., McGraw- 
Hill Book Company, Inc., New York, 1928; Petebs, J. F. and J. Slepian, 
“Voltages Induced by Arcing Grounds,” Vol. 42, pp. 478-489, Trans, 
A,LE,E., 1923. 

• A limited number of results are given in R. D. Booth and O. G. C. 
Dahl, “Power System Stability, a Non-mathematical Review.” Gen. Elec. 
Rev., p. 677, December, 1930; and the report of the A.I.E.E, Subcommittee 
on Interconnection and Stability Factors, loc. cit. 
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current is reduced, the amounts of powei; which may flow past 
the fault are increased, and the shock impressed on the system 
decreased. If a resistor is used, either of the effects may be 
obtained, depending upon the value of the resistance. If the 
resistance is comparatively high, it will have a current-limiting 
effect as described for the reactor. If the resistance is less, it will 
not limit the current to an appreciable extent, but will absorb 
power while the fault currents flow. The fact that the resistance 
absorbs power increases the outputs of the generators and hence 
reduces the power differentials which create the oscillations. 
(This statement is, of course, based on the assumption that the 
fault causes the critical machine to speed up. Thus, in the 
neighborhood of synchronous condensers and actual or equiva- 
lent** synchronous motors which slow down under fault condi- 
tions, resistance grounding would generally not be desirable.) 

Which scheme is the better — ^the one utilizing reactors or the 
one utilizing resistors — depends upon the particular system 
layout and upon its inherent characteristics. Again no general 
rule can be given. The proper use of resistors and reactors for 
grounding can be determined only on the basis of facts obtained 
through detailed analysis of the performance of the particular 
system. It is entirely possible that in certain cases it may be 
advantageous to ground some high-tension neutral points 
through resistors and others through reactors. Furthermore, 
cases are conceivable where it would be desirable to make 
provisions for changing over from one type of grounding to 
another, depending upon operating conditions.^ 

It may be said, in general, that the selection of the proper 
grounding system is pretty much of a compromise. The effect 
of grounding is not by any means independent of the position 
of the fault. One grounding scheme may be very effective 
with a fault in a certain position on the transmission line and 
much less effective when the fault occurs at some other point 
on the same line. Furthermore, a grounding scheme which 
materially reduces the swings of the machines at, for instance, 
the sending end of the system may not so affect the machines at 
the other end of the system. All these things must be taken 

1 As an example may be quoted a hydroelectric station where the water 
situation permits generation during a part of the year only, while during the 
remainder the generators operate as synchronous condensers. 



642 


ELECTRIC POWER CIRCUITS 


into account and properly weighed before a final decision is 
made as to what type of ground connections should be used. 
In selecting a grounding system, it may be worth while to keep 
three items definitely in mind: (1) the phase displacements 
between the generators at the sending and receiving ends of the 
system: (2) the system drift or speed change of the system as a 
whole; and (3) the insulation stresses to which the transformers 


4d0| 


Grounding ofH. T. Neutrals 
^Gm /It Gz 

-0 SohWy 
Grounded 


X^20 




r 


i 

v 

r 





g 

1 


20 40 60 80 100 120 140 160 180 

Angle between Air-6ap Voltages in Degrees 

Fig. 295. — Power-anglo curves for single-phase liiie-to-ground short-circuit 
conditions on system in Fig. 163. Fault near high-tension bus at 0\. 


will be subjected. It is obviously desirable to keep each of 
these factors a minimum. Changes in grounding will usually 
affect these items differently and, as already stated, the final 
decision therefore must as a rule rest on a compromise. 

Power Output during Fault Conditions as Affected by Ground- 
ing. — In order to get a picture of the influence of grounding on 
the outputs of the synchronous machines during fault conditions, 
consider the two-generator system shown in Fig. 153, Chap. XL 
This represents a distantly located generating station supplying 
power over a transmission line to a receiving-end system which 
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for the purpose of analysis has been represented by an equivalent 
generator and an equivalent load directly at the receiving-^nd 
bus. The effect on the power output is best visualized by power- 
angle curves. Figures 295 and 296 show a few such curves for 
the two generating stations in the considered system under line- 
to-ground short-circuit conditions.^ The system is described in 
further detail in Example 1, Chap. XI. 



Fig. 296 . — Power-angle curves for single-phase lino-to-ground short-circuit 
conditions on system in Fig. 153. Fault near high-tension bus at 

In Fig. 295 the short circuit is near the sending-end bus and in 
Fig. 296 near the receiving-end bus. For all these curves the 
high-tension neutral points of the receiving-end transformers 
are solidly grounded, while the sending-end neutral points are 
grounded through 20 per cent reactance, 50 per cent reactance, 
and 7 per cent resistance, respectively, the percentages being 
given on the basis of the rating of the hydroelectric station. 
These power-angle curves serve to show the effect of the methods 
of grounding indicated, and are useful (although several addi- 

» See paper by Booth and Dahl, loc, cit. 
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tional curves would be required) in selecting an appropriate scheme 
of grounding of the high-tension neutral points in the particular 
layout considered. 

It will be noted from examination of Fig. 296 that approximately 
the same effect on generator performance and loading can be 
obtained for fault conditions near the receiving end of the line 
by the use of a 7 per cent resistor as with a 50 per cent reactor. 
It is to be expected that the voltage stresses on the transformers 
will be less with the 7 per cent resistor than with the larger 
reactor. It will be noted in Fig. 295 that the use of the resistor 
will materially increase the output of the sending-end generating 
station at the time of fault. It will also be noted, however, 
that it similarly increases the load imposed on the generators 
at the receiving-end of this system. The increment of load 
placed on the receiving end of the system will, of course, neutralize 
to some extent the beneficial effects of the increment of load 
obtained on the hydroelectric station by slowing down the 
receiving-end generators; possibly not in the ratio of kilowatts 
of load imposed, owing to the fact that inertia of the receiving-end 
system will, in all probability, be materially greater than that 
in the sending end, because of its probable greater generator 
capacity and because of the inertia of rotating machines in the 
load. There is, however, a definite tendency to produce a system 
drift which may cause hunting between the two ends of the 
system as the governors respond to this drift. The superposition 
of this additional requirement for synchronizing power at the 
time when the ability of the system is restricted, first by the 
placing of a fault on one of the circuits and then later by the loss 
of the faulted circuit, is, of course, undesirable. The use of a 
resistance ground must be carefully analyzed to insure that 
apparent benefits are real. 

Additional Voltage Stresses on the Transformers Caused by 
Grounding. — It has already been mentioned that grounding of 
the transformer neutral points will impose additional voltage 
stresses on the transformers. Instead of being at ground poten- 
tial, the grounded side of the windings will, when ground imped- 
ance is used, during fault conditions be subjected to a voltage 
to ground. This voltage can be estimated by calculating the 
zero-sequence current which will flow. In connection with a 
stability study this may be done as the point-by-point solution 
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progresses, and the maximum value encountered used for the 
purpose of determining the voltage stresses. Relationships' 
for the zero-sequence current desired can always be worked out 
in terms of the machine voltages and the circuit constants. For 
the particular two-generator system in Fig. 153, Chap. XI, for 
instance (discussed in some detail in Chap. XI and using the 
notation therein adopted), the following expressions may 
readily be established, attention being confined to the grounding 
impedance at the sending-end transformer bank. 

Line-to-ground Fault on Phase a: 


/? = 




+ (52) 


Double Line-to-ground FauU on Phases b and c: 


The zero-sequence current is, as seen, obtained in terms of the 
positive-sequence voltages of the two machines and the circuit 
constants. The actual current carried by the aggregate ground- 
ing impedance is evidently three times the zero-sequence current 
per phase. If the grounding impedance is Zn, the voltage above 
ground to which the grounded side of the transformer windings 
will rise is given by 


Vn = InZn = S/jZn 


(54) 


EXAMPLE 4 


Statement of Problem 


In the two-generator system, Fig. 153, Chap. XI, a solid double line-to- 
ground fault occurs near the high-tension sending-end bus. The high- 
tension neutral points of the sending transformers are grounded through 
10 per cent resistance, while those of the receiving-end bank are solidly 
grounded. It is desired to calculate the maximum voltage to which the 
grounded side of the sending-end transformer windings will rise above ground 
potential. 

Details of the circuits, the load conditions, and other information neces- 
sary are as given in Example 1, Chap. XI. 


Solution 

By referring to the solution of Example 1, Chap. XI, part d, the expres- 
sion for the zero-sequence current flowing in the sending-end transformer is 

/; - kiEf^ 4“ ktEta - 0.733/a 4- 140.9® 4- 0.505/137.2® per unit (a) 
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where 5 is the angle between and The initial angle (at the occur- 

rence of the fault) is fio == 26.9 deg. Solving equation (a) for different 
values of 6, the zeronsequence current per phase flowing in the sending-end 
transformers is obtained as tabulated below: 


5 (degrees) 

7J (per unit) 

(per unit) 

0 

-0 941 +i0 807 

1 24/139.4° 

20 

-1 064 +j0 583 

1.22/151.3° 

40 

-I 104 + JO 331 

1 15/163 3° 

60 

-1 056 +i0 081 

1.06/175 6° 

80 

-0 925 - JO 137 

0 935\l71 6° 

100 

-0 728 -- JO 298 

0 785\l57 7° 

120 

-0 487 - jO 380 

0 617\T42 0^° 


The values are plotted in Fig. 297, from which it is apparent that maximum 
zero-sequence current equal to 1.20 per unit flows at the instant the fault 



Fig. 297. — Zero-sequence current in the sondinR-end transformers of the two- 
generator system shown in Fig. 153 under conditions of a double line-to-ground 
fault near the high-tension sendmg-end bus. 

occurs, since clearing (assuming a reasonable clearing time) will take place 
while the angle still increases. 

The maximum voltage stress on the grounded side of the sending-end 
transformer winding is therefore [equation (55)]. 

Fn (max) = 3 X 1.20 X 0.10 *= 0.360 per unit 
= 45,800 volts. 





CHAPTER XIX 

DAMPER WINDINGS AND THEIR EFFECT 


The question as to whether or not damper windings are 
desirable, particularly in the generators of a hydroelectric 
station, is an important one.^ It has been, and for that matter 
still is, somewhat debated. A general discussion of the advan- 
tages and disadvantages of damper windings will be given 
below, followed by the presentation of methods by which their 
effects may be calculated. 

Types of Damper Windings; Their Merits and Drawbacks. — 

In general a distinction may be made between two types of 
damper windings, viz.^ low-resistance and high-resistance damper 
windings. The operation of either type depends upon induction- 
motor or generator action, although they become active under 
essentially different conditions. The low-resistance dampers are 
active during low-frequency oscillations responding to the 
(usually small) slip between the damper bars and the positive- 
sequence air-gap flux. During such low-frequency oscillations 
high-resistance dampers will be very ineffective. 

High-resistance dampers, on the other hand, may be desirable 
to give braking effect under certain conditions. Whenever a 
dissymmetrical fault occurs so that the generator supplies 
unbalanced currents containing negative-sequence components, 
the latter will set up a revolving field in the air gap of the 
machines traveling at twice synchronous speed with respect to 
their field structure. This field will, by induction, set up 
second-harmonic currents in the field windings proper, second- 
harmonic eddy currents in the pole faces, and second-harmonic 
currents in the dampers. If the dampers in which these second- 
harmonic currents flow have suflicient resistance, the torque 

1 Booth, R. D., and G. C. Dahl, Power System Stability — a Non- 
mathematical Review,” Gen, Elec, RetK, Vol. 33, p. 677, December, 1930; 
Vol. 34, p. 131, Febmary, 1931. 

Wagner, C. F., ‘‘Damper Windings for Water Wheel Generators,” 
Trane, A,I,E,E,f Vol. 50, p. 140, March, 1931. 

647 



648 


ELECTRIC POWER CIRCUITS 


produced by them may become fairly appreciable. In cases 
where large positive differences between power input and power 
output are established during fault conditions, this additional 
torque may be advantageous in that a corresponding reduction 
is effected in the power differential acting on the shaft. Con- 
sequently, they add to the stability, and more initial power can 
be carried by the generators without synchronism being lost 
when the fault occurs. 

The difficulty with high-resistance dampers lies in the fact 
that it is practically impossible to provide for sufficient heat 
dissipation to carry currents for any length of time. The short 
circuits usually last only a fraction of a second, so there is pre- 
sumably no danger of burning out these damper windings under 
fault conditions. If, however, the generators have to carry 
unbalanced loads for longer times, serious trouble may be 
encountered. These unbalanced loads would produce a steady 
flow of current in the high-resistance dampers which might 
cause overheating and ultimate destruction. 

No such trouble will be encountered with the low-resistance 
damper windings under reasonable degrees of unbalance. To 
be sure, these windings will also carry steadily second-harmonic 
currents in such cases, but, owing to their low resistance, the 
power loss in them will be low and should not give rise to danger- 
ous heating. 

As already stated, the value of low-resistance dampers is 
apparent during low-frequency oscillations and more specifically 
under the following conditions: (1) During the hunting which 
for several reasons normally occurs among generators in the 
same station: (2) To a very small extent during the oscillations 
which take place with respect to the receiving-end system under 
fault conditions; and (3) During the oscillations which take place 
subsequent to the clearing of the fault. 

A certain amount of hunting is always likely to occur among 
generators of the same station. There is particularly a chance 
of such hunting becoming troublesome when high-speed excita- 
tion is used, owing to slight differences in the action of the 
exciters on the individual generators. The reactance of the ties 
between the machines in the same station is ordinarily low, so 
that appreciable induction-motor and generator action is 
obtained from the low-resistance damper windings even for 
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comparatively low slip velocities. It seems, therefore, that low- 
resistance damper windings will be quite effective in preventing ‘ 
such hunting from becoming troublesome and that such damper 
windings, therefore, offer a real advantage in so far as this hunting 
is concerned. 

The effectiveness of low-resistance dampers, during the oscilla- 
tions which occur when a fault is on the system, is very small and 
in many cases actually negligible. This is due to the fact that 
with the fault on the system the effective reactance of the equiva- 
lent circuit between sending- and receiving-end machines 
becomes very high. The amount of power which it is possible to 
transfer, therefore, by induction-generator and motor action is 
rather insignificant and will not materially affect the amplitude 
and duration of the oscillations. 

When the fault is cleared, on the other hand, the situation is 
somewhat different. The reactance of the circuit between 
sending- and receiving-end machines is now much smaller (equal 
to the system reactance with the faulty section tripped out), 
and more damping action will be obtained for the same slip 
velocities. Furthermore, during the oscillations which occur 
subsequent to the clearing of a fault, the slip velocities on the 
average are likely to be higher than during the period when the 
fault is on. This is a second reason for more effective damping 
action during this period. 

It has been previously stated that when a dissymmetrical 
fault occurs the shock impressed on the system is reduced if the 
negative- and zero-sequence reactances are high. The use of 
low-rcsistance damper windings will tend to decrease the nega- 
tive-sequence reactance of the generators to some extent. In 
a typical hydroelectric-generator design, for instance (see Table 
76), introduction of damper windings decreased the negative- 
sequence reactance from 40 to 27 per cent. Machine designers 
have stated, however, that by special damper design such a large 
reduction in this reactance can be avoided. Any reduction will, 
of course, somewhat increase the shock caused by a line-to-line 
or a line-to-ground fault. In a system where the negative- 
sequence reactance of the generators represents only a part of 
the total negative-sequence reactance, the increase in the shock 
is quite small. The power output of the generators, while the 
short circuit is on, will perhaps on the average not be decreased 
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more than 5 per cent by using generators with low-resistance 
damper windings. 

From the foregoing consideration of the individual effects of 
low-resistance and high-resistance damper windings, it appears 
that each has its merits. The use of a combination, therefore, 
of high-resistance and low-resistance dampers which will produce 
both effects to a sufficient extent may be advantageous in some 
instances. Since “braking’' action is desired primarily under 
negative-sequence loads resulting from dissymmetrical faults 
and “ordinary” induction-generator or motor action is desired 
only under the low-frequency operation corresponding to slip 
velocities, it should be possible to provide dampers for each 
function which will not interfere with the operation of the other. 
These effects can also be obtained by a combination of a high- 
resistance damper and a multiple-field winding consisting of an 
ordinary-field winding and a collar of heavy copper. 

General Statements Referring to Calculation of Damper 
Effects. — Damping in synchronous machines is an asynchronous 
effect and as already stated, therefore, generally depends upon 
induction-motor and generator action. It must not be con- 
cluded a priori, however, that all damping calculations can be 
based on conventional induction-machine theory in view of the 
following points: 

1. There is an important difference between an actual induction 
machine and a machine with damper windings. In the former 
the rotor circuits are symmetrical, while in the latter these cir- 
cuits (t.c., essentially the damper windings) are at best only of a 
semisymmetrical nature. 

2. Another aspect in which the damping problem in synchro- 
nous machines ordinarily differs from the induction-machine 
problem is with regard to the slip. In an induction-machine 
under steady operation (to which the standard theory applies) 
the slip is constant. In a synchronous machine, on the other 
hand, under oscillatory conditions, the slip varies all the time. 

The rapid and comprehensive recent development^ in syn- 

1 Doherty, R. E., and C. A. Nickle, ‘‘Synchronous Machines,” Trans. 
A.I.E.E.; Part I, p. 912, 1926; Part II, p. 927, 1926; Part III, p. 1, 1927; 
Part IV, p. 457, 1928. 

Park, R. H., “Two-Reaction Theory of Synchronous Machines,” Part I, 
Trans. A.I.E.E., p. 716, July, 1929; Part II, Trans. A.I.E.E., p. 352, June, 
1933. 

Crary, S. B., and M. L. Waring, “Torque-angle characteristics of 
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chronous-machine theory has embraced also asynchronous 
operation. Thus there are available in the literature formulas ' 
for damping which, however, usually apply under somewhat 
restricted conditions and definitely specified assumptions. The 
system involved consists ordinarily of a synchronous machine 
connected to an infinite bus through an external circuit. Doherty 
and Nickle give damping formulas for small sinusoidal low- 
frequency oscillations about a mean displacement angle. Park 
develops fundamental (operational) equations for damping 
under any condition of slip and any number of rotor circuits. 
Their application beyond the simplest cases is handicapped by 
serious difficulties of execution primarily due to the necessity 
of solving complicated determinantal equations. He adapts 
them for practical use, therefore, predicated on the following 
assumptions : 

1. Zero armature and external resistance. 

2. Zero field resistance. 

3. Small slip. 

4. Principal damping produced in one set of rotor windings only. 

The result is an extremely useful equation which will be quoted 

later. Crary and Waring, using fundamental equations devel- 
oped by Park, include damping (implicitly) in the point-by-point 
calculations of the oscillations of a synchronous machine following 
a disturbance. 

In the further discussion of damping and the presentation of 
methods for practical calculations (to engineering accuracy) 
of the effect of damper windings the following point of view will 
be adopted: 

1. When the slip is substantially constant and very large, 
the damping effect is definitely an average one independent of 
rotor position and may be calculated by conventional induction- 
machine theory. This covers ‘‘negative-sequence'^ damping 
and in effect, therefore, the action of high-resistance damper 
windings. 

2. For small slips, constant or variable, the damping torque 
or power will be considered directly proportional to the slip 
(“linear damping") but, in general, dependent upon the angular 
position of the rotor with respect to the voltage impressed on 
the external circuit. 

Synchronous Machines following System Disturbances/’ Trans, A,I,E,E,t 
p. 764, September, 1932. 
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3. In the case of a multimachine system the method of super- 
position may be applied also to the calculations of damping. 

Extension of Conventional Induction-machine Theory. — As 
stated above there are special situations where the conventional 
induction-machine concepts may be applied also in calculating 
the effect of damper windings in synchronous machines. The 
standard equations for internal power and torque in an induction 

machine are usually developed 
in terms of the terminal voltage 
and the slip of the rotor with 
respect to this voltage. In con- 
nection with damping in syn- 
chronous machines, however, it 
is frequently desirable to use a 
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Fio. 298.— (a) Induction motor voltagc at some Other point in the 


connected to a general network. (6) system and Similarly tO USe the 
Equivalent circuit of (o). . . It.* i>l 

slip With respect to this voltage. 
Extension of induction-machine equations to include the effect of 
an external network, therefore, is necessary. This will first be 
done. 

In Fig. 298(a) is shown an induction machine connected to a 
general network whose performance may be specified in terms 
of general circuit constants A, B, C, and D. The known voltage 
at the end of this network is V. The induction machine (or 
symmetrical induction-motor elements of the synchronous 
machine) is represented by its equivalent circuit as shown in (6). 
In the derivations immediately following, the notation used in 
induction-motor analyses in Vol. I of this treatise will be adhered 
to. In order to calculate power (and torque), knowledge of the 
rotor current is essential. 

In terms of the voltage V and the stator current h the terminal 
voltage V I may be expressed by 


T7 _ ^ 7 ( ^ Z2Zm 

v^ 5 + 


( 1 ) 


which solved for the stator current gives 


/i = 


<1 


+ Zi + 


ZiZt, 


Z2 + Z, 


.) 


( 2 ) 
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Using these equations the rotor current may be written 


/2 = /l 


in which 


V ^ 

Zi + 


Z2 + Zn 


T\( Z[Zm ^ Z[Zm , fj 

“\zr+z; + ^v zpFz; + ^‘ 


z; - § + z. 


and 




D z; + z. 


( 3 ) 


( 4 ) 


( 5 ) 


The induction-machine internal power (shaft power plus fric- 
tion and windage) may now be written 



This equation is perfectly general and holds for generator action 
as well as motor action when the induction machine is fed through 
an external network. It is equally applicable when positive- 
and negative-sequence voltages are applied, provided the proper 
constants and slips are used. When the external network con- 
sists of a series impedance only, the general circuit constant D is 
unity, and Zi becomes the sum of the external impedance and the 
stator impedance of the machine.^ With respect to the use of 
equation (6) in damper-winding problems, it is well again to 
emphasize that it is strictly correct only when (1) induction- 
machine action is confined to a single set of symmetrical rotor 
windings and when (2) the slip with respect to the applied voltage 
is constant. 


1 Equation (6) may be compared with equation (60) of Chap. V, the latter 
including the effect of an external impedance in the s 3 ^bol Zi. The differ- 
ence in the two equations is due to the fact that in Chap. V the exciting cur- 
rent was assumed independent of the slip. When the equations are based 
on the equivalent circuit, as in the present case, however, the exciting cur- 
rent varies with the slip. This accounts for the presence of the excitation 
impedance Zm in the first term of the denominator. 
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Practical Calculation of Damper Effects in S3mclironous 
Machines. — Consider a synchronous machine with damper 
windings connected to an infinite bus through an external circuit 
and assume that for some reason or other — ^for instance, the 
occurrence of a fault — ^the synchronous equilibrium of this 
system is upset and that the angular velocity of the rotor departs 
from synchronous speed, i.e., from the angular velocity of the 
voltage at the infinite bus. The motion of the machine rotor 
may or may not be oscillatory, although for stability the former 
is obviously necessary. Under these conditions both positive- 
and negative-sequence currents may flow in the machine pro- 
ducing two distinctly different values of slip. The practical 
methods of calculating the damping will be discussed below for 
each of the two sequences separately. 

Positive-sequence Damping , — It will be assumed that the slip 
is sufficiently small so that the damping torque or power with 
sufficient accuracy may be considered directly proportional to 
the slip (linear damping). Under these conditions may be 
written 

db 

Damping power = ^ ~ ^dS (7) 

where 3 represents the displacement angle between the direct- 
axis excitation voltage of the machine and the voltage of the 
infinite bus, and the damping coefficient Pd is given by 

Pd — a sin^ 3 + 6 cos^ 3 (8) 

A different form of writing this relationship is 

Pd — {A — B cos 23) (9) 

where 

A = and B = (10) 

With a single symmetrical rotor winding the constants a and b 
would be equal and the damping independent of rotor position. 
Were the slip constant (which it is not in ordinary damping 
problems) an average damping coefficient for motion covering a 
pair of poles (360 electrical degrees) may be obtained from equa- 
tion (8) as follows: 
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Pd (average) = (a sin^ 5 + 5 cos® d)d6 * - =* A (11) 

which, as seen, corresponds to the actual damping coefficient 
for a symmetrical winding. 

The values of the constants a and 5 depend upon the constants 
of the armature and external circuits, and the number, type, 
and constants of the rotor circuits. Park has developed some 
simple expressions useful and sufficiently accurate in most prac- 
tical situations based on the following assumptions: 

1. Zero armature and external resistances. 

2. Zero field resistance. 

3. Principal damping produced in one set of rotor windings. 

The second assumption is equivalent to constant field-flux 

linkages in the direct axis. Should there actually be changes in 
these flux linkages — as may well be the case — the effect of these 
on the action of the damper windings proper is ignored. Changes 
in flux linkages should, of course, when necessary, be reflected 
in the computation of synchronous output. They will, strictly 
speaking, also give rise to a damping action produced by the 
field winding, but this is seldom allowed for in stability calcula- 
tions. The expressions for the two constants entering into the 
equation for linear damping are: 


a = 


b = 


Ota 


- X'J) 


(12) 

(Xi + X.)(Xy + X.) 

Otd 

e^X, - XV) 

1 

(13) 

(X, + Xe)(XV + X.) 

Otq 

+ X' 

Xi + Xr"” 


(14) 

X” + X' 

X, + xr^ 


(15) 


In these the symbols (excepting the machine reactances which 
have been previously defined) have the following meaning: 


e = voltage at infinite bus 

ad, a q = amortisseur decrement factor in the two axes, 
respectively 

= open-circuit, subtransient time constants in the 
two axes, respectively, expressed in electrical radians 
Xe == external transfer reactance 
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XJ =® external driving-point reactance as viewed from the 
machine terminals. 

In the absence of any shunt-leaks (as introduced, for example, 
by a fault) in the external circuits Xe = X' and equations (12) 
and (13) combined with equations (14) and (15) may be written 

6 = eHXsJzJ'Dr' (17) 

The open-circuit, subtransient time constants are determinable 
by computation from design data or by test and can readily be 
furnished by the manufacturer together with the other pertinent 
constants. 

It should be noted that equations (12) and (13) as given are 
fully correct only when there are no external shunt leaks. With 
such leaks the external transfer reactance is not directly additive 
as indicated in the equations. Under these circumstances it may 
be preferable to use in the denominators the actual transfer 
reactances to back of transient and subtransient reactances, 
respectively. It is believed, however, that the difference, in 
general, between the two procedures will be insignificant. The 
effect of ordinary shunt loads should generally be comparatively 
minor on account of their relatively high impedance. Under 
fault conditions having the effect of a low-impedance shunt leak 
in the equivalent positive-sequence network, the damping power 
as a rule becomes negligibly small, anyway, and may not have 
to be considered at all. 

As already stated, the given formulas are predicated on the 
assumption of zero field resistance or constant flux linkages in 
the direct axis. Going to the extreme in the opposite direction 
another possible assumption is that of infinite field resistance 
corresponding to constant field current,^ Neglecting the (pre- 
sumably very small) component of damping power contributed 
under these conditions by the field winding itself (z.e., still con- 
sidering the damping a single-rotor-circuit effect, viz,, that of the 
amortisseur- winding proper), the latter assumption may be 
reflected in the formulas by using therein direct-axis synchronous 

^ Under conditions of constant slip the constant-field-current assumption 
should be more nearly correct than that of constant flux linkages. 
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reactance Xd instead of direct-axis transiei^t reactance In 
fact the effect of changing flux linkages may be approximated in 
point-by-point calculations of damping by introducing a variable 
direct-axis reactance adjusted as the analysis progresses. It is 
very doubtful, however, whether any such attempt at refinement 
is actually worth while. 

When the reactance externally to the machine is small, the 
two assumptions give nearly the same results. The difference 
may become appreciable, however, with large external reactances. 
The curves in Figs. 301, 302, 303, and 304 indicate this effect and 
also serve to illustrate the general variation in damping torque 
with time and displacement angle for both constant-slip and 
variable-slip conditions. The system and calculations on which 
these curves are based are described in Example 1. 

Negative-sequence Damping , — ^As already stated, since the 
negative-sequence slip is large and substantially constant, the 
damping effect is an average one independent of rotor position, 
and the conventional induction-machine theory applies. Thus, 
the power expression equation (6) is applicable when the appro- 
priate negative-sequence quantities are inserted. For negative 
sequence the slip is 2 — s. The impedances involved are the 
same as for positive sequence with the exception that the resist- 
ance (the equivalent damper-winding resistance) will be some- 
what larger than for positive sequence. It represents the 
effective damper resistance at approximately twice normal fre- 
quency and will be designated by 

In connection with the calculation of negative-sequence damp- 
ing it is usually more convenient to use the first part of equation 
(6) involving the negative-sequence rotor current rather than 
the part determining the damping power in terms of voltage. 
This is due to the fact that in problems involving damping in 
synchronous machines the negative-sequence currents are set 
up by the presence of dissymmetrical faults and are not due to 
the actual application of any negative-sequence voltage to any 
part in the system. To be sure, negative-sequence voltages under 
dissymmetrical fault conditions will appear all along the network 
except at those specific points where positive-sequence voltages 
are definitely generated and maintained. It is usually more 
convenient, however, to determine the negative-sequence cur- 
rents flowing into the various machines than to determine the 
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negative-sequence voltages. The negative-sequence damping 
power, therefore, is usually calculated by 

Pt = - ^ ( 18 ) 

or, still more conveniently, by 




( 19 ) 


Xt'RttjXt 






where P^r represents the negative-sequence power loss at normal 
(unity) negative-sequence current, and is the actual negative- 
sequence current expressed in per unit. The negative-sequence 

slip may be taken as 2 without sen- 
sible error even when the machine 
actually oscillates. 

It will be noted that knowledge of 
the resistance PJ is necessary in equa- 
tion (18). This, however, may be 
determined from the negative-se- 
quence resistance of the machine, as 
shown below. Referring to Fig. 299, which gives the negative- 
sequence circuit of the machine, the negative-sequence impedance 
may be developed as follows: 
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Fiq. 299. — Equivalent nega^ 
tive-sequence circuit of induc- 
tion motor. 


Z = i?i + iXi + 
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The negative-sequence resistance is, therefore. 


R = Ri + 


Rj y2 

2^m 


{RW + (X2 + X,.)2 


(21) 
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which when the magnetizing circuit is neglected {Xm = ») is 
equal to 

( 22 ) 

From the latter two equations the effective double-frequency, 
damper-winding resistance may be determined. Using equation 
(21), the correct expression becomes 

From equation (22), on the other hand, a slightly approximate 
expression is obtained as 

iej = 2(fi- - R,) = 2{R- - R+) (24) 

The last simple relation is usually accurate enough. It indicates 
that the effective damper resistance at double frequency is twice 
the difference between the negative-sequence and the positive- 
sequence resistances of the synchronous machine.^ (Note that 
the positive-sequence resistance of a synchronous machine 
equals its armature resistance.) When the magnetizing circuit 
is neglected and equation (24) used, the negative-sequence rotor 
and stator current become identical (when referred to the same 
side). 

^ The negative-sequence resistance may be determined by test as follows: 
With the machine driven at rated speed and with a single-phase short circuit 
applied between two of its terminals (neutral excluded) the sustained 
armature current and the shaft power supplied by the driving motor are 
measured. The negative-sequence resistance equals one-half the ratio of 
the power input less friction-and-windage and core loss to the square of the 
line current. This may be shown by equating the shaft input to the aggre- 
gate losses in the machine. Thus 

P.haft = 3(/+)2/ei -f + R[) 4- Pf^w + p.<^ (a) 

Remembering that the positive- and negative-soquenee-current components 
in a single-phase, linc-to-Iine short- circuit are equal in magnitude to the 
current actually flowing / divided by the square root of three, equation (a) 
reduces to 

P,haft * /*[2/2+ + 2(i2- - R+)] + + Poore = 

-h P/P+w + Poore (b) 

from which the negative-sequence resistance becomes 

_ Paheft — PFj-W — Poore / v 



6d0 


ELECTRIC POWER CIRCUITS 


High- and Low-resistance Dampers; Double Dampers. — For 

ordinary operation of an induction motor it is usually desirable 
that the rotor resistance be as low as practicable. Over the 
operating range this results in a larger amount of power at a 
certain slip than would be obtained with larger rotor resistances. 
For positive-sequence damper effects the same situation holds 
true in synchronous machines. Since the positive-sequence 
slip ordinarily is small, the relationship between power and slip 
is nearly linear, and it is evident from equation (8) taken in 
conjunction with equations (12) to (17), for instance, that a 
small rotor resistance (large subtransient time constant) is 
helpful. Damper windings, therefore, to give maximum effect 
under low-frequency oscillations, i.e., when positive-sequence 
action is obtained, should be loiv-resistance damper windings. 
Such windings usually consist of copper bars embedded in the 
pole faces and supplied with copper end connections. These 
end connections may or may not extend across the interpolar 
spaces resulting in so-called complete or incomplete damper wind- 
ings as the case may be. The former have a lower subtransient 
reactance and a higher subtransient time constant in the quad- 
rature axis than the former. As a consequence, the complete 
dampers have somewhat better damping characteristics than 
the incomplete ones at small and moderate displacement angles 
and also give, therefore, a better average damping effect. 

When negative-sequence currents flow, however, the situation 
is different. The rotor resistance has only a minor effect on the 
negative-sequence current since the term R 2 / (2 — s) is relatively 
insignificant as compared with the other terms in the denominator 
of equation (3). This being the fact, it can be seen from equation 
(16) for negative-sequence damping power that a high rotor 
resistance is rather desirable. To make the negative-sequence 
damping effective, therefore, it is better to have damper windings 
with high resistance. Such high-resistance damper windings may 
be designed on the same principle as the low-resistance ones. 
These windings will not be particularly effective during the low- 
frequency oscillations but will give damping during dissym- 
metrical fault conditions when negative-sequence currents flow. 

In order to obtain the combined benefits of low- and high- 
resistance dampers, both types may be installed. In other words, 
the machine may be supplied with a double damper winding. 
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This has lately been done in connection with several large 
generator installations. A double damper would, in general, 
consist of high-resistance bars near the pole faces, with air gaps 
inserted in the magnetic circuits, and low-resistance bars some- 
what farther embedded in the iron. With this arrangement the 
reactance of the low-resistance 
winding at double system fre- 
quency will be considerably 
higher than that of the high- 
resistance winding. The ma j or 
part of the double-frequency 
current, therefore, will flow in 
the latter, assuming no appre- 
ciable saturation in its local 
magnetic circuits. At the fre- 
quency corresponding to slow 
oscillations (actual slip fre- 
quencies) reactance consider- 
ations are unimportant and the 
current distribution is almost 
entirely governed by the resist- 
ances. Hence under these con- 
ditions the low-resistance dampers will carry the predominant 
part of the current. 

In Fig. 300 are shown torque-slip curves for a large salient-pole 
synchronous generator with three types of damper windings: 
(1) a copper damper (low-resistance damper) ; (2) a double-deck 
damper (combined low-resistance and high-resistance damper); 
and (3) a high-resistance damper. These curves are for fixed 
normal voltage at the terminals and for operation at constant 
slip. 

It will be noted that at low slips the low-resistance damp^^r 
exhibits the more nearly linear characteristic, the double-dj^^'^k 
damper also possessing substantially a linear charactt\ristic 
below 1 per cent slip. As would be expected, the low-resisl^a^ee 
damper gives the largest effect in this slip region while the dah^pp. 
ing torque of the high-resistance damper is practically negligible. 
The latter, on the other hand, gives, as seen, large torques at high 
values of slip. This type of damper, therefore, will produce 
significant torques when negative-sequence currents flow. 



Per Cent Slip 


Fig. 300. — Torque-fllip curvee for 
three types of damper windings 
in large salient-pole synchronous 
machine. Curves are for constant- 
slip operation at fixed normal terminal 
voltage. 
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Methods for computing these complete characteristics will 
not be included here but may be found in the literature.^ 

The formulas previously quoted [equations (7) et aeg.] for linear 
damping are applicable to the straight portion of the torque-slip 
curves of the copper damper at low values of slip and apply also, 
at least as a first approximation, to the straight portion of the 
double-damper characteristic. 

The presence of external reactance will in general materially 
reduce the damping torque below the values shown by these 
curves. Under oscillatory conditions it is evident that the 
damping performance is affected also by several additional 
factors (such as variable slip, variations in field current or flux 
linkages or both, and perchance also variations in the voltage 
applied to the external circuit) resulting in torque-slip relation- 
ships different from those indicated by the curves. 

EXAMPLE 1 


Statement of Problem 

A salient-pole alternator supplies power to an infinite bus over an external 
circuit consisting of reactance only. It is desired to determine the damping 
action which may be produced under the conditions given below when this 
alternator is equipped with low-resistance amortisseurs (complete and 
incomplete). The generator constants are as follows: 



Incomplete 

amortisseur 

Complete 

amortisseur 

X, 

0.99 

0.99 

K 

0.36 

0.36 

X’: 

0.26 

0.26 

X, 

0.72 

0.72 

X' 

0.72 

0.72 

0.32 

0.28 

ri 

14 rad. 
(0.037 sec.) 

14 rad. 
(0.037 sec.) 

rpff 
•* flO 

11 rad. 
(0.029 sec.) 

28 rad. 
(0.074 sec.) 


With external reactances of 0 and 0.4 per unit, respectively, calculate the 
damping torque: 

'Linvillb, T. M., ** Starting Performance of Salient-Pole Synchronous 
Motors,” Trans, A.I.R.E., p. 531, April, 1930. 
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a. When the slip is constant and equal to 1 per pent. 

b. When the machine oscillates sinusoidally with respect to the infinite 
bus between a minimum angle of 20 deg. and a maximiun angle of 100 deg. 
with a period of 1 sec. 

The solutions are to be based on constant field current as well as constant 
flux linkages in the direct axis. Plot the results so as to illustrate the 
variation in damping torque with rotor angular position. Also, plot angle, 
slip, and damping torque as functions of time. 

Solution 

Damping torque and damping power are, for all practical purposes, inter- 
changeable when expressed on a per unit basis since the actual speed of the 
rotor does not differ matenally from synchronous speed under the slip 
conditions usually encountered. Using equations (7) and (8) the damping 
torque becomes 


Td = (a sin* 5+6 cos* 5)« 
From equations (15) and (16) 

(X,+X.)* “ 


(a) 

W 

(c) 


The values of a and 6 are tabulated below for the various conditions imposed. 
Constant Flux Linkages: 

Complete Amortisseur 


a 


b 


X, = 0 

(1.0) *(0.36 - 0.26)14 

(0.36)* 

(1.0) *(0.72 - 0.28)28 

(0.72)* 


* 10.80 
= 23.77 


Xe = 0.4 


_ (1.0)*(0.36 - 0.26)14 
® (0.36 + 0.4)* 

_ (1.0)*(0.72 - 0.28)28 
(0.72 + 0.4)» 


2.42 

9.82 


Incomplete Amortisseur 

The coefficient a remains unaltered since only the subtransient reactance 
and time constant in the quadrature axis are affected. 


6 


Xe = 0 

(1.0)*(0.72 - 0.32)11 _ ^ .Q 
(0.72)* 


Xe = 0.4 

, _ (1.0)*(0.72 - 0.32)11 
(0.72 + 0.4)* 


3.51 


Constant Field Current: 


Xe = 0 

(1.0)*(0.99 - 0.26) 
(0.99)» 


Xe = 0.4 

(1,0)*(0.99 - 0.26) 
(0.99 + 0.4)* 


5.29 


a 


10.43 a 
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^ f 

Again the coefficient a is independent of complete or incomplete dampers as 
before. The coefficient b has the same values as for the corresponding 
conditions in the constant flux-linkage solution. 

Fart (a). — When the slip is constant the angular displacement is given by 

5 « 8<ifgt (d) 

where represents synchronous speed. In a 60-cycle system and with 
1 per cent slip, equation (d) becomes 

a * 0.01 X 60 X 360« * 2m elec. deg. (e) 

The calculations have been carried out in Table 73 by assuming convenient 
values of S and obtaining the corresponding values of t from the above 
equation and the values of Td by means of equation (a). The results are 
plotted in Figs. 301 and 302. The average torque which for constant slip is 
given by [see equation (11)] 

Tj,^^, = T^^„>$ = (f) 

is also shown. The maxima and minima of these curves occur either at 
6=0 deg. or 6 =90 deg. and are repetitive thereafter. 

Part (6). — In this case the displacement angle is given by 

6 = 60 — 40 cos ~ 60 — 40 cos ^t elec. deg. {g) 

and the slip by 

<a 1 d6 80 . 2ir. 

* = =z;;dr = ;;;:T'““ w 

With the period T = 1.0 sec. and = 2wJ = 120ir rad. per sec. « 21,600 
elec. deg. per sec. 

6 = (60 — 40 cos 2wt) elec. deg. (t) 

80 ir 

« “ sin 2vl — 0.0116 sin 21 ^ per unit (J) 

The calculations will be found in Table 74. The angle 6 was considered 
the independent variable and the corresponding values of t and b computed 
from the above formulas, whereafter the damping torque was obtained by 
means of equation (a). The results are plotted in Figs. 303 and 304. It is of 
interest to observe that with a variable slip the maximum and minimum 
values of torque do not occur at intervals of 90 deg. 

EXAMPLE 2 


Statement of Problem 

In the system shown in Fig. 153 representing a hydroelectric generating 
station supplying power over a 220-kv., double-circuit, transmission line to a 
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Fig. 303. — Curves of damping torque versus displacement angle; machine 
oscillating sinusoidally (Example 1). 



Fig. 304. — Curves of damping torque, slip and displacement angle versus time; 
machine oscillating sinusoidally (Example 1). 




Table 73. — Calculation op Damping Torque 
Constant slip = 0.01 
(Example 1) 
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3.510 















Table 74. — Calculation of Damping Tobque 
Sinusoidal Oscillations 
(Example 1) 
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receiving-end system, a solid double-line-to-ground fault occurs near the 
high-tension sending-end bus. The generators are equipped with high- 
resistance damper windings giving them 12 per cent negative-sequence 
resistance. 

Determine the damping power produced by these windings during the 
period the fault is on the system, and plot the values versus displacement 
angle. 

Details of the circuits, the load conditions, and other necessary data are as 
specified in Example 1, Chap. XI. 



0 20 40 60 80 lOa 120 140 160 180 200 220 240 260 260 300 320 340 360 
Angular Displacement (6) in Electneal Degrees 


Fig. 306. — Negative-sequence damping torque of hydroelectric generators in 
system shown in Fig. 163 under conditions of a double line-to-ground fault near 
the high-tension sending-end bus (Example 2). 

Solution 

Only the negative-sequence damping action will be considered. From 
the solution of Example 1, Chap. XI, the negative-sequence current supplied 
by the generator is as a function of the displacement angle 

/" = 0.522 /8 + 85.0° H- 0.360 /81.3° per unit 

Using equations (18) and (24) the damping power is 

Pi = -{I-)HR- - R^) 

= -(/-)*(0.12 - 0.004) 

= — 0.116(/“)* per unit 

Computations of Pi for every 20-deg. angle are summarized in Table 75. 
A curve of the damping power in per cent versus displacement angle is 
plotted in Fig. 305. This damping power is always braking or decelerating 
power. 

Benefits of Damper Windings during Faults. — In order to get 
an idea of the character of the damper effects during dissym- 
metrical fault conditions, consider the system in Fig. 306. This 
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Tablb 76. — Calculation of Nbgativij-sbqubncb Dampino Powbb 

(Example 2) , 


h 

deg 

/“ per 
unit 

Pr = -0 

per unit 

0 

0 882 

-0 0902 

20 

0 865 

-0 0868 

40 

0 813 

-0 0767 

60 

0 754 

-0 0660 

80 , 

0 665 

-0 0513 

100 

0 560 

-0 0364 

120 

0 441 

-0 0226 

140 

0 315 

-0 0115 

160 

0 204 

-0 0048 

180 

0 165 

-0 0032 

200 

0 242 

-0 0068 

220 

0 377 

-0 0165 

240 

0 486 

-0 0274 

260 

0 600 

-0 0418 

280 

0 701 

-0 0571 


0 782 

! -0 0709 

320 

0 840 

-0 0819 

340 

0 874 

-0 0886 

360 

0 882 

-0 0902 


consists, as seen, of a generating station supplying power to a 
large system (infinite bus) over a transmission line. Let a 
dissymmetrical fault occur at some place along this line. The 
generating station will then first speed up and, assuming stability 



Infinih 

Bus 


Fig. 306. — Generator supplying a large system (infinite bus) over a two-circuit 
transmission lino. A dissymmetrical fault occurs near the high-tension sending- 
end bus. 


is maintained, will oscillate with respect to the infinite bus. In 
Fig. 307 are indicated the angle-time as well as the slip-time curve 
with respect to the infinite bus. 

The total damping power is the algebraic sum of the positive- 
sequence and the negative-sequence damping power. The 
actual slip s is always small. Adhering to the conventional 
induction-machine conception, the slip is negative when the 
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machine speeds away from the infinite bus. During these condi- 
tions positive-sequence inductiortrgenerator action is obtained, 
i.e.j the electromagnetic torque and power are negative and the 

machine supplies power to the 
line. When the machine is 
approaching the infinite bus, 
the slip is positive. This results 
in inductiou’-motor action^ i.c., 
power is supplied to the ma- 
chine. The negative-sequence 
slip 2 — 5 is evidently always 
positive. This means that the 
negative-sequence damping is 
always inductionr-motor action^ 
i.e., it always supplies negative 
(retarding) electromagnetic 
(Note negative sign in equation (18).) The 



Fig. 307. — Angle- and slip-time curves 
for the system in Fig. 306. 


torque and power, 
effects just discussed may be summarized as follows; 


Positive-sequence (or actual) slip (s) 

= negative — » induction-generator action, i.e. = negative 
Positive-sequence (or actual) slip {s) 

= positive induction-motor action, i.e. Pt = positive 
Negative-sequence slip (2 — s) 

= always positive — > induction-motor action, i.e. P^ = negative 


On the basis of the above it may now be concluded that for 
this particular system (1) low-resistance dampers act in the right 
direction all the time and (2) high-resistance dampers acting on 
negative sequence give the proper effect up to the maximum 
angle. Thereafter their effect would be detrimental rather than 
beneficial. However, in practically all commercial systems the 
fault will have been cleared before the maximum angle is reached. 
Clearing the fault eliminates the negative-sequence current and 
hence the negative-sequence damper action. Under such con- 
ditions, therefore, high-resistance dampers are nothing but 
advantageous. 

It is clear, then, that high-resistance damper windings are to 
be considered only when the machine in question has a tendency 
to speed up. This limits their possible use to generators. High- 
. resistance dampers would never be desirable in S3mchronou6 
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motors and condensers since these t3rpes of machine have a 
general tendency to slow down upon the occurrence of a fauli 
and in perhaps the majority of cases will continue to slow down 
for at least an appreciable part of the duration of the fault. 

Effect of Damper Windings on Machine Reactances. — ^The 
presence of damper windings does affect the machine reactances 
although the variation can be controlled by design. From the 
standpoint of stability under dissymmetrical fault conditions, 
it is usually desirable that the direct-axis transient reactance be 
low and the negative-sequence reactance relatively high. The 
presence of damper windings, however, reduces the latter even 
though the former is kept constant. In order to get an idea of 
the changes in circuit reactances, a number of values for a 
generator with various kinds of damper windings have been 
collected in Table 76. The figures relate to a salient-pole 
machine where the design is assumed to be such that the syn- 
chronous reactances as well as the transient reactances in both 
axes remain constant for the various types of damper windings 
considered. Under these conditions changes will occur in the 
Bubtransient reactances as well as in the negative-sequence 

Tablb 76, — ^Typical Per-unit Reactances of a Large Salibnt-polb 

Generator 

Short-circuit ratio = 1.25 

I f tt 9t ^ 

S'g Xq flJ 

No dampers; normal field wind- 


ing 0.7800.510 0.300 0.5100.3000.5100.400 

High-resistance dampers 0 . 261 0 . 407 0 . 334 

Low-resistance dampers 0 . 228 0 . 318 0 . 273 

Low-resistance dampers and 

multiple field 0.2130.3180.265 

Low-resistance and high-resist- 
ance dampers 0 . 245 0 . 362 0 . 303 

High-resistance dampers and 

multiple field 0 . 240 0 . 407 0 . 323 

Multiple field winding 0 . 252 0 . 510 0 . 376 


Norn: xd synchronous reactance; direct axis. 

Xg *■ synchronous reactance; quadrature axis. 
xi* positive-sequence transient reactance; direct axis. 

Xdf' positive-sequence subtransient reactance; direct axis, 
x/ M positive-sequence transient reactance; quadrature axis. 

Xq** positive-sequence subtransient reactance; quadrature axis. 
■■ negative-sequence reactance (transient and sustained). 
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reactances. In regard to the latter, the table indicates a drop 
from 40 per cent without damper windings to 26.5 per cent when 
a combination of low-resistance dampers and a field collar is used. 
These figures evidently should merely be considered as indicative 
of the general trend which may be expected when no particular 
effort is made to prevent the negative-sequence reactance from 
decreasing. It is undoubtedly possible, however, by attention to 
design to counteract and avoid such a substantial decrease. 

Reduction in the negative-sequence reactance will reduce the 
synchronous output of a machine under fault conditions. The 
question is then whether the damping effect secured is sufficiently 
material to offset this decrease in synchronous output. The 
decrease in synchronous output depends upon the external 
reactance between the machine in question and the other machine 
or machines with respect to which it oscillates. If the external 
reactance is large, as it is when an isolated hydroelectric station 
transmits power over a long transmission line, the decrease in 
maximum synchronous output will not be large. In Example 3 
the maximum amplitude of the synchronous output is calculated 
for a generating installation having machines with damper wind- 
ings in connection with what may be considered a representative 
transmission system. It will be noted that the reduction in 
synchronous output due to the decrease in negative-sequence 
reactance, in this case considered, is comparatively insignificant. 
In Example 4 similar calculations are based on a simple system 
for a range of values of negative-sequence reactance. The effect 
of a reduction in the latter is somewhat larger for this system 
than for the one used in the first example. 

EXAMPLE 3 


Statement of Problem 

Consider a transmission system of the type shown in Fig. 153. Without 
damper windings the transient reactance of the proposed generators for the 
hydroelectric station is 30 per cent, and the negative-sequence reactance is 
36 per cent. With damper windings the transient reactance and the 
negative-sequence reactance would be 27 per cent and 25 per cent, respec- 
tively. Data on the remainder of the system are not given here. These are 
the same in both cases, however. It is desired to compare the maximum 
amplitude of the power-angle curve for the two cases when a solid line-to- 
line short circuit occurs near the high-tension bus of the hydroelectric 
station. 
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Solution 


The comparison will be ma(de by calculating the chart constants for the 
output of the hydroelectric generators assuming constant flux-linkage 
conditions in these machines as well as in the equivalent generator at the 
receiving end of the system. The constants of the performance charts, 
t.e., horizontal and vertical displacements of the center A, and and the 
radius of the unity-ratio voltage circle giving the hydroelectric station 
output under the given fault conditions, have been calculated to be for the 
two cases, respectively: 


Hence 


Cabb 1 

A. = 20,580 kw. 

B. = -436,500 kva. 

C. = 108,200 kva. 


Case 2 

A. « 18,870 kw. 

B. « -479,000 kva. 

C. = 105,000 kva. 


P«(l) = 108,200 + 20,580 * 128,780 kw. 
P«(2) - 105,000 + 18,870 = 123,870 kw. 


Pm(l) - Pm(2) ^ 5,000 kw. 

The figures show that there is a difference of approximately 5,000 kw. 
in the maximum synchronous output for the two cases. A 10 per cent 
reduction in the direct-axis transient reactance associated with a 30 per cent 
reduction in the negative-sequence reactance will reduce the maximum 
output by about 3.9 per cent. This result may also be approximately 
stated as follows, viz,, that 1 per cent reduction in negative-sequence 
reactance causes somewhat over of 1 per cent decrease in the maximum 
power output during a line-to-line fault. 

EXAMPLE 4 


Statement of Problem 

A generating station supplies power to an infinite bus, as indicated in 
Fig. 308(a). The transient reactance of the generators is 30 per cent, the 
reactance of each of the transformer banks 10 per cent, and the reactance 
of the line 40 per cent. Considering conditions during a sustained single- 
phase line-to-line fault on the line side of the sending-end transformers, 
calculate and compare the maximum generator outputs for values of negative- 
sequence reactance ranging from 10 to 40 per cent. Assume that the 
voltage behind the transient reactance in the generator is 110 per cent and 
that of the infinite bus exactly 100 per cent. 


Solution 


Referring to Fig. 308(5) and using per-unit quantities, the symmetrical 
shunt replacing the fault in the positive-sequence system is given by 


( 0.1 Xt)0.5 

0.6 + X- 


(«) 
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and the transfer reactance by 

^ 0.4Xj. -f O.SXp + 0.4 X 0.6 _ ^ ^ , 0.2 

Xu y; 

The maximum power output is, therefore, 


(W 


Pi (max) = 


EiEi 


1.2 




D 


(c) 


(a) 





^ \fnffnite 

I \ Bus 


(b) 


(1) 


a4 


o 

E,*U 



( 2 ) 

o 

E>H0 


Fig. 308. — (a) Generator supplying a large system (infinite bus) over a trans- 
mission line with sending- and receiving-end transformers. (&) Equivalent 
positive-sequence circuit of (a) under fault conditions (Example 4). 


The calculated per-unit values for different negative-sequence reactances are 
tabulated below: 


X- 

Xf 

D 

Pi (max) 

0.1 

0.143 

2.30 

0.522 

0.2 


2.06 

0.582 

0.3 


1.80 

0.667 

0.4 

0.250 

1.70 

0.706 


It will be noted that the maximum power output decreases as the nega- 
tive-sequence reactance is lowered. Using the output at 40 per cent 
negative-sequence reactance as basis, the reduction in output for 1 per cent 
decrease in negative-sequence reactance is approximately of 1 per cent. 


Xnclusion of Damping in the Swing Equation of the Machine. — 

For any machine the general relation holds that the inertia 
power plus the output power equals the input power, as indicated 
in 

■f* inertia + ■P output P input ( 26 ) 

As previously discussed in Chap. XII, the output power repre- 
sents the total output and is, when damping is present, the sum 
of the synchronous output and the power generated by induction- 
machine action. Equation (26) may then be written 




dampmc 


+ -Pes 




( 26 ) 
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In solving this equation (as, for instance, by a point*by-point 
analysis) the damping power may be calculated as described^ 
above. Damping power caused by positive- and negative- 
sequence currents must be determined separately. The positive- 
sequence damping power may be calculated in terms of any 
constant positivensequence voltage in the system, provided the 
slip of the machine with respect to this same voltage be used. 
The negative-sequence damping power is essentially independent 
of the slip since for all small slips the negative-sequence slip is 
very nearly equal to 2. Whether or not a linear relationship 
actually exists between the positive-sequence damping power 
and the slip depends, as already stated, on the problem at hand. 
In most practical problems, however, it is usually assumed 
sufficiently accurate to consider the positive-sequence damping 
as directly proportional to the slip. This simplifies the calcula- 
tions and, in fact eliminates very material — perhaps almost 
insurmountable — difficulties. It is evident that such a linear 
relationship can never exist for the negative-sequence damping. 
Since, however [as indicated by equation (18)], this power is 
essentially independent of the slip, it may be combined with the 
input. In other words, the presence of this type of damping may 
be looked upon as equivalent to a decrease in the input, and it 
may, therefore, be subtracted from the latter for each step in 
the point-by-point solution.^ 

^The analysis is usually based on the positive-sequence network in 
which the effect of the dissymmetrical fault is simulated by a symmetrical 
shunt impedance. Under these conditions positive- as well as negative- 
sequence currents flow, and positive- as well as negative-sequence power 
exists at the terminals of the machine. Omitting the inertia power and 
disregarding rotational losses, the power balance between input and output 
is given by the following equation: 

Pinimt “ (1) r terminal output^ positive sequence\ “1 
^ L \negative sequence / J 

+ (2) fstator copper lossf sequenceX T 

L sequence / J 

+ (3) (negative-sequence rotor copper loss) 

= [(1) + (2) + K (3)] + IH (3)1 

[ positive-sequence power 1 i f i / /negative-sequenceX 1 

supplied to equivalent circuit J L \rotor copper loss / J 

- p+ + + (/-)*(«- - «^) 

It will be noted that, when treated in this manner, the positive-sequence 
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If the damping is to be calculated on the basis of symmetrical- 
rotor theory, the damping power is merely a constant times the 
slip. At a given slip it is independent of the angular position 
of the machine relative to the voltage vector with respect to 
which the slip is considered. With ordinary (essentially semi- 
symmetrical) damper windings a correct treatment should take 
cognizance of the fact that damper action, even when varying 
linearly with the slip, is also a function of the above-mentioned 
angular position of the machine. This has already been discussed 
and formulas for the proportionality factor (or damping coeflBi- 
cient) given [equation (11), et seq.]. In handling any particular 
problem it is advisable not to lose sight of the limiting assump- 
tions, also previously stated, on which these formulas are predi- 
cated. Evidently these assumptions have an important bearing 
on the accuracy with which the damping effect is reflected in a 
particular case. 

In the following, damping will be considered for various sys- 
tems. With the damping coefficients properly interpreted this 
discussion is equally applicable to non-salient- and salient-pole 
machines without reference to the question of symmetry of 
rotor circuits. 

One Machine Connected to an Infinite Bus . — In this case it is 
obviously proper to consider the slip with respect to the infinite 
bus, since the synchronous output also is given by the angular 
displacement 8 between the field structure of the machine and the 
voltage vector at the infinite bus. The slip is then s = d8/dt 
and the general machine equation becomes 


power supplied to the equivalent circuit includes the negative-sequence 
terminal output as well as the stator copper loss and one-half the rotor 
copper loss due to the flow of negativersequence currents. These items, 
therefore, representing a degeneration of corresponding amounts of positive- 
sequence power caused by circuit dissymmetry, are automatically taken into 
account by the use of the equivalent positive-sequence circuit, which is 
a convenient situation indeed. The other half of the negative-sequence 
rotor copper loss is supplied directly from the shaft, i.c., by the prime 
mover. Hence this part may be subtracted from the input before calcu- 
lating the power differentials (difference between the shaft input and the 
output to the equivalent circuit) which cause the machine to swing. 
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Oeneral Two-machine System . — Two S 3 mchronous machines 
considered as generators are connected b|y a general network as 
shown in Fig. 309. The network is assumed to be linear and 
may or may not include the effect of loads, the latter being 
considered as impedances. Since the synchronous output of 
either machine depends upon the 
angular displacement between 
them, it is convenient to consider 
the slip of one machine with re- 309.~General two-machine 

spect to the other and calculate 

the damping coefficient accordingly. The appropriate internal 
voltage of the machine is then used for calculation of the latter. 
The general machine equations may be written 

^ - «») = -P** (29) 

The individual angles 5i and 62 represent displacements with 
respect to a standard arbitrary reference axis. The synchronous 
outputs then depend upon the difference between these angles, 
and the general output expression may or may not involve a 
constant term. The damping power is proportional to the 
first derivative of the difference between these angles with 
respect to time, this derivative representing the relative slip 
of the two machines. Dividing equations (28) and (29) by 
the inertia constants Mi and M 2 , respectively, and introducing 
81 — 62 = 8 y the following relationship results: 



It is evident that by combining terms this equation immediately 
reduces to the form given by equation (27). Hence the general 
two-machine system including linear positive-sequence damping 
can be solved with the same ease as the system consisting of only 
one machine connected to an infinite bus. 

Referring to the treatment of the general two-machine system 
in Chap. XIV, it is evident that equation (30) may also be 
written 





( 31 ) 
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P — MiPdt 

“ Mi + M 2 


( 32 ) 


The quantities PJ, P', and M, representing equivalent input, 
output, and inertia, are all defined by equations (14), (16), and 
(16) in Chap. XIV. Equation (31) may be the most convenient 
form for actual calculations. 

The s 3 nichronous outputs of the machines in a general non- 
salient pole, two-machine system as indicated above are given by 

Pi = sin ail H — sin (5i — 62 — ai 2 ) = 

£111 Z/12 

^ sin an + sin (« - an) (33) 

Z^ii Zfi 2 

n • I E\E2 • /t t \ 

P 2 = sm a 22 H — ^ — sin ( 6 i — 52 — ai 2 ) = 

^22 ^12 

Pf • E1E2 • /t I \ /nA\ 

^ sm a 22 ^ sm (5 + an) (34) 

Z /22 

With these output relations equation (31) assumes the follow- 
ing form: 

M^ + p.^ + p' -p;cos(a + ^) (36) 


where the additional symbols P^, P'^, and all relating to the 
equivalent power-angle curves, are given by equations (19), 
(20), and (21) in Chap. XIV. 

If the twQ-machine system contains reactance only, the outputs 
of the two machines are equal and opposite and are given by 

Pi = _Pj = sin d (36) 

A 12 


In this case one of the machines obviously operates as a motor. 
Assuming further that the inputs (generator action assumed) 
all the time are equal and opposite (Pa == — P <2 = Pt), the 
swing equation may be written 


lif I D I E1E2 

+ + XT 


sin 5 == Pi 


in which M is defined as before, and Pa by equation (32). 


( 37 ) 
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Muttimachine S]r8tem8. — ^When the machines in a multi> 
machine system oscillate, each machine, inrgeneral, has a distindi 
slip with respect to each of the other machines. It is assumed 
that the principle of superposition may be applied to the calcula- 
tion of damping just as it applies to calculations of synchronous 
output and that the damping power of any one machine may be 
obtained to engineering accuracy by this process. On this basis 
the swing equation for the nth machine may be written as 
follows: 


dHn 
‘ (ft* 


d(fin “ il) 


d(Sn ~ 5*) 


M m' vn , jr> ^*\vn , D vzy , 

n “jTo" "T“ * dnl i * dn2 “r e dnZ 

+ Pn[(5n — 5l), (5n ““ (^n — ^ 3 ), • • • 


d(5n - hz) 
dt 

] = Pin (38) 


The angle Sn is taken with respect to the common reference 
axis for all the machines. The synchronous output is a function 
of the difference between this angle and that of every other 
machine supplying power to the system; in other words, of all 
the relative angles. The damping power is considered propor- 
tional to the rate of change of each of these relative angles, or to 
the relative slips, a distinct damping coefficient, in general, 
applying to each slip. The damping coefficients may be eval- 
uated by the formulas previously presented. Thus the coeffi- 
cient for machine n to be associated with the slip of this machine 
with respect to machine 1 becomes 


where 


P dn\ — Uni Sin^ 5nl “I" &nl COS^ 6nl 


Uni = 




dn 


X'L) 




(X^n + V— . 

In these 


dn2 

dn + -Xenl) 


-i- X, 


■rj 


don 


a)(X" -t- X^x) 


X'^n + X„n 
X’^n + 

Y" - 4 - Y 

.A gn I -^enn mff 

X ' 4 - Y 

an I ^enn 


(39) 

(40) 

(41) 


61 = internal voltage of machine 1 
T'dan) P'^n = opcn-circuit, subtransient time constants in the two 
axes, respectively, of machine n, expressed in elec- 
trical radians 

X«ni = external transfer reactance between machine n and 1, 
including the internal reactance of the latter 
Xenn == extcmal driving-point reactance as viewed from 
the terminals of machine n 
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The comments previously made in this chapter (on page 656) 
regarding the significance and use of transfer reactances apply 
also here and should be noted. 

The internal voltage in each of the other machines (such as 
Cl above) should: 

1. Strictly speaking be constant in magnitude, since the 
formulas for damping coefficients assume an infinite bus external 
to the machine in question. 

2. Preferably be a direct-axis voltage (the vector actually 
coinciding with the quadrature axis) in order to line up with 
the use of the actual relative slip. 

It is believed, however, that practically the internal voltage: 

1. May be adjusted to allow for changes in flux linkages (as 
caused by exciter action, for instance) and that the effect of this, 
if desired, may be reflected in the damping calculations by adjust- 
ing the damping coefficient as the point-by-point analysis 
progresses. 

2. Need not necessarily be a direct-axis voltage but may be 
taken, as often is the case,^ as the voltage behind direct-axis 
transient reactance. In this case the slip to be used is that with 
respect to this voltage rather than the actual relative slip between 
the field structures of the two machines. 

It will undoubtedly be appreciated from the above that what- 
ever •course is pursued, the inclusion of damping in a multi- 
machine system (and for that matter also on a smaller scale in 
a two-machine system) involves several uncertainties and 
empiricisms. This is unavoidable, at least for the present, since 
the problem must be reduced to a basis where it becomes prac- 
ticable and practical to handle. It is believed, however, that 
provided the limiting assumptions in any particular case are not 
too severely violated, the damping will be obtained to engineering 
accuracy. 

Schedules of Point-by-point Analysis When Damping Is 
Considered. — Provision is made in Schedules D and E, presented 
in Chap. XIV, for taking into account the effect of damper 
windings. The former includes high-resistance damping, the 
latter high-resistance and low-resistance damping. Referring to 
the discussion of these schedules in Chap. XIV, it is believed that 
additional comments are necessary only on Schedule E. 

I See Chap. XII. 
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The particular arrangement adopted in this schedule for the 
calculation of low-resistance damping apt)lies to generator 1 in a 
three-^machine system, the procedure being in accordance with equa- 
tions (38) to (41), inclusive. With the swing calculations based 
on Method II, the relative (per unit) slips of the machine con- 
sidered with respect to the other two are determined at the mid- 
point of each interval by means of differences of actual angular 
velocities above or below synchronous speed. Multiplying each 
relative slip by the corresponding damping-power coefficient 
gives the components of damping power, the algebraic sum of 
which constitutes the net low-resistance (positive-sequence) 
damping power for the machine under consideration. The 
accelerating or decelerating power differential is obtained by 
subtracting the synchronous output, as well as the high- and 
low-resistance damping power from the input. Note that this 
involves a departure from, and in fact a reversal of, conventional 
induction-machine conceptions under which motor action and 
slip behind the speed corresponding to impressed frequency are 
considered positive, but it is distinctly more logical and conven- 
ient in dealing with damping in synchronous machines (especially 
generators). 

Since the damping-power coefficients depend on the relative 
displacement angles, they vary from interval to interval and 
are generally computed from the angles at the beginning of the 
interval in question. The constants [see equations (40) and 
(41)] entering into the expression for these coefficients depend 
on an internal voltage in the other machine. Should any of 
these internal voltages change as a result of flux decay or exciter 
action, this change, if deemed necessary, may be reflected in the 
corresponding constants. Being functions of the circuit param- 
eters the above constants are also subject to readjustment at 
the instant of fault clearing or the occurrence of any other circuit 
discontinuity. 

Of the quantities entering into the calculation of the power 
differential (in Method II considered constant from the mid- 
point of the previous interval to the mid-point of the interval in 
question), input, synchronous output, and high-resistance damp- 
ing power are those at the beginning of an interval, while the 
low-resistance damping power is based on relative slips corre- 
sponding to average angular velocities during the interval for 
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which the swing calculation is made. These velocities are not 
known until the displacement angles at the end of the interval are 
determined. However, the problem is fundamentally one of 
successive approximations, the angular velocities involved being 
first assumed (or extrapolated from curves plotted as the analysis 
progresses). Having thus determined the angles, a better value 
of the velocities can be obtained and a recomputation made if 
required. Since the damping power as a rule is small, any adjust- 
ment is ordinarily of the second order and can be made without 
much inconvenience and additional effort. 

With a two-machine system (actual or equivalent) certain 
simplifications are possible. Unless it is of specific interest to 
keep track of the absolute rotational velocities of the machines 
(or the system drift ^0 all point-by-point computations may 
be reduced to a relative basis corresponding, in fact, to consider- 
ing the rotor position of one of the machines as standard phase. 
Under these conditions a single, appropriately modified schedule 
suffices. If, on the other hand, the system contains more than 
three machines necessitating further break up of the calculation of 
low-resistance damping in any one machine. Schedule E requires 
two more rows for this purpose for each additional machine. 

Handling of Damping on Network Analyzer. — The great 
utility of a network analyzer as an adjunct in transient-stability 
calculations by the point-by-point method has been stressed 
already (particularly in Chap. XIV). A network analyzer being 
a static device permits correct measurement of power quantities 
which depend on voltage values, displacement angles, and circuit 
constants (including with the latter the effect of faults and dis- 
continuities). It is inherently unable, however, to yield informa- 
tion on quantities which are also functions of relative motion, 
such as damping. 

The consideration of negative-sequence (high-resistance) 
damping causes no difficulty on the analyzer. This is due to the 
fact that for all practical purposes (even when the machines 
actually oscillate) the negative-sequence slip is constant (equal 
to 2). Thus this kind of damping is essentially independent of 
any relative motion, the effect of the negative-sequence currents 
under dissymmetrical fault conditions being properly reflected 
in the positive-sequence circuit set up on the analyzer.^ 

1 See footnote on p. 677. 
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For the positiveHsequence (low-resistance) damping the situa- 
tion is totally different. In the actual system this damping 
power, established by virtue of relative motion, actually flows 
between machines over the external network thus influencing 
the electrical quantities in magnitude as well as phase. On the 
network analyzer, on the other hand, the flow of damping power 
is not physically reproducible, eoM^pt by special means. 

Unless such special means are provided, inclusion of damping 
power in the point-by-point analysis (Schedule E) introduces it 
merely as an algebraic modification of the electric power flowing. 
This is imdoubtedly sufficiently accurate in the majority of 
ordinary cases where the damping power is in the neighborhood 
of 2 or 3 per cent of the machine output. Should the damping 
power be of the order of 10 per cent or more, however, account 
should be taken of its physical presence also on the analyzer. 

For a particular machine (phase shifter) this may be accom- 
plished by introducing the damping power at the air gap, i.c., 
back of armature leakage reactance, by means of an additional 
phase shifter connected at this point. The power factor of the 
damping power with respect to the air-gap voltage should be 
close to unity, and it will generally be sufficiently accurate to 
supply it at this power factor, although any other desired power 
factor can be used with equal facility. It is evident that handling 
the damping power in this manner on the network analyzer intro- 
duces a manipulative factor influencing the successive-approxima- 
tion nature of the problem in addition to the computational one 
previously discussed in connection with Schedule E. 

The driving-point and transfer reactances required for the 
determination of the damping coefficients can, of course, be 
directly measured on the analyzer. These measurements may 
be performed with all loads connected for both fault and fault- 
cleared conditions. 

BXAMPLB 6 


Statement of Problem 

An hydroelectric station supplies power to a large metropolitan area over 
a long double-circuit transmission line, as shown in Fig. 310(a). The gener- 
ators have high-resistance damper windings giving negligible damping 
torque at ordinary slip frequencies but a damping torque worth considering 
at negativeHiequence slips. 
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Assume that the generators are delivering 80 per cent of rated power at 
unity power factor at the receiving end. The voltage at the receiving-end 
bus (which may be assumed infinite) has its normal (100 per cent) value. A 
single-phase, line-to-line short circuit occurs on the transmission line 
directly outside the sending-end, high-tension bus. Compute the power 
differential which will tend to accelerate the generators immediately after 

Tnf, 
bus 

(a) 


(b) 


x^=x-0.4 x^-x-OA 



X>0J+0JS4 /r X^^OA 

=0.434- 

<d) 


Fig. 310. — (a) Hydroelectric generating station supplying a largo system 
(infinite bus) over a double-circuit transmission line, (b) Equivalent circuit of 
(a) under normal operating conditions, (c) Equivalent positive-sequence 
circuit of (a) with a single-phase line-to-line short circuit on one of the trans- 
mission lines near the sending-end high-tension bus. (d) Equivalent negative- 
sequence circuit of (a) for the same fault condition as in (c). 

the short circuit occurs, including herein the effect of the high-resistance 
dampers. 

Line and Transformer Data: 

Line reactance = 0.3 (two circuits in parallel) 

Transformer reactance =0.1 (sending- and receiving-end banks equal) 
Generator Data: 

Xi = 0.78 X" = 0.407 

X, = 0.51 X- = 0.334 

X'i = 0.30 Xa = 0.20 

X': = 0.261 B+ = 0.005 

R~ = 0.15 

All constants are in per unit based on the station rating. 
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Neglect resistances in the positive- and negative-sequence networks used 
for voltage, current, and angle computations. Ignore friction and windage^ 
losses and core loss in the generators. In the positive-sequence network 
represent the generators by their direct-axis transient reactance only, and 
consider the voltage behind this transient reactance to remain constant. 

Solution 

To determine the voltage behind transient reactance and the initial rotor 
angle, consider the system before the fault. Fig. 310(6). Taking the infinite- 
bus voltage as the reference, 

Ci = e + ji(X + x'i) (o) 

-= 1.00 + j0.80(0.5 + 0.3) 

«= 1.00 +j0.64 = 1.19 /32.6° 

and 

5 — 32.6 deg. 

After the fault occurs, the equivalent circuit becomes that of Fig. 310(c). 
The reactance of the fault shunt Xf is the driving-point impedance of the 
negative-sequence network [Fig. 310 (d)], viewed from the point of fault and 
is 


Xf 


(0.334 + 0. 1)0.4 
0.334 -h 0,1 -h 0.4 


= 0.207 


The transfer impedance between the infinite bus and the voltage e<, 
during the fault [equal to the architrave reactance of the ir-circuit equivalent 
to the T-circuit in Fig. 310(c)] is 


Xt 


= 0.40 + 0.40 -h 


0.40 X 0.40 
0.207 


1.572 


Hence the synchronous power output immediately after fault is 


P, = ~ sin 5 

A t 

_ 1.19 X 1.00 
1.572 
= 0.408 


sin 32.6*’ 


( 6 ) 


To compute the negative-sequence damping power, the negative-sequence 
generator current must first be found. From Fig. 310(c) 

c* = jiiX -f- ji^XF 
€ = ji^X -f Ji-^Xf 

Addition of these two equations and use of the relation 

ti -h ^2 = ip (c) 


(c) 

id) 


give 


e< + e - j(u + u)X + - i(X + 2X,)it 


<D 
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or 

^ “ j{X +2Xr) 

This is the positive-sequence fault current. Assuming that the sequence 
analysis applies to the unfaulted phase, the negative-sequence fault current 
may be written [see equation (21), Chap. XI] 

” }{X+^r) 

Referring to the diagram of the negative-sequence network [Fig. 310(d)], 
the portion of ij contributed by the generator is obviously 




ip 


Xt+Xt 


( ^ gt 4- g 

\Xr + X^Jx 4- 2Xf 


\90" 


(»•) 


Substituting numerical values. 


., / 0.40 yj 

V0.40 + 0.434/ 0. 


1.19 /32.6° + 1.00, 
4 + 2 X 0.207 


XOO- = 1.24X72:3° 


From equations (17) and (23) the negative-sequence damping power is 

PT = Prated (/-)*(«“ “ «+) U) 

= (1.24)2(0.150 - 0.005) 

= 0.223 per unit 

The initial accelerating power differential is, therefore, 

AP *= P» — P output “P* — Pb Pj 

= 0.800 - 0.408 - 0.223 
* 0.169 per unit 

The initial power differential without negative-sequence damping included 
would be 0.800 — 0.408 — 0.392, or more than twice the above value. 
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Active- and reactive-power flow into 
network, equations, 220 

Active- and reactive-power losses in 
distribution transformers and 
distribution system, determina- 
tion, 172jf. 

Alternating-current calculating table 
(see Network analyzer) 

Alternating-current system, load 
characteristics, 151-156 

C 

Central-station data, 1 

Chart superposition (see Super- 
position) 

Grcle diagram, use in obtaining 
power limits where general 
circuit constants are known, 15 

Circuit equations for faulted net- 
works, 326-363 

Circuits, steady-state power limit, 
lumped-impedance line, 16, 
26 

power-angle curves, 26 
where general circuit constants 
are known, 15, 25 
without terminal apparatus, 14, 
25 

Composite loads in simple systems, 
determination of steady-state 
stability, 192-218 
determination of power limits, 216 
determination of stability of sys- 
tem, 213 

Compound system, definition, 9 
output determined by circle dia- 
grams, 441 


Compound system, output deter- 
mined by direct calculation, 440 
output determined by power- 
angle curves, 441 
steady-state power limits, deter- 
mination, 239 

steady-state stability, factors, 
219Jf. 

practical aspects, 287-310 
problems, analysis, 219-286 
graphical solution, 249ff. 
transient stability, 439-471 

output determined by calcula- 
tion, 456 

output determined by network 
analyzer, 459 

equivalent representation, 452 
representation by equivalent 
generator and equivalent 
load, 454-456 

representation of two-machine 
system by equivalent power- 
angle curve, 443 

Condensers (see Synchronous con- 
densers) 

Constant-power-output assumption, 
236 

Constant-power-output criterion, 
graphical application, 257 

Current in circuit controlled by 
vibrating-contact regulator, 
average, with infinite induc- 
tance, 578 

with infinite frequency, 579 
under sustained conditions, 577 
with zero inductance, 578 
variation when ratio of time open 
to time closed is suddenly 
changed, 582 

Cut-and-try calculation of motor 
shaft power, 56 
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D 

Damper effects, calculation, 650 
m situations where induction- 
machine concepts apply, 652 
in synchronous machines, 654 

Damper windings, during faults, 
benefits, 670 

effect on machine reactances, 673 
types, 647 

Dampers, double, 660 
high- and low-resistance, 660 

Damping, inclusion in swing equa- 
tion, 676 

negative-sequence, 657 
synchronous machines, 370 

Damping effect, handling when 
using network analyzer, 684 
provision in schedules of point- 
by-point analysis, 682 

Direct-current machines, transient 
analysis, 541, 553 
schedule of methods, 554 

Dissymetrical faults, sequence net- 
work interconnection for repre- 
senting, 328 

Dissymetrical open circuits, 337 

Dissymmetries, combined senes and 
shunt, 338 

Distribution systems, capital ex- 
penditures, 3 
design factors, 6 

Disturbances, mechanism of, 365 
of system, 10 
analysis, 11 
list, 10, 364 

Dynamic equilibrium, 312 
operation of two-machine system 
under, 315 

Dynamic stability, steady-state 
operation under, 311-325 
effect of exciter build-up rates, 
321 

E 

Envelope, 108 

Equal-angular-swmg assumption, 
234 


Equal-angular-swing criterion, 
graphical application, 253 
Equal-area method as transient- 
stability criterion, 406 
application to simple cases, 408 
Equivalent generator, use in receiv- 
ing-end system representation, 
166 

Equivalent loads, use m recoiv- 
ing-end system representation, 
169 

Equivalent machmes {see Equivalent 
generator) 

Exciter build-up rates, effect on 
operation of system under dy- 
namic equilibrium, 321 
Exciter response, 526 

comparison of separately- and 
self-excited machines, 531 
computation, during pomt-by- 
point analysis of transient 
stability, 600-614 
two methods, 603, 605, 610 
definitions, 526 

upon sudden changes in alternator 
load, 598 

Exciters, loaded, analysis, 541-573 
supplying field current of a 
loaded alternator, transient 
analysis, 569 

supplying field current of an 
unloaded alternator, transient 
analysis, 556 

transient analysis, 541-572 
under no-load conditions, 
542-545 

under resistanc e load, 545- 
548 

under resistance and con- 
stant-induc tance load, 548 
under resistance and variable- 
inductance load, 551 
Exciters, unloaded, analysis, 472- 
540 

leakage effect, 496-600 
response, 526 

comparison of separately- and 
self-excited machmes, 531 
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Exciters, unloaded, response, defi- 
nitions, 526 

self-excited machines, transient 
behavior, 506 

separately-excited machines, 
transient behavior, 500 
transient behavior, analytical 
solution, 472, 475, 500, 
506 

approximate, 515 
graphical solution, 472, 473, 
481 

leakage considered, 485 
integraph solution, 472, 473, 
504, 513 

iron-cored coil, equations for, 
474-475 

point-by-point solution, 472, 
473, 492 

saturation effect, 472 
screening effect of eddy cur- 
rents, 473-474 
transients, causes, 496 
External reactance, effect on tran- 
sient stability, 385 
power-angle curves plotted in 
determining transient sta- 
bility, 384 

F 

Fault impedance, effect, 334 
Fault shunts, 333 

Faults, damper windings during, 
670 

dissy metrical, sequence network 
interconnection for represent- 
ing, 328 

effect of grounding upon power 
output, 642 

network {see Networks) 
simultaneous, and combined series 
and shunt dissy mot ries, 338 
Frohlich equation, 473, 475, 500 
modification, 478-479 
Fuel-burning plants, generator rat- 
ing, 1 


G 

Generating plants, capital expendi- 
tures, 3 

fuel-burning, rating, 1 
hydroelectric, rating, 1 

Generator feeding into large receiv- 
ing-end system over trans- 
mission line, stability considera- 
tions, 290 

Generator and impedance line, with 
receiving bus infinite, power 
limits, 31 

Generator, impedance line, static 
load, and synchronous con- 
denser, steady-state power limit, 
101 

Generator, impedance line, and syn- 
chronous motor, power limits, 
44 

Generator, line, and static imped- 
ance load, steady-state stability, 
93 

Generator and long transmission 
line, with receiving-end bus 
infinite, power limits, 47 

Generator, long transmission line, 
and synchronous motor, power 
limits, 50 

Generator, lumped-impedance line 
and static load, steady-state 
stability, 98 

Generators (two) interconnected by 
transmission system, steady- 
state stability, 294 

Grounding, effect on power output 
during fault conditions, 642 
eff<H*t on transformers, 644 

Grounding neutral points, effect, 
639 

H 

High-speed regulators, effect on 
power limits, 323 
use on simple system, 315j5^. 

High-tension lines, miles, 4 

Hydroelectric plants, generator rat- 
ing, 1 
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I 

Impedance load, steady-state power 
limit, graphical solution, 111 
steady-state stability of simple 
system, 98 

and synchronous condenser, 
mathematical power limit, 
101 

steady-state power limit, gen- 
eral solution including satu- 
ration effects, 120 
graphical solution, 116 
Impedances, driving-point, 221 
fault, effect, 334 

mutual, between two circuits, 
fault effects, 361 
synchronous-machine, 224 
transfer, 221 

Induction motor, maximum capacity 
with given shaft loading on 
individual macliines, 211-214 
load characteristics, 153 
loads, effect on steady-state sta- 
bility of simple system, 
144-150 

analytical determination, 146 
graphical determination, 150 
slip-torque characteristics, 145 
Inertia, 622-639 
Inertia constant, 622, 370 
Inertia effect, in compound systems, 
637 — 

during large oscillations in two- 
machine systems, 635 
during small oscillations, 625 
on steady-state stability, 287 
of synchronous generator and 
motor connected by reactance 
tie, 628 

of synchronous machine connected 
to general network, 628 
of synchronous machine con- 
nected to infinite bus, 625 
in two-machine system, concen- 
tration at one end, 406 
inertia power, 370 


Infinite bus, definition, 8 
Integraph solution of machine equa- 
tion, 401 

Interconnections, effect on system 
stability, 5 

Iron-cored coil transients, 474 
analytical solution, 475 
graphical solution, 481 
point-by-point solution, 492 

L 

Leakage, effect in exciters, 496-500 
Lighting-load characteristics, 152 
Line capacitance effect on power, 61 
Lines, and circuits, steady-state 
power limits, 12-30 
steady-state power limits, 12 
{See also Trunk lines. Trans- 
mission lines, etc.) 

Load capacity, ultimate, determina- 
tion of power limit for, 193 
Load characteristics, 151^. 

power-system, analysis, tables, 
177, 178 

approximate determination, 
172^^. 

Load conditions, given, criterion for 
stability, 224 

Loads, alternator, exciter response 
caused by sudden changes in, 
598 

voltage fluctuations caused by 
sudden drop of, 588 
static {see Static loads) 
synchronous {see Synchronous 
loads) 

Long-distance transmission, effect 
of additional lines, 65 
lines, problem, 13 
Loss of synchronism, 31 
Lumped-impedance line, power limit, 
with receiving bus infinite, 31 
with synchronous motor, 44 
steady-state power limit, 16 
power-angle curves, 26 
steady-state stability of simple 
system, 98 
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M 

Machine, connected to infinite bus, 
damping included in swing 
equation, 678 
(two) {see Two-machine) 

Machine equation, integraph solu- 
tion, 401 

point-by-point solution, 391-399 
relative merits, 399 
Machine group, equivalent repre- 
sentation in determining tran- 
sient stability, 452 
transient stability, 452 
M.I.T. differential analyzer, use in 
voltage-regulator problem, 590 
“Mat hemal ical” power limit, differ- 
ent from actual syst(‘m power 
limit, 95 

Multimachine systcmis, damping in- 
cluded in swing eejuation, 681 
transient-stability analysis, 450 
(*Spc also Compound systems) 
Multiple-circuit transmission-line, 
faults, 348 

N 

Network analyzer, 10 

damping powc'r introduced on, 
684 

use to d(*t ermine receiving-end 
system characteristics, 161 
use to determine stability and 
power limits, 300 
use to determine transient sta- 
bility of compound systems, 
459 

Network power-flow e(]uations, 220 
Networks, faulted, circuit equations 
for, 326-364 
sequence, 326 

interconnection for representing 
dissymetrical faults, 328 
Non-salient -pole machines, output 
equations, 381 
application, 381 


Non-salient-pole machines, perform- 
ance under transient-stability 
conditions, 371, 373 
power limits, 76 

power and reactive-power expres- 
sions, 152 

O 

Open circuits, dissymmetrical, 337 
Oscillations, inertia effects, 624 
during large oscillations, 635 
during small oscillations, 625 
Output of machines in compound 
systems {see Compound sys- 
tems) 

P 

Point-by-point analysis, of disturb- 
ance, 11 

of transient stability, exciter- 
response computation dur- 
ing, 600 

two methods, 603, 605, 610 
methods of computation, 393- 
399 

schedules for, 461 

provision for damping, 682 
Power, effect of line capacitance, 61 
expressions for synchronous ma- 
chines, 224 

flow into network, equations, 
220 

problems, 1 

in terms of sending- and receiving- 
end voltages, 56 
Power-angle curves, 11, 26 

for representation of performance 
of two-machine system, 443 
for salient -polo g(‘nerator when 
feeding infinite bus at ter- 
minals, 383 

Power factor, variable {sec Variable) 
Power-factor characteristic of load, 
relation to steady-state power 
limit, 114 
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Power limits, dynamic, with high- 
speed regulators, 323 

Power output, effect of grounding 
during fault conditions, 642 

Power system, complicated (see 
Receiving-end system) 
large, determination of stability 
and power limits, 299 
load characteristics (see Load 
characteristics) 

Prime-mover characteristics, as- 
sumption, 237 

criterion, graphical application, 
259 

effect on steady-state stability, 
287 

Prime movers, relation to power 
input under transient-stability 
conditions, 372 

Pull-out, relation to load torque in 
simple systems supplying static 
loads, 145 

Pull-out criterion, 33, 35 
for two-machine systems, 71 

R 

Reactance system, power equations, 
54 

Receiving-end system, characteris- 
tics, 160-165 
definition, 158 

representation by equivalent load 
and equivalent generating 
station, 165 

simplification in stability deter- 
mination, 158 

Resultant power-voltage characteris- 
tics, 107 

relation to power limits, 138 

Rheostatic voltage regulators, 574 

S 

Salient-pole machines, output equa- 
tions, 377, 380 
application, 381 

performance under transient-sta- 
bility conditions, 371, 373 


Salient-pole machines, power limits, 
76 

Self-excifced direct-current machines, 
transient analysis under load 
conditions, 542^. 

Separately-excited direct-current 
machines, transient analysis 
under load conditions, 542 

Series impedance, 337 

Series and shunt dissymmetries 
combined, 338 

Shaft load of synchronous motor, 
given by receiving-end chart, 
85 

Shaft power of synchronous motor, 
cut-and-try calculation, 56 
equation, 52, 56 

Shunt and series dissymmetries 
combined, 338 

Simple system, definition, 9 

(one generator), effect of com- 
posite loads on power limits, 
192-218 

steady-state power limits, when 
composite load is specified, 
210 

when supplying static loads, 
general solution including 
saturation effects, 118-124 
with and without synchro- 
nous condensers, 97 
analytical solution, 98 
graphical solution, 107 
with synchronous loads, ana- 
lytical methods, 31-75 
graphical methods, 76-92 
steady-state stability, with com- 
posite load, 192-218 
with inductance-motor loads, 
144-150 

with specified composite load, 
213 

with static loads, 93 
transient-stability determination, 
391-438 

[See also Synchronous machines 
(two)] 
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Slip-torque characteristics of induc- 
tion motor, 145 

Stability, criterion, simplified, ap- 
plied to two-machine system, 
447 

curves, interpretation, 260 
of two-machine system, 82 
definition, 5, 7 
factor, definition, 8 
limit, definition, 8 
problem, origin, 5 
terms, definitions, 7 
transient (see Transient) 

Static load, characteristics, rela- 
tion to power limits, 95 
of constant power factor, effect 
on steady-state power limit, 

139 

effect on steady-state stability 
of simple system, 93 
optimum power limit with, on 
simple system, 96 
of variable power factor, steady- 
state power limit, 140 
general solution including 
saturation effects, 120 
graphical solution, 114 
synchronous condenser, steady- 
state power limit, general 
solution including satu- 
ration effects, 121 
graphical solution, 118 
and synchronous cemdenser, effect 
on steady-state power limit, 

140 

(See also Steady-state stability) 
Steady-state analysis, 10 
Steady-state operation, under dy- 
namic stability, 311-325 
effect of voltage regulation, 311 
Steady-state power limits, 12 

circuits, where general circuit 
constants arc known, 15 
and lines, 12-30 
compound system, 239 
large systems, 299 
lines and circuits, 12-30 


Steady-state power limits, simple 
systems (see Simple systems) 
two-machine problems, 31-92 
(See also Circuits, Lines, etc.) 

Steady-state stability, 31, 76, 93, 
192, 219, 287 

in compound systems (see Com- 
pound systems) 
criterion, 225 

assumptions, 234, 236, 237 
on basis of static analyses, 233 
choice, 289 

on dynamic basis, including 
effect of inertia, 228 
in general s-machine case, 247 
with given load conditions, 224 
definition, 7 
effect of inertia, 287 
effect of prime-mover characteris- 
tics, 287 

factor, definition, 8 
of generator feeding into large 
receiving-end system over 
transmission line, 290 
of interconnected two-generator 
system, chart superposition 
solution, 294 

of large power systems, 299 
limit, definition, 8 
“mathematical^ power limit, 94- 
96 

in simple systems (see Simple 
systems) 

Substation load characteristics, 157 

Superposing line-sending chart on 
generator chart for two-machine 
power limits, 77 

Superposition of charts to determine 
steady-state stability for inter, 
connected two-generator sys- 
tem, 294 

Swing curves, indicators of sta- 
bility, 391 

precalculated, use, 413 
of synchronous machines, calcula- 
tion by point-by-point meth- 
ods, 391 

two-machine system, 439 
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Swing equations, damping included, 

mff. 

Synchronism, loss of, criteria for, 71 
Synchronizing power, coefficient, 34 
Synchronous condensers, effect on 
loading, 94 

effect on steady-state stability of 
simple system with imped- 
ance load, 101 
handling in analysis, 262 
and inip(‘dance load, steady-state 
power lijiiit, geiuTal solu- 
tion including saturation 
eff(‘cta, 120 

graphical solution, 116 
stability, 94, 142-144 
check on, 104-107, 121 
and static load, effect on steady- 
state power limit, 141 
of variable power factor, steady- 
stale power limits, gen- 
(‘ral solution including 
saturation eff(*cts, 121 
graphical solution, 1 18 
Synchronous-converter load charac- 
teristics, 153 

Synchronous loads on simple sys- 
tems, power limits, calcula- 
tion by analytical irndhods, 
31,56 75 

graphical methods, 76-92 
in t(*rms of sending- and receiv- 
ing-end voltages, 56 
Synchronous machines, damping, 
370 

gen(‘ral machine equation, 368 
output in transient-stability 
operation, 371 
power expressions, 224 
steady-state output, 369 
steady-state i)ower limit, 93 
time constants, direct-axis tran- 
sient, oi)e!i-circuit, 571 
transient stability, integraph solu- 
tion of equation, 401 
output, 369 

point-by-point solution of swing 
equation, 391-399 


Synchronous machines, transient sta- 
bility, relative merits of meth- 
ods of point-by-point solu- 
tion, 399 

solution for positive-sequence 
power, 368 
vector diagrams, 373 
Synchronous machines (two), ca- 
pacitance effect on power, 61 
connected by transmission line, 
power expression, 59 
pow('r limits, 76 

with excitation voltages constant. 

power expressions, 69 
power limits, general solution 
including saturation effect, 80 
receiver-end characteristics for 
constant generator field cur- 
rent, 77 

on sam(‘ bus, power expressions, 
60 

steady-state power limits, 
analytical solution, 31-75 
graphical solution, 76-92 
transient stability, 439 
Synchronous motor, generator, and 
long transmission line, power 
limits, 50 

Synchronous-motor capacity with 
given shaft loading on indi- 
vidual machines, 193-210 
Synchronous-motor load characteris- 
tics, 152 

T 

Tie lines, design, 6 
Time constants, direct-axis tran- 
sient, open-circuit, for syn- 
chronous machines, 571 
Tonpie, relation to power, 368 
Transformers, grounding effect upon, 
644 

Transient stability, analysis, 10, 367, 
391 

elements of, 364-390 
assumptions hiade in determina- 
tion, 382 
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Transient stability, compound sys- 
tems {see Compound systems) 
criterion simplified, 401 
definition, 7 

effect of external reactance, 385 
equal-area method for deter- 
mining, 406 

exciter-response computation dur- 
ing point-by-point analysis, 
600-614 

two methods, 603, 605, 610 
factor, 8 

definition, 8 
inertia power, 370 
limit, definition, 8 
machine group with associated 
circuits and loads, 452 
multimachine system, 450 
output equations, 377 
application, 381 

point-by-point analysis, schedules 
for, 461 

power-angle curves, 26 
pow(;r input to machines, 372 
simple system, 391-438 
swing curves, precalculated, use 
of, 413 

of syn{‘hronous machines, positive- 
sequence power used as out- 
put, 368 

Transients, analysis, in direct-cur- 
rent machines, 541, 553 
Transmission, long-distance, effect 
of additional lines on transmit- 
ting ability, 65 

Transmission lines, effect of slow 
voltage regulation, 313 
long, and generator, with receiv- 
ing-end bus infinite, power 
limits, 47 

and synchronous motor, 
power limits, 50 
multiple-circuit, faults, 348 

table for high-tension busing, 
353, 360 

table for low-tension busing, 
359, 362 


Transmission lines, power limits, 13 ‘ 
stability, interconnected two-gen- 
erator system, chart super- 
position solution, 294 
where isolated generating sys- 
tem feeds into large receiving- 
end system, 290 

steady-state power limit, without 
terminal transformers, 18 
with transformers, 22 
where terminal voltages are 
known, power-angle curvets, 
26 

two-circuit, faults, 361 

high-tension busing, 363 
table, for high-tension busing, 
360 

table, for low-tension busing, 
362 

Transmission systems, capital ex- 
penditures, 3 

mileage of high-voltage lines, 3 
two-generator, circuit equations 
for network faults, 326 

Transmitting ability, gain in, by use 
of automatic voltage regulators, 
319 

Trunk lines, stability factors, 12 

Two-machine systems, criterion of 
stability, simplified, 401 
applied, 447 

damping included in swing equa- 
tion, 679 

inertia {see Inertia) 
operation under dynamic equi- 
librium, 315 

performance, representation by 
equivalent power-angle curve, 
443 

problems [see Simple systems; 

Synchronous machines (two)] 
transient stability, 439 

V 

Variable power factor {see under 
Static load) 
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Vector diagrams of synchronous 
machines, 373 

Vibrating-contact voltage regulator, 
574 

analysis of transients with, 575 
Voltage fluctuations when alterna- 
tor load is suddenly dropped, 
588 


Voltage regulation, effect on steady- 
state operation, 311 
slow, application on transmission 
line, 313 

Voltage regulators, automatic, class- 
ifications, 573 
function, 573 

use to gain in transmitting 
ability, 319 





